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T h e p a s t d e c a d e h a s w i t n e s s e d a p h e n o m e n a l p r o l i f e r a t i o n o f 
m a t h e m a t i c a l d i s c i p l i n e s c o n c e r n i n g m o d e l s f o r d i g i t a l c y b e r n e t i c a l 
s y s t e m s , t h a t i s , s y s t e m s w h i c h r e c e i v e , s t o r e , p r o c e s s , a n d d i s c h a r g e 
i n f o r m a t i o n u n d e r t h e c o n t r o l o f a c l o c k p u l s e . T h e u n i f y i n g i n f r a ­
s t r u c t u r e f o r t h e m a j o r i t y o f t h e s e m o d e l s i s a c o m p o s i t e m a t h e m a t i c a l 
c o n c e p t c a l l e d a finite-state sequential machine o t automaton. A 
g e n e r a l f i n i t e - s t a t e s e q u e n t i a l m a c h i n e i s a n i d e a l i z e d m o d e l f o r a 
l a r g e n u m b e r o f p h y s i c a l d e v i c e s a n d p h e n o m e n a e n c o u n t e r e d i n many 
f i e l d s o f s c i e n c e a n d t e c h n o l o g y . T h i s i m p o r t a n t b r a n c h o f d y n a m i c a l 
s y s t e m s t h e o r y h a s f o u n d n u m e r o u s a p p l i c a t i o n s i n p r a c t i c a l l y e v e r y 
a r e a o f s c i e n t i f i c a n d e n g i n e e r i n g i n v e s t i g a t i o n - f r o m p s y c h o l o g y t o 
b u s i n e s s a d m i n i s t r a t i o n , a n d f r o m c o m m u n i c a t i o n t o l i n g u i s t i c s . I d e a s 
a n d t e c h n i q u e s o r i g i n a l l y d e v e l o p e d f o r s e q u e n t i a l m a c h i n e s h a v e b e e n 
f o u n d u s e f u l i n s u c h d i v e r s e a n d s e e m i n g l y u n r e l a t e d p r o b l e m s a s t h e 
i n v e s t i g a t i o n o f human n e r v o u s a c t i v i t y , t h e a n a l y s i s o f E n g l i s h s y n t a x , 
a n d t h e d e s i g n o f d i g i t a l c o m p u t e r s . M o r e o v e r , d u e t o i t s u n i f y i n g 
n a t u r e , t h i s c l a s s o f d y n a m i c a l s y s t e m s i s u n d o u b t e d l y o n e o f t h e m o s t 
v a l u a b l e c o n t r i b u t o r s t o t h e g r o w i n g t r e n d i n i n t e r d i s c i p l i n a r y c o o p e r a ­
t i o n w h i c h i s b e c o m i n g e x c e e d i n g l y i n d i s p e n s a b l e f o r t h e p r o g r e s s a n d 
e f f i c i e n t u t i l i z a t i o n o f t o d a y ' s s c i e n t i f i c a n d t e c h n o l o g i c a l e n d e a v o r s 
a n d i n n o v a t i o n s . 
2 
1.1. G e n e r a l F i n i t e - S t a t e S e q u e n t i a l Machines 
A finite-state sequential machine M i s a q u i n t u p l e M = 
(X, U, V, <p, TI) , where 1 2 a X E {x , x , . . . , x } i s a f i n i t e nonempty s e t of s t a t e s , 
n r l 2 b -, . r . 
u = { u , u , . . . , u J- i s a f i n i t e nonempty s e t of i n p u t s , 1 2 c V E {y , y , . . . , y } i s a f i n i t e nonempty s e t of o u t p u t s , 
I i s a map from X x U i n t o X, c a l l e d t h e next state map, and 
n i s a map from X x U i n t o Vy c a l l e d t h e output map. 
P h y s i c a l l y M can b e i n t e r p r e t e d a s a d e v i c e whose i n p u t , o u t p u t , 
and i n t e r n a l s t a t e a t " t i m e " ( c l o c k p e r i o d ) k a r e d e n o t e d by u ( k ) , y ( k ) , 
and x ( k ) , r e s p e c t i v e l y . These v a r i a b l e s a r e d e f i n e d f o r d i s c r e t e — a n d 
f o r c o n v e n i e n c e , i n t e g r a l — v a l u e s of k o n l y , and assume v a l u e s from 
t h e f i n i t e nonempty s e t s U, V, and X, r e s p e c t i v e l y . Given t h e s t a t e 
x ( k ) and i n p u t u (k ) a t t ime k , t h e map $ s p e c i f i e s t h e s t a t e a t t ime 
k + 1, and t h e map n t h e o u t p u t a t t i m e k a s f o l l o w s : 
x (k + 1) = <Kx(k) , u ( k ) ) (1.1.1) 
y ( k ) = n ( x ( k ) , U ( k ) ) (1.1.2) 
The a p p l i c a t i o n of a s e q u e n c e of t i n p u t symbols ( o r an i n p u t s e q u e n c e 
of l e n g t h I) t o M r e s u l t s i n a s e q u e n c e of s t a t e s ( o r s t a t e s e q u e n c e ) 
and a s e q u e n c e of o u t p u t symbols ( o r an o u t p u t s e q u e n c e ) of t h e same 
l e n g t h . Given an i n p u t s e q u e n c e u , t h e s t a t e of M when u i s a p p l i e d 
( t h e i n i t i a l s t a t e of M) and t h e maps <j> and n , t h e c o r r e s p o n d i n g s t a t e 
s e q u e n c e x , and t h e o u t p u t s e q u e n c e y can be computed r e c u r s i v e l y from 
e q u a t i o n s (1.1.1) and (1.1.2). 
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A g e n e r a l r e p r e s e n t a t i o n o f a s e q u e n t i a l m a c h i n e i s s h o w n i n F i g . 1 . 1 . 1 
u 
I n p u t — > 
P r e s e n t s t a t e 
X 
Comb i n a t i o n a l 
L o g i c 
Memory 
(X x Ul = V 
5> O u t p u t 
N e x t s t a t e 
<j>(X x U) 
F i g . 1 . 1 . 1 . G e n e r a l M e a l y R e p r e s e n t a t i o n o f a S e q u e n t i a l M a c h i n e 
A s e q u e n t i a l m a c h i n e o f t h e a b o v e d e s c r i p t i o n i s c a l l e d a Mealy 
machine3 named a f t e r G. H. M e a l y who s t u d i e d m a c h i n e s o f t h i s g e n e r a l 
t y p e i n [ 7 8 ] . A m o d i f i c a t i o n o f M e a l y m o d e l , w h i c h i s f r e q u e n t l y 
e n c o u n t e r e d , d e f i n e s t h e o u t p u t map n a s r e s t r i c t e d t o a map o f X i n t o 
V, t h a t i s , t h e o u t p u t o f t h e m a c h i n e i s d e p e n d e n t o n l y o n t h e s t a t e 
o f t h e m a c h i n e . T h i s m o d e l i s c a l l e d a Moore machine3 n a m e d a f t e r 
E . F . Moore [ 8 2 ] who g a v e a m o r e a b s t r a c t f o r m u l a t i o n a n d s t a r t e d t h e 
f o r m a l s t u d y o f s e q u e n t i a l m a c h i n e s w h i c h w e r e i n i t i a l l y i n t r o d u c e d b y 
H u f f m a n [ 5 5 ] . T h e s e two s e q u e n t i a l m a c h i n e m o d e l s p r o v i d e a m e a n s f o r 
r e p r e s e n t i n g t h e f o r m a l p r o p e r t i e s o f a n y d e t e r m i n i s t i c m a c h i n e . I t 
c a n b e s h o w n t h a t t h e s e r e p r e s e n t a t i o n s c a n b e c o n v e r t e d f r o m o n e t o 
t h e o t h e r w i t h c e r t a i n t r a d e - o f f s [ 1 2 ] . F i g . 1 . 1 . 1 a n d F i g . 1 . 1 . 2 
i l l u s t r a t e t h e m a i n f e a t u r e s o f t h e s e m a c h i n e m o d e l s . 
4 
Next S t a t e 
<|>(X x U) 
U 
^ 
I n p u t 
C o m b i n a t i o n a l 
Log ic 
X C o m b i n a t i o n a l 
L o g i c 
n(X) = V ^ — 
Outpu t 
P r e s e n t S t a t e 
X 
F i g . 1 . 1 . 2 . Moore Model of a S e q u e n t i a l Machine 
The c h a r a c t e r i z i n g maps <J> and n of a mach ine can be e x p l i c i t l y 
s p e c i f i e d i n a number of w a y s . I n c e r t a i n c a s e s i t may be p o s s i b l e t o 
g i v e them as compact m a t h e m a t i c a l e x p r e s s i o n s such as 
m 
<Kx(k) , u ( k ) ) = Ax(k) + Z N . u . ( k ) x ( k ) 
i = l 1 1 
n ( x ( k ) , u (K) ) = Cx(k) 
w h e r e , f o r e x a m p l e , t h e s t a t e s , i n p u t s , and o u t p u t s a r e n - , m- , and 
r - v e c t o r s , r e s p e c t i v e l y , and A, N^, i e m , and C a r e m a t r i c e s of 
a p p r o p r i a t e d i m e n s i o n s w i t h e l e m e n t s o v e r a c e r t a i n f i n i t e f i e l d , say 
GF(q) ( G a l o i s f i e l d ) , such t h a t t h e mach ine o p e r a t i o n s a r e c o m p a t i b l e 
w i t h t h e p r o p e r t i e s of t h e ground f i e l d . 
Two o t h e r c o n v e n t i o n a l methods of d e s c r i b i n g t h e c h a r a c t e r i z i n g 
maps <f> and n of M a r e by means of state transition graphs and transition 
tables. A t r a n s i t i o n g r aph i s a l a b e l e d o r i e n t e d g raph wh ich h a s one 
5 
v e r t e x f o r e a c h s t a t e o f M, a n d o n e e d g e f o r e a c h s t a t e i n p u t p a i r o f 
M. F o r e x a m p l e , c o n s i d e r t h e s e q u e n t i a l m a c h i n e r e p r e s e n t e d b y t h e 
f o l l o w i n g s t a t e t r a n s i t i o n g r a p h : 
1 
F i g . 1 . 1 . 3 . A S i m p l e S t a t e T r a n s i t i o n G r a p h 
I n t h i s g r a p h , a n e d g e d i r e c t e d f r o m x"*" t o x"̂  h a v i n g t h e l a b e l u a / y ^ 
i a 
i n d i c a t e s t h a t w h e n t h e m a c h i n e i s i n s t a t e x , a n i n p u t u w i l l p r o -
b i 
d u c e t h e c u r r e n t o u t p u t y a n d w i l l r e s u l t i n t h e n e x t s t a t e x . 
F o r t h e s e q u e n t i a l m a c h i n e r e p r e s e n t e d b y t h e s t a t e t r a n s i t i o n 
g r a p h o f F i g . 1 . 1 . 3 , we h a v e t h e f o l l o w i n g c h a r a c t e r i z i n g s e t s a n d m a p s 
v r 1 2 3 S 
1 2 
U = { u \ u } 
1 2 3 
V = {y , y , y ) 
( j K x 1 , u 1 ) 
<Kx > u ) 
, / 2 1 
<J)(x , u ) 
2 2 
<|>(x , u ) 
i / 3 1 , 





t 1 \ 
N ( x , u ) 
r j (x , u ) 
N ( x , u ) 
( 2 2 ^ ri ( x , u ) 





1 / 3 2 , 4 
<|>(x , U ) = X 
. /- 4 I n 3 
4>(x , u ) = X 
<j)(x , u ) = X 
, 3 2 , 3 
n ( x , u ) = y 
, 4 1 , 2 
n ( x , u ) = y 
, 4 2 , 3 
n ( x , u ) = y 
The format of a g e n e r a l t r a n s i t i o n t a b l e i s shown i n F i g . 1 . 1 . 4 
x ( k + l ) y ( k ) 








u • • • 
r 
u 
x 1 ( k ) E n t r i e s E n t r i e s 
x 2 ( k ) 
• 
from X from V 
x q ( k ) 
F i g . 1 . 1 . 4 . G e n e r a l T r a n s i t i o n T a b l e 
As an e x a m p l e , we w i l l show t h e t r a n s i t i o n t a b l e of t h e s e q u e n t i a l mach ine 
r e p r e s e n t e d by s t a t e t r a n s i t i o n g raph of F i g . 1 . 1 . 3 , as f o l l o w s : 
x ( k ) u ( k ) 
x ( k + 1) 
1 
y ( k ) 
F i g . 1 . 1 . 5 . T r a n s i t i o n T a b l e f o r Machine of F i g . 1 . 1 . 3 
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G i l l [38] d e s c r i b e s a l a r g e v a r i e t y of s i t u a t i o n s t h a t l e n d 
t h e m s e l v e s t o r e p r e s e n t a t i o n by t h e b a s i c f i n i t e - s t a t e s e q u e n t i a l m o d e l . 
1 . 2 . L i n e a r F i n i t e - S t a t e S e q u e n t i a l Machines 
A s m a l l b u t e x t r e m e l y i m p o r t a n t s u b c l a s s of s e q u e n t i a l m a c h i n e s 
r e s u l t s when t h e n e x t s t a t e and o u t p u t maps , <P and n , a r e assumed t o b e 
l i n e a r , t h a t i s , i f we assume t h a t t h e r e e x i s t , f o r each k , f o u r G F ( q ) -
homomorphisms 
A(k) : X -> X 
B(k) : U -> X 
( 1 . 2 . 1 ) 
C(k) : X -> V 
D(k) : U -> V 
such t h a t s t a t e t r a n s i t i o n s and o u t p u t s a r e g i v e n by t h e f o l l o w i n g 
v e c t o r d i f f e r e n c e e q u a t i o n s : 
x (k + 1) = A ( k ) x ( k ) + B ( k ) u ( k ) 
( 1 . 2 . 2 ) 
y ( k ) = C ( k ) x ( k ) + D ( k ) u ( k ) 
I n ( 1 . 2 . 1 ) , X i s t h e s t a t e s p a c e , ii i s t h e i n p u t s p a c e , and V i s t h e 
o u t p u t s p a c e of t h e l i n e a r s e q u e n t i a l mach ine ( 1 . 2 . 2 ) . I f we r e s t r i c t 
o u r s e l v e s t o f i n i t e - d i m e n s i o n a l v e c t o r s p a c e s o v e r a f i n i t e f i e l d G F ( q ) , 
t h e n t h e homomorphisms ( 1 . 2 . 1 ) a r e s i m p l y m a t r i c e s of a p p r o p r i a t e d i m e n ­
s i o n s ove r G F ( q ) , and ( 1 . 2 . 2 ) i s c a l l e d a finite-state linear time-
varying sequential machine. F u r t h e r m o r e , i f t h e c h a r a c t e r i z i n g m a t r i c e s 
of ( 1 . 2 . 2 ) do n o t depend on t h e " t i m e " k , t h e n t h e l i n e a r s e q u e n t i a l 
mach ine i s s a i d t o be time-invariant and i s d e s c r i b e d a s f o l l o w s : 
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x ( k + 1 ) = A x ( k ) + B u ( k ) 
y ( k ) = C x ( k ) + D u ( k ) 
( 1 . 2 . 3 ) 
o r , f o r t h e s a k e o f n o t a t i o n a l s i m p l i c i t y , a s (A , B , C, D ) . I f G F ( q ) J 
i x T 
d e n o t e s t h e v e c t o r s p a c e o f j - c o m p o n e n t v e c t o r s a n d G F ( q ) J t h e v e c t o r 
s p a c e o f i x j m a t r i c e s o v e r t h e f i e l d G F ( q ) , t h e n a t t i m e ( c l o c k p e r i o d ) 
k , x ( k ) e G F ( q ) n i s t h e s t a t e , u ( k ) e G F ( q ) m i s t h e i n p u t , a n d y ( k ) e 
G F ( q ) r i s t h e o u t p u t o f t h e m a c h i n e ( 1 . 2 . 3 ) . M o r e o v e r , A e G F ( q ) n x a , 
B e G F ( q ) ™ , C e G F ( q ) r x n , a n d D e GY(q)™. 
I n a n a l o g y w i t h t h e c l a s s i f i c a t i o n o f g e n e r a l s e q u e n t i a l m a c h i n e s 
t h e l i n e a r s e q u e n t i a l m a c h i n e ( 1 . 2 . 3 ) w h o s e o u t p u t d e p e n d s o n b o t h t h e 
s t a t e a n d i n p u t , i s c a l l e d a Mealy linear sequential machine. H o w e v e r , 
i f t h e o u t p u t o f a l i n e a r s e q u e n t i a l m a c h i n e d e p e n d s o n l y o n t h e s t a t e , 
t h e n i t i s c a l l e d a Moore linear sequential machine, a n d h a s t h e f o r m 
x ( k + 1 ) = A x ( k ) + B u ( k ) 
y ( k ) = C x ( k ) 
( 1 . 2 . 4 ) 
E x a m p l e 1 . 2 . 1 . C o n s i d e r t h e f o l l o w i n g s i n g l e - i n p u t , s i n g l e -
o u t p u t M o o r e l i n e a r s e q u e n t i a l m a c h i n e o v e r G F ( 2 ) : 
x 1 ( k + 1 ) 
x 2 ( k + 1 ) 
x 3 ( k + 1 ) 
x 4 ( k + 1 ) 
1 1 1 1 
0 1 0 0 
0 0 0 1 
0 0 1 0 




x 3(k) 0 
> 
1 
u ( k ) 
y ( k ) = x±(k) + x 4 ( k ) 
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The s t a t e s e t , t h e i n p u t s e t , t h e o u t p u t s e t , t h e s t a t e g r a p h , and t h e 
t r a n s i t i o n t a b l e f o r t h i s l i n e a r machine a r e shown b e l o w . 








i 1 ; 
u = { 0 , 1} 
V = {0 , 1} 
0 / 0 
F i g . 1 . 2 . 1 . S t a t e T r a n s i t i o n Graph f o r t h e LSM of Example 1 . 2 . 1 
1 0 
x ( k ) u ( k ) 
x ( k + 1 ) y ( k ) 
0 1 0 1 
x 1 ( k ) = [ 0 , o , o , T o r [ 0 , o , 0 
T 
o r [ 1 , o , o , 
T 
1 ] 0 0 
x 2 ( k ) = [ 1 , o , o , T [ 0 , 0 1 , T 0 ] [ 1 , 0 1 , T 1 ] 0 0 
x 3 ( k ) = [ 1 , o , 1 , i ] T [ 1 , o , 1 , [ 0 , o , 1 , T 0 ] 0 0 
x 4 ( k ) = [ 0 , o , 1 , o ] T [ 1 , 0 o , [ 0 , o , o , T o r 0 0 
x 5 ( k ) = [ 1 , o , o , [ 1 , 0 . o , T o r [ 0 , o , o , 
T 
i ] 1 1 
x 6 ( k ) = [ 0 , o , o , 1 ] T [ 1 , o , 1 , T o r [ 0 , o , 1 , i ]
T 
1 1 
x 7 ( k ) = [ 0 , o , 1 , 1 ] T [ 0 , 0 1 , u T [ 1 , o , 1 , 1 1 
x 8 ( k ) = [ 1 , o , 1 , o ] T [ 0 , 0 o , n T [ 1 , o , o , T o r 1 1 
x 9 ( k ) = [ 0 , 1 , o , 1 ] T [ 0 , 1 , 1 , o ] T [ 1 , 1 , 1 , T 1 ] 0 0 
x ( k ) = [ 0 , 1 , 1 , T o r [ 0 , 1 , o , i ]
T 
[ 1 , 1 , o , o ] T 1 1 
x ( k ) = [ 1 , 1 , o , o ] T [ 0 , 1 , o , o f [ 1 , 1 , o , 1 ] T 0 0 
x ( k ) = [ 0 , 1 , o , o ] T [ 1 , 1 , o , o ] T [ 0 , 1, o , U T 1 1 
x ( k ) = [ 1 , 1 , 1 , u T [ 0 , 1 , 1 , T i ] [ 1 , 1, 1 , 0 ]
T 1 1 
1 4 fir \ 
x ( k ) = 
[ 0 , 1 , 1 , i f [ 1 , 1 , 1 , i ] T [ 0 , 1, 1 , o i T 0 0 
x ( k ) = [ 1 , 1 , o , T i r [ 1 , 1 , 1 , [ 0 , 1 , 1 , 1 ]
T 1 1 
x ( k ) = [ 1 , 1 , 1 , T o ] 1 [ 1 , 1 , o , 1 ]
T [ 0 , 1 , o , o ] T 0 0 
F i g . 1 . 2 . 2 . T r a n s i t i o n T a b l e f o r LSM o f E x a m p l e 1 . 2 . 1 
A l i n e a r s e q u e n t i a l m a c h i n e c a n a l w a y s b e r e a l i z e d b y u s i n g 
t h r e e p r i m i t i v e c o m p o n e n t s o v e r G F ( p ) , n a m e l y , m o d u l o - p a d d e r s , m o d u l o - p 
s c a l e r s , a n d u n i t d e l a y e r s . The n u m b e r o f d e l a y e r s i n a n LSM i s c a l l e d 
t h e dimension o f t h e LSM. S c a l e r s w i t h 0 a n d 1 s i g n i f y a n o p e n c o n ­
n e c t i o n a n d a c l o s e d c o n n e c t i o n , r e s p e c t i v e l y . T h u s , a n LSM o v e r G F ( 2 ) , 
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a b i n a r y mach ine such as t h e LSM of Example 1 . 2 . 1 , c o n s i s t s of a d d e r s 
modulo 2 which a r e commonly known a s EXCLUSIVE-OR g a t e s . I n g e n e r a l , 
f o r any g i v e n LSM M = (A, B, C, D) an e l e c t r o n i c c i r c u i t can a lways be 
c o n s t r u c t e d which s i m u l a t e s t h e o p e r a t i o n of t h e m a c h i n e . C o n v e r s e l y , 
f o r any m e a n i n g f u l i n t e r c o n n e c t i o n of a f i n i t e number of p r i m i t i v e 
components o v e r GF(p) r e p r e s e n t i n g t h e o p e r a t i o n of an LSM, we can 
a lways w r i t e down t h e d e s c r i b i n g s t a t e and o u t p u t e q u a t i o n s of t h e LSM. 
A r e a l i z a t i o n c i r c u i t f o r t h e LSM of Example 1 . 2 . 1 i s shown i n 
F i g . 1 . 2 . 3 . 
F i g . 1 . 2 . 3 . R e a l i z a t i o n Diagram f o r t h e LSM of Example 1 . 2 . 1 
Summary and C o n c l u s i o n s 
For t h e s a k e of an o v e r a l l c o m p a r i s o n , i n t h i s i n t r o d u c t o r y 
c h a p t e r t h e g e n e r a l f i n i t e - s t a t e s e q u e n t i a l m a c h i n e model and t h e 
s p e c i a l c l a s s of l i n e a r s e q u e n t i a l mach ines were b r i e f l y d e s c r i b e d . 
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CHAPTER I I 
LITERATURE SURVEY AND STATEMENT OF THE RESEARCH PROBLEM 
T h e p r i m a r y o b j e c t i v e o f o u r r e s e a r c h i s t o e x a m i n e t h e r o l e 
o f m o d e r n l i n e a r m u l t i v a r i a b l e c o n t r o l s y s t e m s t h e o r y i n t h e s t u d y o f 
l i n e a r s e q u e n t i a l m a c h i n e s . I n k e e p i n g w i t h t h i s o b j e c t i v e , we w i l l 
b e p r i m a r i l y i n t e r e s t e d i n t h e s u r v e y a n d a s s e s s m e n t o f p u b l i s h e d a n d 
o t h e r w i s e a v a i l a b l e r e s u l t s c o n c e r n i n g t h e n o n a u t o n o m o u s LSM m o d e l s . 
A l t h o u g h t h e c l a s s o f a u t o n o m o u s LSMs a s t h e p r o t o t y p e m o d e l o f g e n e r a l 
LSMs i s o f p a r a m o u n t i m p o r t a n c e i n i t s own r i g h t , i t w i l l n o t b e g i v e n 
a n y a p p r e c i a b l e c o n s i d e r a t i o n i n o u r l i t e r a t u r e s u r v e y s i n c e t h e s t u d y 
o f t h i s c l a s s d o e s n o t i n v o l v e a n y c o n t r o l c o n c e p t s a n d e s s e n t i a l l y 
b e l o n g s t o t h e r e a l m o f r e c u r r e n c e s e q u e n c e t h e o r y o v e r G F ( q ) . M o r e ­
o v e r , c e r t a i n a s p e c t s o f i t c a n b e t r e a t e d a s s p e c i a l c a s e s o f t h e 
g e n e r a l n o n a u t o n o m o u s m o d e l . 
2 . 1 . L i t e r a t u r e S u r v e y 
T h e f i r s t t r e a t m e n t o f l i n e a r s e q u e n t i a l m a c h i n e s w a s p r e s e n t e d 
b y H u f f m a n [ 5 7 ] i n 1 9 5 5 . He c o n s i d e r e d t h e a n a l y s i s a n d s y n t h e s i s o f 
LSMs c o m p r i s i n g u n i t d e l a y s a n d m o d u l o - 2 a d d e r s , a n d b r i e f l y c o n s i d e r e d 
a l s o m o d u l o - 3 e l e m e n t s . S h o r t l y f o l l o w i n g t h i s i n i t i a l w o r k , E l s p a s [ 3 2 ] , 
F r i e d l a n d [ 3 3 ] , a n d H a r t m a n i s [ 5 0 ] e x t e n d e d H u f f m a n ' s i d e a s i n s e v e r a l 
d i r e c t i o n s a n d t o m o r e g e n e r a l c a s e s . 
13 
E l s p a s [32] c o n s i d e r e d autonomous LSMs, t h a t i s , LSMs w i t h no 
i n p u t s , and i n v e s t i g a t e d t h e r e l a t i o n be tween i n t e r n a l mach ine l o g i c a l 
s t r u c t u r e and s e q u e n t i a l b e h a v i o r ( c y c l e s t r u c t u r e ) f o r a l l p o s s i b l e 
c y c l e l e n g t h s i n g e n e r a l , n o t m e r e l y f o r maximal c y c l e l e n g t h s . F u r t h e r ­
more , t h e c l a s s of i n t e r n a l mach ines t r e a t e d by E l s p a s was n o t l i m i t e d 
t o s h i f t r e g i s t e r s w i t h f e e d b a c k , b u t i n c l u d e d a r b i t r a r y i n t e r c o n n e c t i o n s 
of d e l a y e l e m e n t s and t h e l i n e a r l o g i c e l e m e n t . F i n a l l y , h e g e n e r a l i z e d 
t h e b i n a r y s i t u a t i o n t o t h a t of a m u l t i v a l u e d p - n a r y l o g i c , where p i s 
any p r ime i n t e r g e r , a s s u g g e s t e d by Huffman [ 5 7 ] . The r e s u l t s o b t a i n e d 
by E l s p a s i n c l u d e d an a n a l y s i s p r o c e d u r e f o r autonomous LSMs which 
c o u l d b e used t o d e r i v e t h e s e q u e n t i a l b e h a v i o r a n a l y t i c a l l y from a 
knowledge of t h e l o g i c a l s t r u c t u r e , r e a l i z a b i l i t y c r i t e r i a , a c l a s s of 
c a n o n i c a l r e a l i z a t i o n s , and e f f e c t i v e s y n t h e s i s p r o c e d u r e s f o r f i n d i n g 
e c o n o m i c a l r e a l i z a t i o n s of LSMs. 
S i m u l t a n e o u s l y and i n d e p e n d e n t l y , F r i e d l a n d [33] and H a r t m a n i s 
[50] a l s o g e n e r a l i z e d Huf fman ' s r e s u l t s t o autonomous LSMs c o m p r i s i n g 
u n i t d e l a y s and modulo-p e l e m e n t s . They a l s o i n v e s t i g a t e d some p r o p ­
e r t i e s of d e l a y p o l y n o m i a l s and t h e i r a p p l i c a t i o n i n d e v e l o p i n g r e a l i ­
z a t i o n p r o c e d u r e s f o r s i m p l e LSMs. 
Many d i f f e r e n t a s p e c t s of autonomous LSMs have l a t e r b e e n 
s t u d i e d by o t h e r a u t h o r s [ 1 4 ] , [ 1 6 ] , [ 3 4 ] , [ 3 9 ] , [ 4 0 ] , [ 4 3 ] , [ 4 6 ] , [ 5 4 ] , 
[ 6 7 ] , [ 7 3 ] , [ 7 4 ] , [ 8 9 ] , [ 9 3 ] , [ 1 0 2 ] , [ 1 0 3 ] , [ 1 2 0 ] . 
Due t o t h e i r w ide r a n g e of a p p l i c a b i l i t y , autonomous LSMs have 
b e e n e x t e n s i v e l y s t u d i e d . These LSMs can be r e g a r d e d as s p e c i a l d e v i c e s 
which i n d e p e n d e n t l y g e n e r a t e s e q u e n c e s of s y m b o l s , r a t h e r t h a n t r a n s f o r m 
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e x t e r n a l l y a p p l i e d s e q u e n c e s . The s t u d y of autonomous LSMs, t h e r e f o r e , 
i s a l s o t h e s t u d y of t h e i m p o r t a n t c l a s s of LSMs employed as " s e q u e n c e 
g e n e r a t o r s " which a r e e x t e n s i v e l y u t i l i z e d i n c o d i n g and o t h e r d i g i t a l 
t a s k s . F u r t h e r m o r e , t h e s t u d y of autonomous LSMs i s an e s s e n t i a l s t e p 
i n t h e e v a l u a t i o n of t h e t o t a l r e s p o n s e of nonautonomous LSMs. 
I n an a t t e m p t t o c a p i t a l i z e on t h e many t h e o r e t i c a l and p r a c ­
t i c a l n i c e t i e s a s s o c i a t e d w i t h t h e p r o p e r t y of l i n e a r i t y of s e q u e n t i a l 
m a c h i n e s , some e f f o r t s have been made t o d e v e l o p some s y s t e m a t i c t e s t 
p r o c e d u r e s f o r d e t e r m i n i n g w h e t h e r a s e q u e n t i a l m a c h i n e , g i v e n i n t h e 
form of a t r a n s i t i o n t a b l e , can b e r e p r e s e n t e d a s an LSM. T h i s p r o b l e m 
was i n i t i a l l y c o n s i d e r e d by S r i n i v i s a n [100] and t h e n expanded upon by 
s e v e r a l o t h e r a u t h o r s [ 1 6 ] , [ 2 9 ] , [ 5 1 ] , [ 1 1 5 ] . 
The f i r s t t r e a t m e n t of c e r t a i n a s p e c t s of LSMs from a modern 
c o n t r o l t h e o r y p o i n t of view was g i v e n by Cohn [23] who i n v e s t i g a t e d 
t h e s t a t e c o n t r o l l a b i l i t y p r o p e r t i e s of LSMs and showed t h a t K a l m a n ' s 
c o n t r o l l a b i l i t y t heo rem f o r c o n v e n t i o n a l i n f i n i t e - s t a t e s y s t e m s h o l d s 
a l s o f o r t h e c a s e of LSMs. I n f a c t , t h i s p o s s i b i l i t y was a l r e a d y 
r e c o g n i z e d by Kalman [60] as h e n o t e d t h e s i m i l a r i t y b e t w e e n h i s 
t heo rem and a theorem due t o Moore [ 8 2 ] . K a l m a n ' s t heo rem d e a l t w i t h 
c o n t r o l l a b i l i t y and o b s e r v a b i l i t y of l i n e a r d i f f e r e n t i a l s y s t e m s , w h i l e 
M o o r e ' s t h e o r e m was c o n c e r n e d w i t h s t r o n g l y c o n n e c t e d a u t o m a t a and 
i n d i s t i n g u i s h a b l e s t a t e s . " E v i d e n t l y , " w r o t e Kalman, " t h e two t h e o r e m s 
a r e c o n c e r n e d w i t h t h e same a b s t r a c t f a c t s , each b e i n g s t a t e d i n a d i f ­
f e r e n t m a t h e m a t i c a l f r amework . " At any r a t e , Cohn was t h e f i r s t t o 
f o r m a l i z e t h e c o n c e p t of s t a t e c o n t r o l l a b i l i t y f o r LSMs. More 
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s p e c i f i c a l l y , he showed t h a t t h e LSM M = (A, B, C, D) i s £ - s t a t e c o n ­
t r o l l a b l e , t h a t i s , t h e r e e x i s t s an a d m i s s i b l e i n p u t s e q u e n c e u (0 ) u ( l ) 
. . . u(t-l) t h a t w i l l d r i v e t h e LSM from an i n i t i a l s t a t e x"̂  t o a 
2 2 f i n a l s t a t e x , i f and o n l y i f t h e r a n k of t h e nx£m m a t r i x [B, AB, A B , 
l-l 
. . . , A B] i s e q u a l t o n . He a l s o p r o v e d t h a t f o r LSMs s t a t e c o n ­
t r o l l a b i l i t y c o i n c i d e s w i t h s t r o n g c o n n e c t i v i t y . F u r t h e r m o r e , h e p r e ­
s e n t e d a p r o c e d u r e f o r g e n e r a t i n g i n p u t s e q u e n c e s f o r c o n t r o l l i n g LSMs 
i n minimum t i m e . L a t e r i n [ 2 5 ] , t h e same a u t h o r s t u d i e d , i n t h e s p i r i t 
of c o n t r o l t h e o r y , some a d d i t i o n a l p r o p e r t i e s of LSMs, n a m e l y , d e f i n i t e -
n e s s , f i n i t e memory, i n f o r m a t i o n l o s s l e s s n e s s , and o b s e r v a b i l i t y which 
h e c a l l e d d i a g n o s a b i l i t y . C o n c e r n i n g t h e c o n c e p t of o b s e r v a b i l i t y , h e 
p r o v e d t h a t t h e LSM M = (A, B, C, D) i s ^ - o b s e r v a b l e , t h a t i s , e v e r y 
i n i t i a l s t a t e x ( 0 ) o f t h e LSM can b e u n i q u e l y d e t e r m i n e d from t h e know­
l e d g e of t h e o u t p u t s y ( 0 ) , y ( l ) , . . . , y ( £ ) , i f and o n l y i f t h e r a n k 
A l though t h e i m p o r t a n c e of t h e c o n c e p t s of c o n t r o l l a b i l i t y and 
o b s e r v a b i l i t y f o r LSMs were emphas i zed and some a r e a s of a p p l i c a t i o n 
were i n d i c a t e d by Cohn [ 2 3 ] , [25] and Cohn and Even [ 2 6 ] , more c o n c r e t e 
examples of a p p l i c a t i o n as w e l l as t h e o r e t i c a l s i g n i f i c a n c e of t h e s e 
c o n c e p t s were a c t u a l l y p r e s e n t e d by Massey and S a i n [ 7 5 ] , [ 7 6 ] , and 
Massey [ 7 7 ] . These a u t h o r s r e a l i z i n g t h e f a c t t h a t t h e t h e o r i e s of 
c o d e s , a u t o m a t a , and c o n t i n u o u s s y s t e m s a r e i n t i m a t e l y i n t e r t w i n e d , 
i n v e s t i g a t e d t h e e x p l i c i t i n t e r c o n n e c t i o n s and p a r a l l e l i s m s e x i s t i n g 
among t h e s e t h e o r i e s . T h e i r r e s u l t s e s t a b l i s h e d and c l e a r l y c h a r a c ­
t e r i z e d some i m p o r t a n t r e l a t i o n s h i p s be tween t h e z e r o - s t a t e r e s p o n s e , 
of t h e nx£r m a t r i x [C , A C , (A ) C , . . . , 
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t h e z e r o - i n p u t r e s p o n s e , c o n t r o l l a b i l i t y and o b s e r v a b i l i t y of LSMs and 
t h e c l a s s e s of c o n v o l u t i o n a l codes and c y c l i c c o d e s which a r e t h e most 
i m p o r t a n t c l a s s e s of codes t h a t have been found t o d a t e , and t h e p rob l ems 
of b u r s t c o r r e c t i o n , e r r o r d e t e c t i o n , and e r r o r p r o p a g a t i o n f o r t h e s e 
c l a s s e s of c o d e s . T h e i r e x p o s i t i o n p r o v i d e d e x p l i c i t examples of t h e 
r e s u l t i n g b e n e f i t s a c c r u i n g t o each of t h e s e a r e a s from t h e o t h e r s , 
i n d i c a t i n g t h e a d v a n t a g e s of an i n c r e a s e d exchange of i d e a s among t h e s e 
d i s c i p l i n e s . 
We would l i k e t o p o i n t o u t t h e f a c t t h a t t h e c e n t r a l theme of 
t h e work of t h e s e a u t h o r s i s o b v i o u s l y an exempla ry r e i t e r a t i o n of t h e 
u r g e n t need f o r d e v e l o p i n g a u n i f i e d framework encompass ing many of t h e 
s e e m i n g l y d i f f e r e n t d i s c i p l i n e s of d y n a m i c a l s y s t e m s t h e o r y . P i o n e e r i n g 
e f f o r t s i n t h i s d i r e c t i o n have a l r e a d y b e e n made by Kalman [ 6 1 ] , Arb ib 
[ 1 ] , [ 2 ] , and o t h e r s . 
More r e c e n t l y , T z a f e s t a s [ 1 0 5 ] , [ 1 0 6 ] , [107] h a s i n v e s t i g a t e d 
some a s p e c t s of LSMs from a modern c o n t r o l t h e o r y p o i n t of v i e w . I n 
[105] he h a s d e v e l o p e d o u t p u t c o n t r o l l a b i l i t y c r i t e r i a which a r e e s s e n ­
t i a l l y s i m i l a r t o t h o s e a v a i l a b l e f o r c o n v e n t i o n a l l i n e a r s y s t e m s , and 
i n [106] h e h a s i n d i c a t e d a d e s i g n p r o c e d u r e f o r a s t a t e o b s e r v e r f o r 
LSMs. I n an e f f o r t t o i n d i c a t e t h e p o s s i b i l i t y and d e s i r a b i l i t y of 
d e v e l o p i n g a u n i f i e d and i n t e g r a t e d s e q u e n t i a l machine c o n t r o l t h e o r y , 
T z a f e s t a s [107] h a s b r i e f l y s u r v e y e d some t e c h n i q u e s of modern c o n t r o l 
t h e o r y a p p l i c a b l e t o some a s p e c t s of LSMs. More s p e c i f i c a l l y , h e h a s 
c o n s i d e r e d t h e f o l l o w i n g a s p e c t s of LSMs w h i c h , due t o t h e i r m a t r i x -
t h e o r e t i c n a t u r e , l e n d t h e m s e l v e s t o a n a l y s i s and s y n t h e s i s t e c h n i q u e s 
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s i m i l a r t o t h o s e o r i g i n a l l y d e v e l o p e d f o r c o n v e n t i o n a l l i n e a r s y s t e m s : 
s t a t e c o n t r o l l a b i l i t y , o u t p u t c o n t r o l l a b i l i t y , o b s e r v a b i l i t y , c a n o n i c a l 
d e c o m p o s i t i o n , m i n i m i z a t i o n , i d e n t i f i c a t i o n , c a n o n i c a l s t a t e s p a c e 
m o d e l s , i n t e r c o n n e c t i o n s , m i n i m a l - t i m e c o n t r o l , s t a t e r e c o n s t r u c t i o n , 
d e c o u p l i n g , and i n v e r s i o n . 
F o u r i e r and L a p l a c e t r a n s f o r m t e c h n i q u e s , among o t h e r s , p r o v i d e 
p o w e r f u l a n a l y t i c t o o l s f o r t h e s t u d y of c o n v e n t i o n a l l i n e a r s y s t e m s . 
I t i s c o n c e i v a b l e t h a t one migh t a t t e m p t t o s e e i f s i m i l a r o p e r a t i o n a l 
t e c h n i q u e s can b e d e v e l o p e d f o r LSMs. Such a t t e m p t s have b e e n made, 
r e s u l t i n g i n t o a number of t r a n s f o r m methods f o r LSMs. 
Hohn [53] h a s r e p o r t e d t h a t i n 1 9 5 2 , J . G. Tryon had i n v e n t e d 
a d e l a y o p e r a t o r f o r t h e s t u d y of s y n c h r o n o u s d i g i t a l m a c h i n e s . The 
Tryon d e l a y o p e r a t o r d i f f e r s from t h a t l a t e r i n t r o d u c e d by Huffman [ 5 7 ] , 
i n one e s s e n t i a l r e s p e c t . T r y o n ? s method assumes a c h a r a c t e r i s t i c 
i n h e r e n t d e l a y n o t l e s s t h a n z e r o i n each t y p e of l o g i c a l e l e m e n t , 
t h a t i s , t h e s e p h y s i c a l d e v i c e s do n o t p e r f o r m t h e i r l o g i c a l o p e r a t i o n s 
i n s t a n t a n e o u s l y . For e x a m p l e , i f p u l s e s a r e a p p l i e d t o t h e i n p u t l e a d s 
of an AND-element a t t i m e 6 , t h e o u t p u t i s n o t n e c e s s a r i l y o b t a i n e d a t 
t i m e 6 b u t r a t h e r a t t ime 6 + i , where i > 0 i s what i s c a l l e d t h e 
inhevent delay of t h e AND-element . T r y o n ' s d e l a y o p e r a t o r s p e c i f i c a l l y 
r e c o g n i z e s t h i s i n h e r e n t d e l a y and d i c t a t e s a l g e b r a i c a l l y t h e l o c a t i o n 
of such p u r e d e l a y e l e m e n t s a s a r e r e q u i r e d t o a s s u r e p r o p e r o p e r a t i o n 
of t h e m a c h i n e . Huffman ' s a p p r o a c h i s t o assume t h a t a l l l o g i c a l e l e ­
ments a c t i n s t a n t a n e o u s l y , a l l d e l a y s b e i n g c o n c e n t r a t e d i n s u i t a b l y 
l o c a t e d p u r e d e l a y e l e m e n t s . Huf fman ' s o p e r a t o r i s i n e f f e c t a s p e c i a l 
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c a s e of T r y o n ' s i n which t h e i n h e r e n t d e l a y s of a l l l o g i c a l e l e m e n t s 
a r e assumed t o b e z e r o . Hohn [53] p r e s e n t e d t h e m a t h e m a t i c a l d e v e l o p ­
ment of T r y o n ' s o p e r a t i o n a l method and i l l u s t r a t e d i t s a p p l i c a b i l i t y 
i n t h e a n a l y s i s and s y n t h e s i s of s y n c h r o n o u s l i n e a r and n o n l i n e a r 
m a c h i n e s . D e s p i t e i t s g e n e r a l i t y and p r e c e d e n c e , T r y o n ' s method h a s 
n o t been much used i n t h e a r e a of s e q u e n t i a l m a c h i n e s . On t h e c o n t r a r y , 
Huf fman ' s d e l a y t r a n s f o r m which i s e s s e n t i a l l y an a p p l i c a t i o n of t h e 
c o n c e p t of g e n e r a t i n g f u n c t i o n s t o t h e a n a l y s i s of s e q u e n c e s of sym­
b o l s , h a s been e x t e n s i v e l y used i n t h e s t u d y of t h e s p e c i a l c l a s s of 
q u i e s c e n t LSMs, t h a t i s , LSMs whose i n i t i a l s t a t e ( a t k = 0) i s z e r o . 
Q u i e s c e n t LSM's a r e w i d e l y used as s p e c i a l d e v i c e s which t r a n s f o r m 
i n p u t s e q u e n c e s i n t o o u t p u t s e q u e n c e s i n a c c o r d a n c e w i t h some f i x e d 
r u l e , which i m p l i e s a f i x e d i n i t i a l s t a t e - 0 f o r c o n v e n i e n c e . T h e r e ­
f o r e , t h e s t u d y of q u i e s c e n t LSMs i s a l s o t h e s t u d y of t h e i m p o r t a n t 
c l a s s of LSMs employed a s " s e q u e n c e t r a n s f o r m e r s . " 
Huf fman ' s d e l a y t r a n s f o r m ( d - t r a n s f o r m ) i s a p p l i c a b l e t o s e q u e n c e s 
t h a t a r e z e r o f o r k < 0 . The d - t r a n s f o r m G(d) of a s e q u e n c e { g ( k ) } i s 
d e f i n e d by t h e f o l l o w i n g e x p r e s s i o n 
0 0 
G(d) = Z g ( k ) d k 
k=0 
Using t h i s o p e r a t i o n a l p r o c e d u r e , one can e x p r e s s t h e i n p u t - o u t p u t 
r e l a t i o n of an LSM i n t e rms of p o l y n o m i a l s i n t h e i n d e t e r m i n a t e d , 
c a l l e d delay polynomials3 and hence r e p r e s e n t t h e LSM i n t e r m s of t r a n s ­
f e r f u n c t i o n s s i m i l a r t o t h o s e of t h e c l a s s i c a l l i n e a r c o n t r o l s y s t e m s . 
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T h e r e f o r e , some a n a l y s i s and s y n t h e s i s t e c h n i q u e s from c l a s s i c a l l i n e a r 
c o n t r o l t h e o r y which a r e b a s e d on t r a n s f e r f u n c t i o n methods can b e 
e a s i l y m o d i f i e d and a d a p t e d t o LSMs. 
Al though t h e d - t r a n s f o r m seems t o be v e r y s i m i l a r t o t h e z -
t r a n s f o r m of s a m p l e d - d a t a s y s t e m s , t h e r e a r e b a s i c d i f f e r e n c e s be tween 
t h e s e two t r a n s f o r m s . For e x a m p l e , t h e t r a n s f o r m v a r i a b l e z i n t h e 
z - t r a n s f o r m i s a complex v a r i a b l e which can be g i v e n many m e a n i n g f u l 
i n t e r p r e t a t i o n s i n t h e c o n t e x t of s a m p l e d - d a t a t h e o r y , w h i l e t h e i n ­
d e t e r m i n a t e d i n t h e d - t r a n s f o r m i s p r a c t i c a l l y d e v o i d of any u s e f u l 
i n t e r p r e t a t i o n s . O t h e r d i s s i m i l a r i t i e s o b v i o u s l y e x i s t i n r e l a t i o n t o 
t h e q u e s t i o n s of c o n v e r g e n c e p r o p e r t i e s , t r a n s f o r m p a i r p r o p e r t i e s , e t c . 
A n o t h e r o p e r a t i o n a l t e c h n i q u e which h a s been d e v e l o p e d f o r LSMs 
i s t h e L a p l a c e - G a l o i s t r a n s f o r m i n t r o d u c e d by T s y p k i n and FaradzeV [ 1 0 4 ] . 
With t h e a i d of t h i s t r a n s f o r m me thod , one can i n t r o d u c e and u t i l i z e 
some i m p o r t a n t c l a s s i c a l c o n t r o l c o n c e p t s such a s t r a n s f e r f u n c t i o n s 
and f r e q u e n c y domain c h a r a c t e r i s t i c s f o r s e q u e n t i a l m a c h i n e s . 
R i c h a l e t [ 9 5 ] , making u s e of t h e t h e o r y of G a l o i s f i e l d s and 
fo rma l s e r i e s , h a s i n t r o d u c e d t h e f u n d a m e n t a l s of an o p e r a t i o n a l c a l ­
c u l u s f o r t h e f i n i t e s e q u e n c e s p a c e of f i n i t e f i e l d s and r i n g s , and 
h a s d e m o n s t r a t e d i t s a p p l i c a b i l i t y t o LSMs. 
R i c h a l e t i n t r o d u c e s h i s t r a n s f o r m t e c h n i q u e by a s s o c i a t i n g a 
O  
fo rma l s e r i e s V(a) w i t h an i n f i n i t e s e q u e n c e { v ( k ) } of e l e m e n t s of 
k=0 
t h e f i e l d GF(q) by t h e f o l l o w i n g r u l e oo oo 
{v( k)} X E 
k=0 k=0 o 1 
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and c a l l s t h e fo rmal s e r i e s V ( a ) = E ^ - , t h e d i s c r e t e L a p l a c e 
k=0 a 
0 0 
t r a n s f o r m modulo p of t h e s e q u e n c e ( v ( k ) } . Then h e i n v e s t i g a t e s 
k=0 
some p r o p e r t i e s of t h e t r a n s f o r m p a i r s a n a l o g o u s t o t h e t r a n s f o r m 
p r o p e r t i e s of t h e o r d i n a r y L a p l a c e t r a n s f o r m , such a s i n i t i a l and f i n a l 
v a l u e t h e o r e m s , m u l t i p l i c a t i o n by t h e t r a n s f o r m v a r i a b l e a , t r a n s l a t i o n , 
s c a l i n g , d i f f e r e n t i a t i o n , c o n v o l u t i o n , and i n v e r s i o n . F i n a l l y , h e 
b r i e f l y d e m o n s t r a t e s t h e r e l e v a n c e of t h i s o p e r a t i o n a l t e c h n i q u e t o 
some s i m p l e a n a l y s i s and s y n t h e s i s p rob lems of LSMs. 
Except f o r Huf fman ' s d e l a y t r a n s f o r m , t h e o t h e r o p e r a t i o n a l 
p r o c e d u r e s i n t r o d u c e d f o r t h e s t u d y of LSMs, do n o t seem t o have found 
a p p l i c a t i o n i n any a p p r e c i a b l e e x t e n t . 
2 . 2 . S t a t e m e n t and R e l e v a n c e of t h e R e s e a r c h Prob lem 
I n t h e p a s t , c e r t a i n i m p o r t a n t c l a s s e s of p rob l ems such a s 
a n a l y s i s and d e s i g n of e n c o d e r s and d e c o d e r s , e r r o r d e t e c t i o n , and 
e r r o r c o r r e c t i o n i n t h e a r e a of c o d i n g t h e o r y , c o m p u t a t i o n i n f i n i t e 
f i e l d s , i n f o r m a t i o n and d a t a t r a n s m i s s i o n and s t o r a g e , have b e e n t r e a t e d 
l a r g e l y by t h e c n i q u e s from t h e domain of a u t o m a t a t h e o r y which were 
t o t a l l y u n r e l a t e d t o t h e d i s c i p l i n e of modern c o n t r o l s y s t e m s t h e o r y . 
However, f a i r l y r e c e n t p r e l i m i n a r y r e s e a r c h h a s r e v e a l e d t h e f a c t t h a t 
t h e r e e x i s t many i n t e r c o n n e c t i o n s and p a r a l l e l i s m s b e t w e e n t h e s e 
t h e o r i e s which c o u l d b e e f f e c t i v e l y e x p l o i t e d f o r t h e p u r p o s e of d e v e l o p ­
i n g a u n i f i e d framework f o r t h e s e and o t h e r r e l a t e d f i e l d s . T h i s u n i ­
f i c a t i o n w i l l , on t h e one h a n d , make some of t h e a b o v e - m e n t i o n e d and 
o t h e r c l a s s e s of p rob lems amenable t o t r e a t m e n t by t h e me thods of 
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c o n t r o l t h e o r y a n d , on t h e o t h e r h a n d , p r o v i d e v a l u a b l e o p p o r t u n i t y f o r 
d e r i v i n g a d d i t i o n a l r e s u l t s and i n s i g h t s from t h e c r o s s - f e r t i l i z a t i o n 
of t h e s e two s y s t e m s d i s c i p l i n e s . 
One of t h e a r e a s of a u t o m a t a t h e o r y which h a s e n j o y e d g r e a t 
g e n e r a l i t y i n m o d e l i n g many p h y s i c a l phenomena i n d i f f e r e n t a r e a s of 
s c i e n c e and e n g i n e e r i n g i s t h e c l a s s of f i n i t e - s t a t e s e q u e n t i a l m a c h i n e s . 
A s m a l l b u t e x t r e m e l y i m p o r t a n t s u b c l a s s of g e n e r a l s e q u e n t i a l m a c h i n e s 
i s t h e s p e c i a l s u b c l a s s of f i n i t e - s t a t e t i m e - i n v a r i a n t l i n e a r s e q u e n t i a l 
m a c h i n e s whose m a t h e m a t i c a l r e p r e s e n t a t i o n i s g i v e n by e q u a t i o n s ( 1 . 2 . 3 ) . 
L i n e a r s e q u e n t i a l mach ines a r e of g r e a t i n t e r e s t f o r two i m p o r t a n t r e a ­
s o n s . F i r s t , t h e s e l i n e a r mach ines c o n s t i t u t e a s u b c l a s s of t h e c l a s s 
of f i n i t e - s t a t e mach ines where p o w e r f u l t h e o r i e s of f i n i t e g r o u p s , 
r i n g s , f i e l d s and o t h e r a l g e b r a i c s t r u c t u r e s , and of l i n e a r v e c t o r 
s p a c e s can b e e x p l o i t e d t o a d v a n t a g e . As s u c h , LSMs c o n s t i t u t e a 
l i n k b e t w e e n t h e g e n e r a l s e q u e n t i a l mach ine and t h e g e n e r a l l i n e a r 
machine and o f f e r i n s i g h t i n t o t h e o p e r a t i o n of b o t h . F u r t h e r m o r e , 
LSMs p r o v i d e i n s i g h t i n t o t h e methods t h a t may b e used t o decompose 
complex mach ines i n t o an i n t e r c o n n e c t i o n of s m a l l e r m a c h i n e s . S e c o n d l y , 
LSMs have found many a p p l i c a t i o n s i n compute r c o n t r o l c i r c u i t r y , d e s i g n 
of d i g i t a l c o n t r o l and communica t ion s y s t e m s , g e n e r a t i o n of l i n e a r 
c o d e s , s y n t h e s i s of e n c o d e r s and d e c o d e r s , i m p l e m e n t a t i o n of e r r o r 
d e t e c t i o n and c o r r e c t i o n c o d e s , c o m p u t a t i o n i n t h e r i n g of p o l y n o m i a l s , 
c o m p u t a t i o n i n f i n i t e f i e l d s , c o u n t i n g and t i m i n g , g e n e r a t i o n of m i n i ­
mum t i m e t e s t s e q u e n c e s , g e n e r a t i o n of p seudo- r andom s e q u e n c e s ( f o r u s e 
i n t h e i m p l e m e n t a t i o n of Monte C a r l o p r o g r a m s , r a n g e measu remen t s i n 
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r a d a r , p r o b a b i l i s t i c e x p e r i m e n t s , e t c . ) , and i n o t h e r a s p e c t s of a u t o ­
mata t h e o r y . 
C e r t a i n a s p e c t s of LSMs h a v e b e e n s t u d i e d i n t h e c o n t e x t of 
a u t o m a t a t h e o r y and r a t h e r s u p e r f i c i a l l y i n t h e framework of modern 
c o n t r o l t h e o r y . I n t h i s r e s e a r c h , t r e a t i n g LSMs as d i s c r e t e - t i m e 
f i n i t e - s t a t e c o n t r o l s y s t e m s and a d o p t i n g a modern m u l t i v a r i a b l e c o n t r o l 
t h e o r y a p p r o a c h , we w i l l i n v e s t i g a t e t h e p o s s i b i l i t y of d e v e l o p i n g a 
f a i r l y c o m p r e h e n s i v e s t r u c t u r e t h e o r y f o r them. We w i l l s e l e c t t h e 
d u a l c o n c e p t s of r e a c h a b i l i t y and o b s e r v a b i l i t y as t h e p i v o t a l com­
p o n e n t s of t h i s t h e o r y . T h i s i s , of c o u r s e , a n a t u r a l c h o i c e s i n c e , 
a s i t w i l l b e d e m o n s t r a t e d i n t h e s e q u e l , t h e s e c o n c e p t s and t h e i r 
e x t e n s i o n s p r o v e t o b e of enormous i m p o r t a n c e i n v a r i o u s a n a l y s i s and 
s y n t h e s i s a s p e c t s such a s e v e n t s y n c h r o n i z a t i o n and memory a d d r e s s 
c o n t r o l i n d i g i t a l s y s t e m s , m i n i m a l - t i m e o p t i m a l c o n t r o l , d e c o m p o s i t i o n , 
n o n i n t e r a c t i o n , d i s t u r b a n c e d e c o u p l i n g , c a n o n i c a l r e p r e s e n t a t i o n , f e e d ­
back s h i f t r e g i s t e r r e a l i z a b i l i t y , s t a t e m i n i m i z a t i o n , i d e n t i f i c a t i o n , 
f eedback c o m p e n s a t i o n , s t a t e r e c o n s t r u c t i o n , i n v e r s i o n , and so f o r t h . 
As i t was p o i n t e d o u t i n t h e p r e c e d i n g s e c t i o n , t h e c o n c e p t s of 
c o n c o l l a b i l i t y and o b s e r v a b i l i t y f o r LSMs h a v e been t r e a t e d i n [23] , 
[ 7 5 ] , [ 7 7 ] , [ 1 0 5 ] , and [107] i n a s u r p r i s i n g l y s u p e r f i c i a l m a n n e r . I n 
f a c t , t h e s e t r e a t m e n t s a r e so c u r s o r y i n s c o p e t h a t n o t even i n a s i n g l e 
one of them t h e c r u c i a l d i s t i n c t i o n i s made b e t w e e n t h e p r o p e r t i e s of 
r e a c h a b i l i t y and c o n t r o l l a b i l i t y o r b e t w e e n o b s e r v a b i l i t y and r e c o n -
s t r u c t i b i l i t y . I n a d d i t i o n t o p e r f o r m i n g an i n - d e p t h i n v e s t i g a t i o n of 
t h e s e d u a l c o n c e p t s and some of t h e i r r a m i f i c a t i o n s i n a s t a t e s p a c e 
23 
s e t t i n g , we w i l l i n t r o d u c e t h e f u n d a m e n t a l s of a p r o j e c t i v e - g e o m e t r i c 
a p p r o a c h f o r t h e s t u d y and c h a r a c t e r i z a t i o n of c e r t a i n s t r u c t u r a l 
a s p e c t s of LSMs. T h i s new p o i n t of v iew i s m o t i v a t e d by a number of 
f a c t o r s : f i r s t of a l l , t h e a r e a of f i n i t e p r o j e c t i v e geomet ry h a s b e e n 
e x t e n s i v e l y d e v e l o p e d , a p p e a r s t o be endowed w i t h r i c h c o m b i n a t o r i a l 
s t r u c t u r e s , and h a s found a p p l i c a t i o n s i n c o d i n g t h e o r y . On t h e o t h e r 
h a n d , LSMs have been w i d e l y used i n v a r i o u s p h a s e s of t h e c o d i n g p r o ­
c e s s . T h e r e f o r e , i t i s n a t u r a l t o e x p e c t t h a t e s t a b l i s h i n g some c o n ­
n e c t i o n s b e t w e e n c e r t a i n a r e a s of LSMs and f i n i t e p r o j e c t i v e g e o m e t r y , 
and t h u s c l o s i n g t h e u n d e r l y i n g t r i a n g l e of i d e a s , w i l l c o n t r i b u t e t o 
a more c o n s t r u c t i v e c o n c e p t u a l and p r a c t i c a l i n t e r p l a y among LSMs, 
c o d i n g t h e o r y and f i n i t e g e o m e t r i e s . S e c o n d l y , a g e o m e t r i c t r e a t m e n t 
can p r o v i d e a more g e n e r a l and e l e g a n t r e p r e s e n t a t i o n a l framework f o r 
d e v e l o p i n g a s t r u c t u r e t h e o r y f o r LSMs. F i n a l l y , t h e i n c r e a s i n g p r e ­
v a l e n c e of g e o m e t r i c i d e a s i n t h e l i t e r a t u r e of c o n v e n t i o n a l d y n a m i c a l 
sy s t ems s u g g e s t s t h e d e s i r a b i l i t y of s i m i l a r g e o m e t r i c c o n c e p t s i n t h e 
a r e a of a u t o m a t a t h e o r y a n d , i n p a r t i c u l a r , i n t h e a r e a of LSMs. 
I n more s p e c i f i c t e r m s , t h e b u l k of ou r r e s e a r c h e f f o r t w i l l 
b e d e v o t e d t o t h e f o l l o w i n g a s p e c t s of LSMs: s t a t e r e a c h a b i l i t y , s t a t e 
c o n t r o l l a b i l i t y , c a n o n i c a l f o r m s , s t a t e f e e d b a c k , o u t p u t r e a c h a b i l i t y , 
s e l e c t i v e s t a t e r e a c h a b i l i t y , g e o m e t r i c s t a t e r e a c h a b i l i t y , s t a t e 
o b s e r v a b i l i t y , and s t a t e o b s e r v e r d e s i g n . 
As a d v o c a t e d a b o v e , ou r a p p r o a c h w i l l c o n s i s t of modern c o n t r o l 
t h e o r y i n t h e framework of f i n i t e g e o m e t r i e s . The m o t i v a t i o n f o r t h i s 
d e v i a t i o n from t h e c o n v e n t i o n a l a l g e b r a i c and c o m b i n a t o r i a l a p p r o a c h e s 
of a u t o m a t a t h e o r y i s t w o f o l d : 
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1 . R e s e a r c h i n t h e a r e a of s e q u e n t i a l m a c h i n e s h a s b e e n 
r e s t r i c t e d p r i m a r i l y t o s t a t e a s s i g n m e n t and c o d i n g , 
s t a t e r e d u c t i o n , d e c o m p o s i t i o n , and d e s i g n of p h y s i ­
c a l l y r e a l i z a b l e m o d e l s . We hope t h a t a new l o o k a t 
LSMs t h r o u g h modern c o n t r o l t h e o r y w i l l open up new 
v i s t a s of t h e o r e t i c a l and a p p l i e d r e s e a r c h i n t h e 
f i e l d of s e q u e n t i a l m a c h i n e s . 
2 . The r e s u l t s o b t a i n e d by a d o p t i n g a c o n t r o l - t h e o r e t i c 
a p p r o a c h t o i n v e s t i g a t e LSMs w i l l f u r t h e r c o n t r i b u t e 
t o t h e deve lopmen t of a more u n i f i e d framework f o r 
a u t o m a t a t h e o r y and c o n t r o l t h e o r y . 
Summary and C o n c l u s i o n s 
I n t h i s c h a p t e r , a f a i r l y c o m p r e h e n s i v e l i t e r a t u r e s u r v e y was 
r e p o r t e d . Due t o our p r i m a r y i n t e r e s t i n e x a m i n i n g t h e s t a t u s of 
l i n e a r mach ine c o n t r o l t h e o r y , t h e s u r v e y was m o s t l y r e s t r i c t e d t o t h e 
a r e a of nonautonomous LSMs. 
I n t h e c o u r s e of t h e l i t e r a t u r e s u r v e y i t was r e a d i l y r e v e a l e d 
t h a t a l t h o u g h c e r t a i n a s p e c t s of LSMs were i n v e s t i g a t e d i n a f r agmen­
t a r y and s u p e r f i c i a l manner from a modern c o n t r o l t h e o r y p o i n t of v i e w , 
no a t t e m p t t o w a r d s d e v e l o p i n g a c o h e r e n t l i n e a r mach ine c o n t r o l t h e o r y 
had e v e r been made. T h i s f a c t c o u p l e d w i t h t h e enormous i m p o r t a n c e 
of LSMs and t h e a n t i c i p a t i o n of i n i t i a t i n g a c o n s t r u c t i v e i n t e r p l a y 
b e t w e e n a u t o m a t a t h e o r y and c o n t r o l t h e o r y seemed t o p r o v i d e ample 
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j u s t i f i c a t i o n f o r embark ing upon a s y s t e m a t i c i n v e s t i g a t i o n of LSMs 
from t h e s t a n d p o i n t of modern m u l t i v a r i a b l e c o n t r o l t h e o r y . Conse ­
q u e n t l y , a r e s e a r c h p l a n was f o r m u l a t e d and a p r e c i s e s t a t e m e n t of t h e 
r e s e a r c h p rob lem was p r e s e n t e d . 
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CHAPTER I I I 
INTRODUCTION TO LINEAR SEQUENTIAL MACHINES 
F o r t h e p u r p o s e of e s t a b l i s h i n g c o n s i s t e n t n o t a t i o n a n d t e r ­
m i n o l o g y , m o s t o f t h i s c h a p t e r w i l l b e d e v o t e d t o a b r i e f r e v i e w of 
t h e b a s i c c o n c e p t s a n d d e f i n i t i o n s p e r t a i n i n g t o n o n a u t o n o m o u s LSMs. 
F o r s l i g h t l y m o r e c o m p r e h e n s i v e t r e a t m e n t s , t h e r e f e r e n c e s [ 1 4 ] , [ 4 6 ] , 
a n d [ 4 9 ] may b e c o n s u l t e d . T h e d i s c u s s i o n of f o r m a l p o l y n o m i a l s o v e r 
G F ( q ) a n d f o r m a l p o l y n o m i a l r e p r e s e n t a t i o n of LSMs i s i n t e n d e d t o p o i n t 
o u t t h e r e a l p o s s i b i l i t y f o r t h e d e v e l o p m e n t o f a n e x t e n s i v e l i n e a r 
m a c h i n e t h e o r y w h i c h w i l l i n c o r p o r a t e s t a t e s p a c e a n d f o r m a l p o l y ­
n o m i a l c o n c e p t s s i m u l t a n e o u s l y i n a u n i f i e d f r a m e w o r k w i t h o u t r e s o r t i n g 
t o a n y o p e r a t i o n a l t r a n s f o r m t e c h n i q u e . 
3 . 1 . M a t h e m a t i c a l D e s c r i p t i o n of F i n i t e S t a t e S e q u e n t i a l M a c h i n e s 
D e f i n i t i o n 3 . 1 . 1 . ( c f . [ 6 0 ] ) A d e t e r m i n i s t i c s e q u e n t i a l m a c h i n e 
M i s a c o m p o s i t e m a t h e m a t i c a l c o n c e p t s p e c i f i e d b y a n o c t u p l e M = (K, X, 
U, V, U*, V*, <j>, n ) , w h e r e 
( 1 ) K i s t h e t i m e ( c l o c k p e r i o d ) s e t w h i c h i s t h e o r d e r e d 
A b e l i a n g r o u p o f i n t e g e r s . 
( 2 ) X i s t h e s t a t e s e t . 
( 3 ) ii i s t h e s e t o f i n p u t s y m b o l s . 
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(4) U* = {u : K —> U] i s t h e s e t of a l l a d m i s s i b l e i n p u t maps , 
t h a t i s , s e q u e n c e s . . . u ( - l ) u ( 0 ) u ( l ) . . . ; u ( k ) e U, 
and s a t i s f i e s t h e f o l l o w i n g c o n d i t i o n s : 
(a ) ( N o n t r i v i a l i t y ) . U* i s nonempty . 
(b) ( C o n c a t e n a t i o n of i n p u t s ) . An i n p u t s t r i n g u ( k ^ ) 
u ( k ^ ) . . . u ( k ^ ) i s a u e U* r e s t r i c t e d t o {k^ , k^ , 
. . . k^} n K. I f u , u e U*, t h e n t h e r e e x i s t s a 
u M e U* such t h a t u " ( k ) u " ( k ) . . . u M ( k ) = 
u ( k x ) u ( k 2 ) . . . U ( k r ) and u " ( k r + 1 ) u n ( k r + 2 ) . . . 
u " ( k s ) = u ' ( k r + 1 ) u ' ( k r + 2 ) . . . u ' ( k g ) , where 
k n < k < k , k . e K V i . 
( 5 ) V i s t h e s e t of o u t p u t s y m b o l s . 
( 6 ) V* E {y : K. V} i s t h e s e t of o u t p u t maps , t h a t i s , 
s e q u e n c e s . . . y ( - l ) y ( 0 ) y ( l ) . . . ; y ( k ) e V. 
( 7 ) cp i s t h e s t a t e t r a n s i t i o n map <p : K x K x X x U* >• X 
whose v a l u e i s x ( k ) = (j>(k, k^ , x ( k ^ ) , u) e X r e s u l t i n g a t 
c l o c k p e r i o d k e K from t h e i n i t i a l s t a t e x ( k g ) e X a t 
i n i t i a l c l o c k p e r i o d k^ e K unde r t h e a c t i o n of t h e i n p u t 
s e q u e n c e u e U*. h a s t h e f o l l o w i n g p r o p e r t i e s : 
(a ) ( D i r e c t i o n of t i m e ) . <j> i s d e f i n e d f o r a l l k > k ^ , 
b u t n o t n e c e s s a r i l y f o r a l l k < k^ ; k , k^ e K. 
(b) ( C o n s i s t e n c y ) . <j>(k, k , x , u) = x V k e K, V x e X, 
and V u e U*. 
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(c) (Group p r o p e r t y ) . For any k^ , k ^ , k^ e K such t h a t 
:^ < k 2 < k^ , we have <p(k^, k , x , u) <j>(k3, k 2 , (J>(k2, k 1 ? x , u) , u) V x e X and ¥ u e U*. 
(d) ( C a u s a l i t y ) . u , u ' e U*, u ( k ) u ( k 2 ) . . . u ( k r ) = 
u ' C k ^ u ' ( k 2 ) . . . u ' ( k r ) = ,> <J)(k l S k Q , x , u) = 
<|)(k 1, k , x , u ? ) . 
(8) n i s t h e o u t p u t ( r e a d o u t ) map n : K x X x U* —-> V which 
d e f i n e s t h e o u t p u t v a l u e y ( k ) = n(k, x ( k ) , u) i n s t a t e 
x ( k ) e X a t c l o c k p e r i o d k e K. The map ( k ^ , k^ , . . . , 
—V g i v e n by Tc | >• n(k, <f>(k, k^ , x u) , u) , i s an 
o u t p u t s t r i n g , t h a t i s , t h e r e s t r i c t i o n Y ( ^ Q ) y ( k ^ ) • • • 
y ( k ) of some y e V* t o {k , k , , . . . , k } . r 0 1 r 
D e f i n i t i o n 3 . 1 . 2 . A s e q u e n t i a l mach ine M = (K, X, U, V, U*, V*, 
<f>, n) i s time-invariant i f and o n l y i f 
k ' 
(a ) U* i s c l o s e d unde r t h e s h i f t o p e r a t o r V : u — u ' 
d e f i n e d by u ' ( k ) = u ( k + k f ) V k , k ' e K and V u , u 1 e .U*. 
(b) <))(k, k ' , x , u) = <)>(k + £ , k ' + £ , x , V ~ £ u) V £ e K. 
(c ) The map n ( k , • , •) : X x U* —-> V i s i n d e p e n d e n t of k . 
From t h e above d e f i n i t i o n i t f o l l o w s t h a t f o r t i m e - i n v a r i a n t 
m a c h i n e s t h e s t a t e t r a n s i t i o n and o u t p u t maps assume t h e f o l l o w i n g 
s i m p l e r f o r m s : 
$ : K x X x U* — • X, ( k ^ x , u) j > <J>(k , 0 , x , u) 
n : X x U* — > V, ( x , u) | • n ( 0 , x , u) 
s i n c e we know t h a t f o r a l l c h o i c e s of k e K, (f>(k , k , x , u) = 
k 
v ~ 0 A v A 
( J J C ^ - k Q , x , V u) and r K k ^ x , u) = n(x, u) . 
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D e f i n i t i o n 3 . 1 . 3 . A s e q u e n t i a l machine M = (K, X, U, V, U*, 
V*, (j), n) i s finite-dimensional i f and o n l y i f X i s a f i n i t e - d i m e n s i o n a l 
l i n e a r s p a c e ; M i s finite-state i f and o n l y i f X i s a f i n i t e s e t . 
D e f i n i t i o n 3 . 1 . 4 . A s e q u e n t i a l mach ine M = (K, X, U, V, U*, 
V*, <f>, n) i s linear i f and o n l y i f 
(a ) X, U, U*, V, and V* a r e v e c t o r s p a c e s ( o v e r a g i v e n 
a r b i t r a r y f i e l d F ) . 
(b) The map <f>(k, k^ , •) : X x U* — X i s an F-homomorphism 
f o r a l l k , kg e K. 
(c ) The map n ( k , • , •) : X x U* >- V i s an F-homomorphism 
f o r a l l k e K. 
A s p e c i a l c l a s s of s e q u e n t i a l m a c h i n e s w i l l c o n s t i t u t e t h e 
c e n t r a l s u b j e c t of our i n v e s t i g a t i o n . The members of t h i s c l a s s a r e 
assumed t o be d e t e r m i n i s t i c , f i n i t e - d i m e n s i o n a l , f i n i t e - s t a t e , t i m e -
i n v a r i a n t , and l i n e a r . To g i v e a p r e c i s e d e s c r i p t i o n of t h i s c l a s s of 
s e q u e n t i a l m a c h i n e s , we w i l l f o r m a l l y t r a n s l i t e r a t e t h e p r e c e d i n g q u a l i ­
f i c a t i o n s i n t o t h e l a n g u a g e of D e f i n i t i o n s 3 . 1 . 1 - 3 . 1 . 4 a s f o l l o w s : 
K = t i m e ( c l o c k p e r i o d ) s e t = s e t of i n t e g e r s ; 
X = s t a t e s p a c e = G F ( q ) n = f i n i t e v e c t o r s p a c e of n - t u p l e s 
o v e r t h e G a l o i s f i e l d G F ( q ) ; 
U = s e t of i n p u t v a l u e s = G F ( q ) m ; 
U*= i n p u t s p a c e = s e t of a r b i t r a r y maps u : K >• t i , t h a t i s , 
a r b i t r a r y s e q u e n c e s . . . u ( - l ) u ( 0 ) u ( l ) . . . , u ( k ) £ U; 
V = s e t of o u t p u t v a l u e s = GF(q) ; 
V*= o u t p u t s p a c e = s e t of a r b i t r a r y maps y : K >• V; 
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<j) = s t a t e t r a n s i t i o n map K x X x U* >• X g i v e n b y ( k + 1 , k , 
x , u ) j • (j)(k + 1 , k , x , u ) = A x ( k ) + B u ( k ) , w h e r e A a n d 
B a r e G F ( q ) - h o m o m o r p h i s m s : A : X • X, B : U >- X; 
n = r e a d o u t map X x il* y V g i v e n b y ( x , u ) | -> r i ( x , u ) = 
C x ( k ) + D u ( k ) , w h e r e C a n d D a r e G F ( q ) - h o m o m o r p h i s m s : C : 
X — • V, D : U — • V. 
We w i l l u s u a l l y n o t make a d i s t i n c t i o n b e t w e e n (A, B , C, D) a s 
a q u a d r u p l e o f G F ( q ) - h o m o m o r p h i s m s o r a s a q u a d r u p l e o f m a t r i c e s o v e r 
G F ( q ) r e p r e s e n t i n g t h e s e h o m o m o r p h i s m s w i t h r e s p e c t t o a g i v e n b a s i s o f 
t h e u n d e r l y i n g f i n i t e v e c t o r s p a c e o v e r G F ( q ) . 
F o r t h e p u r p o s e of f u t u r e r e f e r e n c e , we w i l l s u m m a r i z e t h e 
a b o v e c o n v e n t i o n s i n t h e f o l l o w i n g d e f i n i t i o n . 
D e f i n i t i o n 3 . 1 . 5 . A d e t e r m i n i s t i c , l i n e a r , t i m e - i n v a r i a n t , 
f i n i t e - s t a t e , n - s t a t e , m - i n p u t , r - o u t p u t s e q u e n t i a l m a c h i n e i s a d y n a ­
m i c a l o b j e c t w h o s e b e h a v i o r e v o l v e s a c c o r d i n g t o t h e v e c t o r d i f f e r e n c e 
e q u a t i o n s 
x ( k + 1 ) = A x ( k ) + B u ( k ) ( 3 . 1 . 1 a ) 
y ( k ) = C x ( k ) + D u ( k ) ( 3 . 1 . 1 b ) 
w h e r e a t c l o c k p e r i o d k , x ( k ) E G F ( q ) n i s t h e s t a t e , u ( k ) e G F ( q ) m i s 
t h e i n p u t , a n d y ( k ) e G F ( q ) i s t h e o u t p u t o f t h e m a c h i n e . M o r e o v e r , 
. „ „ , \ n x n _ „ „ , , nxm n „ w N r x n , ^ . r x m . A e G F ( q ) , B E G F ( q ) , C E G F ( q ) , a n d D E G F ( q ) 
The d e f i n i n g e q u a t i o n s ( 3 . 1 . 1 ) c a n b e e q u i v a l e n t l y r e p r e s e n t e d 
i n c o m p o n e n t f o r m a s 
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n m 
x (k + 1) = Z a . . x . ( k ) + Z b . . u . ( k ) , i e n ( 3 . 1 . 2 a ) 
j = 1 U J j = 1 U 1 
n m 
y „ ( k ) = Z c „ . x . ( k ) + Z d , . u ( j ) , £ e r ( 3 . 1 . 2 b ) 
j = l ^ J j = l ^ 
where a . . , b . , c . . , d . . E G F ( q ) , i , j e n , s E m, £ E r , a r e e l e m e n t s 
ij is £j £j - - -
of t h e m a t r i c e s A, B, C, and D, r e s p e c t i v e l y . 
S i n c e i n t h e s e q u e l we w i l l be c o n c e r n e d e x c l u s i v e l y w i t h a 
mach ine of t h e t y p e ( 3 . 1 . 1 ) , f o r t h e s a k e of l i n g u i s t i c and n o t a t i o n a l 
s i m p l i c i t y i t w i l l be r e f e r r e d t o a s a l i n e a r s e q u e n t i a l mach ine (LSM) • 
o t h e r q u a l i f i c a t i o n s b e i n g u n d e r s t o o d and g e n e r a l l y n o t e x p l i c i t l y 
m e n t i o n e d - and d e n o t e d by (A, B, C, D ) . 
3 . 2 . I n t e r c o n v e r t i b i l i t y of Mealy and Moore LSMs 
I n LSM ( 3 . 1 . 1 ) we o b s e r v e t h a t t h e c u r r e n t o u t p u t depends on 
b o t h t h e c u r r e n t s t a t e and t h e c u r r e n t i n p u t of t h e m a c h i n e . T h i s t y p e 
of LSM i s c a l l e d a Mealy machine. On t h e o t h e r h a n d , i f i n ( 3 . 1 . 1 ) 
t h e m a t r i x D = 0 , t h a t i s , i f t h e LSM i s d e s c r i b e d by t h e e q u a t i o n s 
x ( k + 1) = Ax(k) + Bu(k) ( 3 . 2 . 1 a ) 
y ( k ) = Cx(k) ( 3 . 2 . 1 b ) 
t h e n i t i s c a l l e d a Moore machine which i s a s t a t e - o u t p u t d e v i c e whose 
c u r r e n t o u t p u t depends o n l y on i t s c u r r e n t s t a t e . Having l o s t t h e 
a b i l i t y t o c o n s u l t t h e i n p u t i n d e t e r m i n i n g t h e o u t p u t , i t m i g h t seem 
t h a t a Moore LSM i s more l i m i t e d t h a n a Mealy LSM. However , i t can be 
shown [12] t h a t any Mealy machine can be s i m u l a t e d by a s t a t e - o u t p u t 
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machine of t h e Moore t y p e and v i c e v e r s a . T h i s i n t e r c o n v e r t i b i l i t y 
p r o p e r t y i s t r u e f o r any g e n e r a l Mealy and Moore m a c h i n e s . To s e e t h e 
c o n v e r s i o n p r c e d u r e f o r t h e c a s e of LSMs, c o n s i d e r a Mealy LSM M = 
(A, B, C, D ) , and l e t 
x ( k ) = 
y ( k - l ) 
x ( k ) 
, y ( k ) E y ( k - l ) , and u ( k ) = u ( k ) 
Then t h e LSM M = (A, B, C ) , where 
'0 C V 
A E , B E 
0 A B 
, and C E [ I r 0] 
i s of t h e Moore t y p e . Comparing t h e LSMs M and M, we n o t i c e t h a t M 
h a s more s t a t e s t h a n M, and w i l l a lways b e one c l o c k p e r i o d b e h i n d M. 
In o t h e r w o r d s , t o each s t a t e x of M t h e r e c o r r e s p o n d s a s t a t e x of M 
such t h a t t h e s t r i n g of o u t p u t s t h a t r e s u l t s by f e e d i n g a g i v e n s t r i n g 
of i n p u t s i n t o M s t a r t e d i n s t a t e x and i n t o M s t a r t e d i n s t a t e x w i l l 
be just the same, e x c e p t f o r a unit d e l a y i n t h e o u t p u t of M. 
I n a s i m i l a r manne r , a Moore mach ine M = (A, B, C) can be c o n ­
v e r t e d t o a Mealy machine ft = ( A , fl, S , 6 ) by d e f i n i n g x ( k ) = x ( k ) , 
y ( k ) = y ( k + l ) , u ( k ) E u ( k ) , k E A, fl E B, E CA, and 6 E CB. 
From t h e above o b s e r v a t i o n s i t i s c l e a r t h a t t h e r e w i l l b e no 
l o s s of g e n e r a l i t y i f we c o n s i d e r o n l y Moore LSMs. T h e r e f o r e , i n t h e 
s e q u e l we w i l l s t u d y e x c l u s i v e l y LSMs of t h e Moore t y p e s i n c e our r e ­
s u l t s , i f d e s i r e d , can be r e a d i l y r e s t a t e d f o r LSMs of t h e Mealy t y p e . 
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I n t h e s e q u e l , we w i l l h a v e o c c a s i o n t o l o o k s p e c i f i c a l l y a t a 
s i n g l e - i n p u t s i n g l e - o u t M o o r e LSM w h i c h r e s u l t s f r o m ( 3 . 2 . 1 ) when 
b e G F ( q ) n , u ( k ) e G F ( q ) , c e G F ( q ) n , a n d y ( k ) e G F ( q ) , a n d h a s t h e 
f o r m 
x ( k + 1) = A x ( k ) + b u ( k ) 
( 3 . 2 . 2 ) 
y ( k ) = c T x ( k ) 
3 . 3 . I n p u t - S t a t e a n d I n p u t - O u t p u t T r a n s f e r C h a r a c t e r i s t i c s o f LSMs 
G i v e n a n i n i t i a l s t a t e a n d a n i n p u t s e q u e n c e , t h e c o r r e s p o n d i n g 
s t a t e a n d o u t p u t s e q u e n c e s o f a n LSM c a n b e c o m p u t e d r e c u r s i v e l y f r o m 
e q u a t i o n s ( 3 . 2 . 1 a ) a n d ( 3 . 2 . 1 b ) , r e s p e c t i v e l y . To s e e t h i s , l e t x ( 0 ) 
d e n o t e t h e i n i t i a l s t a t e o f t h e LSM a t k = 0 . T h e n a p p l y i n g e q u a t i o n 
( 3 . 2 . 1 a ) r e c u r s i v e l y , we o b t a i n 
x ( l ) = A x ( 0 ) + B u ( 0 ) 
x ( 2 ) = A 2 x ( 0 ) + ABu(O) + B u ( l ) 
" \ K _ 1 W - ' - l 
x ( k ) = A x ( 0 ) + £ A B u ( j ) ( 3 . 3 . 1 ) 
j = 0 
I n v i e w of e q u a t i o n ( 3 . 2 . 1 b ) , t h e o u t p u t i s g i v e n b y 
k k _ 1 k - - 1 
y ( k ) = CA x ( 0 ) + E CA 3 B u ( j ) ( 3 . 3 . 2 ) 
j = 0 
E q u a t i o n ( 3 . 3 . 2 ) i s a g e n e r a l e x p r e s s i o n f o r t h e r e s p o n s e o f t h e LSM 
M = (A , B , C ) , a n d i s c o m p o s e d o f two d i s t i n c t p a r t s : t h e t e r m CA x ( 0 ) 
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i s t h e autonomous (zero-input) response a n d t h e c o n v o l u t i o n sum 
k _ 1 k - 1 - 1 
£ CA J B u ( j ) i s t h e signal (zero-state) response of t h e LSM. 
j = 0 
From t h e f o r m of t h e s i g n a l r e s p o n s e i t i s c l e a r t h a t t h e c o n v o l u t i o n 
k - 1 
f a c t o r CA B i s t h e weighting sequence ( K r o n e c k e r d e l t a r e s p o n s e ) o f 
t h e LSM. 
I n c o n j u n c t i o n w i t h t h e s t a t e t r a n s i t i o n a n d o u t p u t m a p s , 
e q u a t i o n s ( 3 . 3 . 1 ) a n d ( 3 . 3 . 2 ) c a n b e e q u i v a l e n t l y w r i t t e n a s f o l l o w s : 
• ( x ( 0 ) , u ( 0 ) u ( l ) . . 
£ £ - 1 u U - 1 ) ) = [A A B . . AB B] 
x ( 0 ) 
u ( 0 ) 
u(l) 
u(£-l) 
( 3 . 3 . 3 ) 





o_2 o - 3 o - A 
CA* CA* J B CA B . . . 0 
0 - 1 o_2 0 - 3 
CA 1 CA* Z B CA* B . . . CB 
x ( 0 ) 
u ( 0 ) 
u ( £ - 2 ) 
u ( £ - l ) 
' ( 3 . 3 . 4 ) 
Some a d d i t i o n a l r e l a t i o n s h i p s among i n p u t , s t a t e , a n d o u t p u t o f 
a n LSM a r e g i v e n i n t h e f o l l o w i n g t h e o r e m . T h e v e r i f i c a t i o n o f t h e s e 
r e l a t i o n s h i p s i s s t r a i g h t f o r w a r d a n d h e n c e o m i t t e d . 
T h e o r e m 3 . 3 . 1 . F o r e a c h x , x ' e X, u e U*, d e G F ( q ) 
( a ) <J>(x + d x ' , u ) = (J>(x, u ) + dc ( ) (x ? , 0 ^ g ( u ) ) 
( b ) n ( x + d x ' , u ) = n ( x , u ) + d n ( x ' , 0 l g ^ ) 
( c ) n ( x , u ) = n ( x , o £ g ( u ) ) + n ( o , u ) 
( d ) L e t u , u ' E U* s u c h t h a t £ g ( u ) = J l g ( u ' ) . T h e n 
<j>(x, u ) = <J>(x, u ' ) < = > <J>(0, u ) = «J)(0, u ' ) 
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(e ) <Kx, u) = <f>(x\ u) <—><()(x, 0 £ g ( u ) ) = (f>(x', 0 £ § ( U ) ) 
( f ) n ( x , u) = n ( x f , u) <=^> n(x, 0 £ g ( u ) ) = n(xf, f / g ( u ) ) . 
3 . 4 . I n d i s t i n g u i s h a b i l i t y , I somorph i sm, M i n i m a l i t y , and 
S i m i l a r i t y i n LSMs 
D e f i n i t i o n 3 . 4 . 1 . Le t M and M be LSMs. The s t a t e s x of M and 
~ . . . . £ ~ 
x of M a r e s a i d t o be ^-indistinguishablea and w r i t t e n x ^ x , i f and 
and o n l y i f n(x, w) = n(x, w) f o r a l l i n p u t s e q u e n c e s of l e n g t h a t most 
£ , where n and n a r e t h e o u t p u t maps of M and M, r e s p e c t i v e l y . The 
s t a t e s x and x a r e s a i d t o be indistinguishable_, and w r i t t e n x ^ x , i f 
and o n l y i f n(x, w) = n ( x , w) f o r a l l i n p u t s e q u e n c e s w; o t h e r w i s e x 
and x a r e s a i d t o be distinguishable. M and M may r e f e r t o t h e same LSM. 
From t h e above d e f i n i t i o n i t i s c l e a r t h a t f o r a l l £ < £ , 
x ^ x i m p l i e s t h a t x ^ x . The r e l a t i o n ^ i s c l e a r l y an e q u i v a l e n c e 
r e l a t i o n on X u X, where X and X a r e t h e s t a t e s e t s of t h e LSMs M and 
M, r e s p e c t i v e l y . 
1 2 
Le t x and x b e two a r b i t r a r y s t a t e s of t h e LSM M. Then from 
p a r t ( c ) of Theorem 3 . 3 . 1 i t f o l l o w s t h a t 
n(x\ u ( 0 ) u ( l ) . . . u ( £ - l ) ) = n C x 1 , 0 £ ) + n(0, u ( 0 ) u ( l ) . . . u ( £ - l ) ) 
and 
n ( x 2 , u ( 0 ) u ( l ) . . . u ( £ - l ) ) = n(x2, 0 £ ) + n ( 0 , u ( 0 ) u ( l ) . . . u ( £ - l ) ) 
1 £ 2 
which c l e a r l y show t h a t x °o x i f and o n l y i f 
n(x\ 0 £ ) = n(x2, 0l) ( 3 . 4 . 1 ) 
T h e r e f o r e , we h a v e t h e f o l l o w i n g r e s u l t . 
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Theorem 3 . 4 . 1 . Two s t a t e s of a g i v e n LSM a r e ^ - i n d i s t i n g u i s h a b l e 
i f and o n l y i f t h e y y i e l d t h e same r e s p o n s e t o a l l z e r o i n p u t s e q u e n c e s 
of l e n g t h a t most £. 
Us ing t h e e x p r e s s i o n ( 3 . 3 . 4 ) , ( 3 . 4 . 1 ) becomes 
T





CA £ - 1 
( 3 . 4 . 3 ) 
From ( 3 . 4 . 2 ) i t f o l l o w s t h a t 
C A ^ ~ 1 ( x 1 - x 2 ) = Oy = C A ^ " ^ , j e I 
1 2 
which i m p l i e s t h a t two s t a t e s x and x of an LSM M a r e d i s t i n g u i s h a b l e 
1 2 
i f and o n l y i f t h e i r d i f f e r e n c e (x - x ) i s d i s t i n g u i s h a b l e from 0 ^ . 
1 2 
C l e a r l y ( 3 . 4 . 2 ) i s e q u i v a l e n t t o L(x - x ) = 0 which i m p l i e s 
t h a t 
x 1 - x 2 e W(L) ( 3 . 4 . 4 ) 
T h e r e f o r e , we have p roved t h e f o l l o w i n g i n d i s t i n g u i s h a b i l i t y c r i t e r i o n . 
Theorem 3 . 4 . 2 . Two s t a t e s of a g i v e n LSM M = (A, B, C) a r e 
^ - i n d i s t i n g u i s h a b l e i f and o n l y i f t h e i r d i f f e r e n c e i s i n t h e n u l l 
s p a c e of t h e l i n e a r map L g i v e n by ( 3 . 4 . 3 ) . 
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From ( 3 . 4 . 4 ) i t f o l l o w s t h a t t h e s e t E o f a l l s t a t e s w h i c h 
o 
a r e i n d i s t i n g u i s h a b l e f r o m t h e z e r o s t a t e i s t h e n u l l s p a c e o f L , t h a t 
i s , E E {x e X : x ^ 0 } = W(L) c X . T h e s e t E i s c l e a r l y a s u b g r o u p o — o 
o f t h e a d d i t i v e A b e l i a n g r o u p X a n d i n d u c e s a c o s e t p a r t i t i o n on X 
w h i c h c a n b e g i v e n t h e f o l l o w i n g c h a r a c t e r i z a t i o n : 
T h e o r e m 3 . 4 . 3 . T h e c o s e t s of t h e a d d i t i v e A b e l i a n g r o u p X 
i n d u c e d b y t h e s u b g r o u p E ^ = {x e X : x ^ 0 } a r e t h e e q u i v a l e n c e 
c l a s s e s o f X . 
1 2 
P r o o f . Two s t a t e s x , x e X b e l o n g t o t h e s ame c o s e t i f a n d 
1 2 1 2 o n l y i f x - x e E Q , h e n c e i f a n d o n l y i f x - x e W ( L ) , h e n c e i f a n d 
1 2 1 2 o n l y i f L ( x - x ) = 0 , h e n c e i f a n d o n l y i f Lx = Lx , h e n c e b y ( 3 . 4 . 4 ) , 
1 2 
i f a n d o n l y i f x ^ x . 
T h e o r e m 3 . 4 . 4 . L e t M a n d M b e LSMs. I f s t a t e s x o f M a n d 
x of M a r e i n d i s t i n g u i s h a b l e , t h e n <j>(x, u ) = <J>(x, u ) f o r a l l u e U*. 
P r o o f . L e t u e ii*. T h e n n(<f>(x, u ' ) , u ) = n ( x , u ' u ) = n ( x , u ' u ) 
= n ( < K x > u f ) , u ) . H e n c e cf>(x, u ) = <f>(x, u ) . 
D e f i n i t i o n 3 . 4 . 2 . L e t M = (A , B , C) a n d M = ( A , B , C) b e LSMs 
w i t h s t a t e s p a c e s X a n d X , r e s p e c t i v e l y . A map a : X >- X i s s a i d t o 
b e a homomorphism f r o m M i n t o M i f ot(<f>(x, u ) ) = 4 > ( a ( x ) , u ) a n d a ( n ( x , u ) ) 
= n ( a ( x ) , u ) f o r a l l ( x , u ) e X x ii*. I f s u c h a map e x i s t s , t h e n M i s 
s a i d t o b e a homomorphio image o f M. F u r t h e r m o r e , M i s s a i d t o b e 
isomorphic t o M i f t h e r e e x i s t s a n i s o m o r p h i s m o f M o n t o M, t h a t i s , 
i f a o n e - t o - o n e r e l a t i o n s h i p c a n b e e s t a b l i s h e d b e t w e e n X a n d X i n t h e 
f o l l o w i n g m a n n e r : I f a s t a t e x o f M c o r r e s p o n d s t o a s t a t e x o f M, 
t h e n f o r e v e r y i n p u t u , Cx = Cx a n d t h e s t a t e x = Ax + Bu i n M c o r r e s -
p o n d s t o t h e s t a t e x = Ax + Bu i n M. 
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T h u s , i f M and M a r e i s o m o r p h i c , t h e i r s t a t e - o u t p u t g r a p h s a r e 
i d e n t i c a l e x c e p t , p o s s i b l y , f o r v e r t e x l a b e l i n g . C l e a r l y i s o m o r p h i c 
LSMs a r e i n d i s t i n g u i s h a b l e b u t n o t c o n v e r s e l y . 
D e f i n i t i o n 3 . 4 . 3 . An LSM M i s s a i d t o be minimal i f and o n l y 
1 2 _ 1
 2 xi 1 2 y 
if X ̂  X X = X ¥X,X £ A. 
From t h e d e f i n i t i o n s of i n d i s t i n g u i s h a b i l i t y , i s o m o r p h i s m , and 
m i n i m a l i t y , t h e f o l l o w i n g r e s u l t s a r e i m m e d i a t e . 
Theorem 3 . 4 . 5 . Le t t h e LSM M be i n d i s t i n g u i s h a b l e from a m i n i -
v 
mal LSM M of d i m e n s i o n r . Then no LSM i n d i s t i n g u i s h a b l e from M h a s 
d i m e n s i o n s m a l l e r t h a n r . 
Theorem 3 . 4 . 6 . I f M and M a r e i n d i s t i n g u i s h a b l e and m i n i m a l 
LSMs, t h e n t h e y a r e i s o m o r p h i c . 
D e f i n i t i o n 3 . 4 . 4 . The LSM M = (A, B, C) i s s a i d t o be similar 
t o t h e LSM M = (A, B, C) i f t h e r e e x i s t s a n o n s i n g u l a r m a t r i x P such 
t h a t A = P A P " 1 , B = PB, and C = C P - 1 . 
Theorem 3 . 4 . 7 . I f t h e LSM M = (A, B, C) i s s i m i l a r t o t h e 
LSM M = (A, B, C ) , t h e n (a ) x ^ Px V x e X 
(b) M i s i s o m o r p h i c t o M 
(c) M ̂  M 
P r o o f . To show p a r t ( a ) , l e t u ( 0 ) u ( l ) . . . u ( £ - l ) £ U* and 
x £ X. Then 
n ( P x , u ( 0 ) u ( l ) . 
. u ( £ - l ) ) = CA Px + Z CA 
j = 0 
B u ( j ) 
= CP 1 (PAP X ) Px + Z CP 1 (PAP 1 ) 
j = 0 
PBu( j ) 
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~-1 n n. — 1 
S i n c e (PAP ) = PA P f o r each p o s i t i v e i n t e g e r n , we have 
n ( P x , u(0)u(l) . . . uU-1)) = CA x + E CA B u ( j ) 
j = 0 
= n ( x , u ( G ) u ( l ) . . . u ( £ - l ) ) 
Thus x ^ Px . 
To show (b) , l e t a ( x ) = Px . Then a : X >• X i s o n e - t o - o n e 
and o n t o s i n c e P i s i n v e r t i b l e . By (a ) 
n ( x , u) = n ( a ( x ) , u) V u e U* 
a((J>(x, u 1 ) ) = a(Ax + B u ' ) = P(Ax + B u ' ) 
= (PAP 1 ) P x + PBu' 
= Aa(x) + Bu' 
= <f>(a(x) , u ' ) 
Thus M i s i s o m o r p h i c t o M and h e n c e M ^ M. 
The r e l a t i o n s h i p s among i s o m o r p h i s m , i n d i s t i n g u i s h a b i l i t y , and 
s i m i l a r i t y , a s a p p l i e d t o min ima l and nonmin imal LSMs, a r e summarized 
i n t h e f o l l o w i n g i m p l i c a t i o n d i a g r a m : 
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F i g . 3 . 4 . 1 . I s o m o r p h i s m , i n d i s t i n g u i s h a b i l i t y , and s i m i l a r i t y 
r e l a t i o n s f o r min ima l and n o n - m i n i m a l LSMs. 
3 . 5 . I n p u t - O u t p u t R e p r e s e n t a t i o n of LSMs 
The d e s c r i p t i o n of an LSM g i v e n by e q u a t i o n s ( 3 . 1 . 1 ) i s e s s e n ­
t i a l l y an i n t e r n a l d e s c r i p t i o n i n t h e s e n s e t h a t t h e o p e r a t i o n a l s t r u c ­
t u r e of t h e LSM i n t e rms of t h e e v o l u t i o n of t h e s t a t e s e t i s c o m p l e t e l y 
s p e c i f i e d , and t h e o u t p u t of t h e LSM i s g e n e r a t e d i n d i r e c t l y v i a a 
t r a n s f o r m a t i o n of t h e s t a t e . However, t h e r e a r e many s i t u a t i o n s i n 
which t h e i n t e r n a l s t r u c t u r e of t h e LSM i s n o t a v a i l a b l e and h e n c e t h e 
o n l y a c c e s s t o t h e mach ine i s by means of t h e i n p u t t e r m i n a l s and o u t ­
p u t t e r m i n a l s . I n such c a s e s , t h e i n p u t - o u t p u t b e h a v i o r of t h e mach ine 
can be a b s t r a c t e d from a c o l l e c t i o n of i n p u t - o u t p u t p a i r s o b t a i n e d by 
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f e e d i n g s t r i n g s of i n p u t s t o t h e " b l a c k box" and o b s e r v i n g t h e c o r r e s ­
p o n d i n g s t r i n g s of o u t p u t s . I t i s c l e a r t h a t even t h e n t h e d e s c r i p t i o n 
of t h e mach ine i s n o t e n t i r e l y f r e e of t h e s t a t e s i n c e t h e r e s p o n s e of 
t h e mach ine t o a s t r i n g of i n p u t s depends on t h e s t a t e of t h e machine 
a t t h e b e g i n n i n g of t h e p e r i o d of o b s e r v a t i o n a n d , i n t h e c a s e of t i m e -
v a r y i n g m a c h i n e s , on t h e t i m e a t which t h e o b s e r v a t i o n s b e g i n . 
I n o r d e r t o g i v e a p r e c i s e i n p u t - o u t p u t d e s c r i p t i o n of a 
m a c h i n e , we need t o i n t r o d u c e a r e s p o n s e map t o s e r v e a s t h e l i n k 
be tween t h e i n p u t s and t h e c o r r e s p o n d i n g o u t p u t s of t h e m a c h i n e . I n i ­
t i a l l y , we w i l l c o n s i d e r t h e g e n e r a l c a s e . L e t 
p Q : K x U* — • V, ( k , u) | — • n ( k , <|>(k, k , x ° , u ) ) 
k Q , x 
( 3 . 5 . 1 ) 
be t h e r e s p o n s e map of t h e mach ine M = (K, X, U, V, U , V , ty, n ) • 
A c c o r d i n g t o t h i s i n p u t - o u t p u t c o r r e s p o n d e n c e , t h e machine i s s t a r t e d 
i n s t a t e x^ a t c l o c k p e r i o d k ^ , an a d m i s s i b l e i n p u t s e q u e n c e i s a p p l i e d 
t o o b t a i n s t a t e ty(k, k ^ , x ^ , u) a t c l o c k p e r i o d k , and t h e n t h e map n 
i s a p p l i e d t o d e t e r m i n e t h e c o r r e s p o n d i n g o u t p u t a t c l o c k p e r i o d k . 
S i n c e f o r t i m e - i n v a r i a n t m a c h i n e s ( D e f i n i t i o n 3 . 1 . 2 . ) 
ty : K x X x U* ~> X, ( k , x ° , u) |—-> <j>(k, 0 , x ° , u) 
n : X x U* — • V, ( x ° , u) | • n ( 0 , x ° , u) 
and 
p Q ( k + £ , V lu) = p Q ( k , u) ( 3 . 5 . 2 ) 
k Q + £ , x k Q , x 
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k ' 
where t h e s h i f t o p e r a t o r V : u —-+ u ' i s d e f i n e d by u f ( k ) = u ( k + k ' ) 
¥k , k ' E K and ¥ u , u ' £ U*, ( 3 . 5 . 1 ) can be s imp ly w r i t t e n a s 
p Q : K x U* — • V, ( k , u) | r n(cj>(k, x°, u ) ) ( 3 . 5 . 3 ) 
x 
w i t h o u t e x p l i c i t l y i n d i c a t i n g k^ . That i s , t h e i n i t i a l c l o c k p e r i o d 
can a lways be t a k e n t o be z e r o . Of c o u r s e , p q i s r e c o v e r a b l e 
0 V x from p q f o r any x e X by t h e e q u a t i o n 
x 
ko 
p Q ( k , u) = p Q (k - k , V u) 
k Q , x x 
o b t a i n e d from ( 3 . 5 . 2 ) by s e t t i n g I = ~^Q-
Le t 0^ e U d e n o t e t h e z e r o i n p u t and 0y e V t h e z e r o o u t p u t , 
and d e f i n e t h e zero input map 0^* e U* by t h e e q u a t i o n 0^*(k) = 
0^ ¥ k e K. Then a s t a t e x^ e X i s c a l l e d a zero state of t h e mach ine 
M whenever p o^k' ®U*^ = ^ k ~ k 0 ' k ' k 0 £ ^" S i n c e f ° r a 
k 0 ' x 
machine M i t i s p o s s i b l e t o have many d i s t i n g u i s h a b l e z e r o s t a t e s d i f ­
f e r e n t from t h e a d d i t i v e z e r o 0^ of t h e s t a t e s p a c e , we w i l l assume 
t h a t M h a s a t l e a s t one z e r o s t a t e and d e n o t e i t by x . I f X h a s an 
a d d i t i v e z e r o 0 , t h e n t h e maps <f> and n can be s e t up so a s t o a l l o w 
0 
t h e c h o i c e x = 0 . 
0 
I f we f i x upon 0 ^ , 0^* , 0y , and x , t h e map 
: K x U* — • V ( 3 . 5 . 4 ) 
k Q , x 
i s c a l l e d t h e zero-state response of M s t a r t e d a t k^ , and t h e map 
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p Q : K x X — • V, ( k , x ° ) | • p Q ( k , 0 ^ * ) ( 3 . 5 . 5 ) 
k k Q , x 
i s c a l l e d t h e zero-input response of M s t a r t e d a t k^ . 
I n f a c t t h e above p a r t i c u l a r r e s p o n s e maps can be r e g a r d e d a s 
s p e c i a l c a s e s of an o v e r a l l r e s p o n s e map of M d e f i n e d by 
p : K x K x X x U* —• V, ( k , k , x ° , u) | • n ( k , <J>(k, k , x ° , u ) ) 
s i n c e ( 3 . 5 . 1 ) , ( 3 . 5 . 4 ) , and ( 3 . 5 . 5 ) may be w r i t t e n a s 
p Q = p ( . , k Q , x ° , • ) : K x U* V 
k Q , x 
p 0 = p ( . , k Q , x ° , •) : K x U* — > y 
k Q , x 
and 
P k = p ( » , k Q , • , 0 U * ) : K x X —>- y 
r e s p e c t i v e l y . Moreove r , i f we s p e c i f y two c l o c k p e r i o d s k^ and k^ i n /(, 
t h e n we s e e t h a t 
p ( k x , k Q , • , • ) = n ( k 1 , • ) o ( f ) (k 1 , k , • ) 
Now i f we c o n s i d e r an LSM (A, B , C ) , t h e n from t h e p r e c e d i n g 
d i s c u s s i o n and S e c t i o n 3 . 3 i t f o l l o w s t h a t 
£ - 1 
y U ) = P 0 ( u ( 0 ) u ( l ) . . . u ( l - l ) ) = C A £ x ° + I C A £ " j _ 1 B u ( j ) 
x j = 0 
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£ 10 
where p n ( 0 ) = CA x i s t h e z e r o - i n p u t r e s p o n s e and p ( u ( O ) u ( l ) . . . 
x V l t-i-i x 
u ( £ - l ) ) = Z CA Bu( j ) i s t h e z e r o - s t a t e r e s p o n s e of t h e LSM. Tha t 
i s , 
p 0 ( u ( 0 ) u ( l ) . . . u ( £ - l ) ) = p Q ( 0 £ ) + p Q ( u ( O ) u ( l ) . . . u U - 1 ) ) 
x x X 
C o n s i d e r t h e s p e c i a l u n i t - p u l s e s e q u e n c e d e f i n e d by 
6 ( k ) E 1 , k = 0 
E 0 , e l s e w h e r e 
I t i s e a s i l y s e e n t h a t any a r b i t r a r y s e q u e n c e u ( 0 ) u ( l ) . . . u ( £ - l ) can 
be e x p r e s s e d a s a w e i g h t e d sum of 6 ( k ) , t h a t i s , 
k 
u ( k ) = I 6 ( k - j ) u ( j ) , k = 0 , 1 , . . . , £ - 1 ( 3 . 5 . 6 ) 
j = 0 
I n v i ew of t h e p r o p e r t i e s of l i n e a r i t y and t i m e - i n v a r i a n c e of an LSM, 
t h e z e r o - s t a t e r e s p o n s e t o t h e i n p u t s e q u e n c e g i v e n by ( 3 . 5 . 6 ) may be 
w r i t t e n a s 
£ - 1 
p n ( u ( O ) u ( l ) . . . u ( £ - l ) ) = I g ( £ - j ) u ( j ) ( 3 . 5 . 7 ) 
U X j = 0 
where g (£ ) i s t h e u n i t - p u l s e r e s p o n s e of t h e LSM, t h a t i s , 
£ - 1 . 
g ( £ ) E p 0 ( 1 0 0 . . . 0) - f C A " B > * > ° 
UX 0 £ = 0 
( 3 . 5 . 8 ) 
T h i s r e s u l t i m p l i e s t h a t t h e u n i t - p u l s e r e s p o n s e c o m p l e t e l y s p e c i f i e s 
t h e i n p u t - o u t p u t b e h a v i o r of an LSM s t a r t e d a t s t a t e 0^ s i n c e knowing 
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g, t h e r e s p o n s e of t h e LSM t o any a r b i t r a r y i n p u t s e q u e n c e i s j u s t t h e 
c o n v o l u t i o n sum g i v e n by ( 3 . 5 . 7 ) . T h e r e f o r e , t h e e s s e n t i a l i n p u t -
o u t p u t p r o p e r t i e s of an LSM w i t h z e r o i n i t i a l s t a t e a r e c a p t u r e d i n 
t h e s p e c i a l r e s p o n s e s e q u e n c e g which can b e r e g a r d e d a s t h e i n p u t -
o u t p u t o p e r a t i o n a l model of t h e LSM. 
I n t h e n e x t s e c t i o n we w i l l s e e t h a t t h e s i m p l e n o t i o n of t h e 
u n i t - p u l s e r e s p o n s e s e q u e n c e makes i t p o s s i b l e t o d e s c r i b e t h e i n p u t -
o u t p u t b e h a v i o r of an LSM i n t e r m s of p o l y n o m i a l s o v e r G F ( q ) . T h i s 
p o s s i b i l i t y seems t o open up new p o t e n t i a l a v e n u e s of r e s e a r c h i n 
v a r i o u s a s p e c t s of LSMs. 
3 . 6 . P o l y n o m i a l R e p r e s e n t a t i o n of LSMs 
I f a p o l y n o m i a l f ( £ ) i n t h e i n d e t e r m i n a t e £ i s r e g a r d e d a s a 
s p e c i a l a l g e b r a i c o b j e c t , t h e n , i n c o n j u n c t i o n w i t h f o r m a l power 
s e r i e s and r e a l i z a b l e r a t i o n a l f u n c t i o n s o v e r G F ( q ) , i t i s p o s s i b l e t o 
d e s c r i b e t h e i n p u t - o u t p u t b e h a v i o r of an LSM i n t e rms of p o l y n o m i a l 
m a t r i c e s , t h a t i s , m a t r i c e s w i t h p o l y n o m i a l e l e m e n t s . We w i l l show 
t h a t u s i n g t h i s p a r t i c u l a r e x t e r n a l d e s c r i p t i o n of LSMs, a l i n k can b e 
e s t a b l i s h e d be tween t h e s t a t e v a r i a b l e and t h e i n p u t - o u t p u t r e p r e s e n ­
t a t i o n s w i t h o u t t h e u s e of any t r a n s f o r m t e c h n i q u e s . F i r s t , we w i l l 
r e v i e w t h e p o l y n o m i a l r e p r e s e n t a t i o n of s e q u e n c e s o v e r G F ( q ) . 
C o n s i d e r t h e s e t S of a l l i n f i n i t e s e q u e n c e s o v e r GF(q) 
S = {{sv s 2 , . . . , s r , . . .} : s ± e GF ( q ) } ( 3 . 6 . 1 ) 
where o n l y a f i n i t e number of t h e e n t r i e s i s n o n z e r o , and l e t f, g c S. 
Then f and g can be e x p r e s s e d a s 
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f = {a , a , . . . , a , . . . } , a e GF(q) U 1 m 1 
g = { b Q , b 1 , . . . , b n , . . . } , b ± £ GF(q) 
f = g i f and o n l y i f a_, = b^,, i = 0 , 1 , 2 , . . . . I f we d e f i n e a d d i t i o n 
of two s e q u e n c e s f and g a s 
f + g = {a + b , a . + b . , . . . } ( 3 . 6 . 2 ) 
o o 1 1 
m u l t i p l i c a t i o n of a s e q u e n c e f by a s c a l a r c a s 
cf = {ca , c a . , . . . , ca , . . . } ( 3 . 6 . 3 ) 
o 1 m 
and m u l t i p l i c a t i o n of two s e q u e n c e s f and g a s 
fg = { C Q , c ± i . . . } ( 3 . 6 . 4 ) 
i 
where c . = E a . b . . , i = 0 , 1 , 2 , . . . , t h e n i t f o l l o w s t h a t t h e s e t 
5 becomes a commuta t ive r i n g . 
Le t £ = {0 , 1 , 0 , . . . } , t h a t i s , t h e s econd te rm i s 1 , and 
2 
a l l o t h e r s a r e z e r o . Then from ( 3 . 6 . 4 ) i t f o l l o w s t h a t (£) = 
{0 , 0 , 1 , 0 , . . . } , and by an i n d u c t i o n a rgument we g e t (? ) 
Z 
{ 0 , 0 , . . . , 0 , 1 , 0 , . . . } , where t h e f i r s t £ t e r m s of (£) a r e 0 , 
t h e ( £ + l ) t h i s 1 , and a l l l a t e r ones a r e 0 . 
Now c o n s i d e r any e l e m e n t f = {a , a , , . . . , a , 0 , . . . } of 
o 1 m 
£ 
t h e r i n g S . Then i n v iew of t h e d e f i n i t i o n of (£) , we can e x p r e s s f 
a s 
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f = a { 1 , 0 , . . . } + a n { 0 , 1 , 0 , . . . } + . . . a {0 , 0 , . . . , 0 , 1 , 0 , . . . } 
o 1 m 
f = a + a ^ + a _ ( U 2 + . . . + a CO™ ( 3 . 6 . 5 ) 
o 1 I m 
T h i s a l g e b r a i c e x p r e s s i o n i s c a l l e d a formal polynomial i n t h e i n d e t e r ­
m i n a t e £ and t h e s e t S = G F ( q ) [ £ ] of a l l such f o r m a l p o l y n o m i a l s , t h e 
ring of formal polynomials o v e r G F ( q ) . I t i s c l e a r t h a t t h e u n i t s of 
t h i s r i n g a r e p o l y n o m i a l s of z e r o d e g r e e , where t h e d e g r e e of a p o l y ­
n o m i a l f i s d e f i n e d t o be t h e i n d e x of t h e l e a d i n g n o n z e r o c o e f f i c i e n t , 
i t s o n l y d i v i s o r of z e r o i s 0 , and i t s p r i m e s a r e p o l y n o m i a l s i r r e d u c i b l e 
i n G F ( q ) [ £ ] , where a n o n c o n s t a n t p o l y n o m i a l f i s s a i d t o be irreducible 
i f t h e r e do n o t e x i s t p o l y n o m i a l s f^, f̂  i n G F ( q ) [ £ ] such t h a t f = f^^* 
A n o t h e r a l g e b r a i c o b j e c t r e l a t e d t o t h e above d e s c r i p t i o n of a 
p o l y n o m i a l i s a formal power series ove r GF(q) i n t h e i n d e t e r m i n a t e £, 
which i s an i n f i n i t e s e q u e n c e 
g = { a Q , a±, a £ . . . } , a± z GF(q) ( 3 . 6 . 6 ) 
£ 
I n v i e w of t h e d e f i n i t i o n of (£) , i t f o l l o w s t h a t ( 3 . 6 . 6 ) can b e 
e q u i v a l e n t l y e x p r e s s e d a s 
g = a Q + + a 2 ( 0 2 + . . . 
I f we d e f i n e a d d i t i o n and m u l t i p l i c a t i o n f o r i n f i n i t e s e q u e n c e s of t h e 
form ( 3 . 6 . 6 ) a s i n ( 3 . 6 . 2 ) , ( 3 . 6 . 3 ) and ( 3 . 6 . 4 ) , t h e n i t i s e a s i l y s e e n 
t h a t t h e s e t of a l l f o r m a l power s e r i e s forms a r i n g , d e n o t e d by 
G F ( q ) [ [ £ ] ] , which c o n t a i n s t h e r i n g of p o l y n o m i a l s G F ( q ) [ £ ] o v e r GF(q) 
a s a s u b r i n g . 
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The s e t of r e a l i z a b l e r a t i o n a l f u n c t i o n s w i t h e l e m e n t s of t h e 
form f = ^ , deg g < deg h ; g , h e S , o r 
f = c + cAO'1 + c 0 U ) ~ 2 + . . . c . e GF(q) o l I 1 
a l s o forms a r i n g and i s d e n o t e d by G F ( q ) [ ( £ ) . The u n i t s of t h i s 
r i n g a r e e l e m e n t s of o r d e r z e r o , i t s o n l y d i v i s o r of z e r o i s 0 , and 
i t s o n l y p r i m e e l e m e n t i s (O \ C l e a r l y GF(q) [£ c o n t a i n s GF(q) [£] 
a s a s u b r i n g . 
For our p u r p o s e s i t i s e x t r e m e l y i m p o r t a n t t o r e a l i z e t h a t a 
f o r m a l p o l y n o m i a l i s j u s t an a l g e b r a i c o b j e c t c o m p l e t e l y e q u i v a l e n t t o 
a f i n i t e s e q u e n c e of e l e m e n t s of G F ( q ) , and i t i s n o t a f u n c t i o n of a 
complex v a r i a b l e . The u n i n t e r p r e t e d symbol £ p l a y s t h e r o l e of a 
" p o s i t i o n m a r k e r . " I n f a c t , £ can be i n t e r p r e t e d a s a l i n e a r mapping 
d e s c r i b i n g t h e dynamics i n t h e c o n t e x t of LSMs. Now we a r e i n a p o s i -
i o n t o d i s c u s s t h e p o l y n o m i a l r e p r e s e n t a t i o n of LSMs. I n S e c t i o n 3 . 5 
i t was shown t h a t t h e u n i t - p u l s e r e s p o n s e g i v e n by 
g ( £ ) = p ( 1 0 0 . . . 0) = 
R £ - 1 
CA B, £ = 1 , 2 , . . . 
0 , £ = 0 
c o m p l e t e l y s p e c i f i e s t h e i n p u t - o u t p u t b e h a v i o r of t h e LSM (A, B, C) 
s t a r t e d a t 0 ^ . R e c a l l i n g t h e d e f i n i t i o n of f o r m a l p o l y n o m i a l s , we can 
e x p r e s s g ( £ ) a s an e l e m e n t of G F ( q ) [ £ ] a s 
g(£ ) = CB£ + CAB(£)2 + CA2B(£)3 + . . . 
= c[an + HO2 + a2u)3 + . . . ]b 
= C £ ( I n - ?A)-1B 
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and a s an e l e m e n t of G F ( q ) [ ( £ ) ] a s 
g ( £ ) = C B U ) 
1 + CAB(£) - 2 + CA 2 B(£) - 3 + 
= C [ I n ( 0 1 + A ( C ) 2 + A 2 U ) 3 + ]B 
( 3 . 6 . 7 ) 
The e x p r e s s i o n ( 3 . 6 . 7 ) v e r y c l e a r l y i n d i c a t e s t h e i n t i m a t e r e l a t i o n s h i p 
be tween t h e s t a t e v a r i a b l e and p o l y n o m i a l r e p r e s e n t a t i o n s of LSMs and 
p o i n t s o u t t h e p o s s i b i l i t y of merg ing t h e s e two a p p r o a c h e s whose c o n ­
s t r u c t i v e i n t e r p l a y can r e s u l t i n t o a g e n e r a l and u n i f i e d t h e o r y f o r 
LSMs. The e x p r e s s i o n ( 3 . 6 . 7 ) u n m i s t a k a b l y r e s e m b l e s t h e t r a n s f e r 
f u n c t i o n m a t r i x t h a t r e p r e s e n t s t h e d y n a m i c a l b e h a v i o r of c o n v e n t i o n a l 
l i n e a r s y s t e m s i n t h e f r e q u e n c y domain . However, i t s h o u l d be emphas i zed 
t h a t i n d e r i v i n g ( 3 . 6 . 7 ) no o p e r a t i o n a l t r a n s f o r m t e c h n i q u e was employed 
and i t does n o t i n v o l v e any complex v a r i a b l e s , i n d i r e c t c o n t r a s t t o 
t h e t r a n s f e r f u n c t i o n m a t r i x of c o n v e n t i o n a l l i n e a r s y s t e m s which i s 
o b t a i n e d by u s i n g t h e L a p l a c e t r a n s f o r m i n t h e c o n t i n u o u s c a s e , and t h e 
Z - t r a n s f o r m i n t h e d i s c r e t e c a s e and h e n c e i n v o l v e s f u n c t i o n s of a com­
p l e x v a r i a b l e . 
C o n s i d e r i n g ( 3 . 6 . 7 ) a s a mapping 
C U l n - A ) _ 1 B : G F ( q ) [ ( 0 X ] - l , m x 1 G F ( q ) [ ( 0 ] 
l . , r x 1 
t h e i n p u t - s t a t e and i n p u t - o u t p u t p a i r s of t h e LSM (A, B, C) can b e 
r e l a t e d a s f o l l o w s : 
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and 
x ( 0 = (£1 - A) 1 B u ( 0 
A ( 0 
y ( 0 = c ( c i n - A ) " 1 b u ( 0 
[ ( C ) n 1 + a ( £ ) n 2 + . . . + a J C B u ( 0 n - l 1 
+ t ( O n 2 + a n _ 1 ( £ ) n " 3 + . . . + a 2 ] C A B u U ) 
n — 9 
+ . . . + (£ + a J C A Bu(£) n - l 
+ CA n 1 B u ( 0 
where 
A(C) = d e t ( a - A) = ( 0 U + a ( £ ) n 1 + . . . a £ + a n n - l 1 o 
i s t h e c h a r a c t e r i s t i c p o l y n o m i a l of A. 
From t h e above b r i e f d i s c u s s i o n i t i s e v i d e n t t h a t an e x t e n s i v e 
l i n e a r mach ine t h e o r y b a s e d on t h e t h e o r y of f o r m a l p o l y n o m i a l m a t r i c e s 
ove r G F ( q ) [ £ ] can be d e v e l o p e d , w i t h o u t employ ing any o p e r a t i o n a l t r a n s ­
form t e c h n i q u e s , which w i l l p a r a l l e l , i n many r e s p e c t s , t h e works of 
Rosenbrock [ 9 7 ] , Wolovich [ 1 1 0 ] , and o t h e r s i n c o n v e n t i o n a l l i n e a r 
t i m e - i n v a r i a n t d y n a m i c a l s y s t e m s . 
Summary and C o n c l u s i o n s 
We summarized i n t h i s c h a p t e r some e s s e n t i a l d e f i n i t i o n s and 
p r o p e r t i e s of nonautonomous LSMs which w i l l be needed i n t h e s e q u e l . 
S l i g h t l y more d e t a i l e d d i s c u s s i o n s can be found i n [ 1 4 ] , [ 4 6 ] , and [49] 
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I n S e c t i o n 3 .6 a c o n n e c t i o n was e s t a b l i s h e d b e t w e e n t h e s t a t e 
v a r i a b l e and t h e i n p u t - o u t p u t r e p r e s e n t a t i o n s of LSMs by t h e u s e of 
f o rma l p o l y n o m i a l s o v e r GF(q). I t was p o i n t e d o u t t h a t t h i s 
a p p r o a c h can b e u t i l i z e d t o d e v e l o p an e x t e n s i v e l i n e a r machine t h e o r y 
which w i l l p a r a l l e l , i n many r e s p e c t s , t h e works of Rosenbrock [ 9 7 ] , 
Wolovich [ 1 1 0 ] , and o t h e r s i n c o n v e n t i o n a l l i n e a r t i m e - i n v a r i a n t d y n a ­
m i c a l s y s t e m s . The i d e a u n d e r l y i n g t h e fo rma l p o l y n o m i a l r e p r e s e n t a t i o n 
was o r i g i n a l l y used by Kalman [61] i n h i s m o d u l e - t h e o r e t i c i n v e s t i g a t i o n 
of l i n e a r s y s t e m s . 
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CHAPTER IV 
STATE REACHABILITY AND STATE CONTROLLABILITY OF LSMs 
Our p r i m a r y p u r p o s e i n t h i s c h a p t e r i s t o p r e s e n t a m a t h e m a t i ­
c a l l y f o r m a l a c c o u n t of t h e p i v o t a l c o n c e p t s of s t a t e r e a c h a b i l i t y and 
s t a t e c o n t r o l l a b i l i t y f o r LSMs. I n o r d e r t o a v o i d e x c e s s i v e c l u t t e r 
a t t h e o u t s e t , we w i l l keep t h e d e g r e e of d e t a i l t o a minimum by r e l e ­
g a t i n g t o t h e s u b s e q u e n t c h a p t e r s t h e d i s c u s s i o n of i m p l i c a t i o n s , 
e x t e n s i o n s , c o n s e q u e n c e s , and a l t e r n a t i v e f o r m u l a t i o n s of t h e c r i t e r i a 
d e v e l o p e d i n t h e p r e s e n t c h a p t e r . 
4 . 1 . S t a t e R e a c h a b i l i t y of LSMs 
D e f i n i t i o n 4 . 1 . 1 . A s t a t e x * 0^ of t h e LSM M = (A, B, C) i s 
s a i d t o be reachable from t h e s t a t e e X i f t h e r e e x i s t s an i n p u t 
* 0 
s e q u e n c e u e U such t h a t cj)(x , u) = x ; i f £g (u ) = £ , x i s s a i d t o be 
l-reachable from x ^ ; M i s s a i d t o be l-state reachable i f e v e r y s t a t e 
of M i s £ - r e a c h a b l e from x^ f o r a t l e a s t one p a r t i c u l a r I. The 
s m a l l e s t such i n t e g e r £^ i s c a l l e d t h e state reachability index of t h e 
LSM. 
The above d e f i n i t i o n of s t a t e r e a c h a b i l i t y may b e s i m p l y r e ­
p h r a s e d a s f o l l o w s : 
D e f i n i t i o n 4 . 1 . 2 . The LSM M = (A, B, C) i s s t a t e r e a c h a b l e 
from t h e i n i t i a l s t a t e x ° e X i f and o n l y i f t h e s t a t e t r a n s i t i o n map 
cf)(x̂ , •) : U* —> X i s an ep imorph i sm. 
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Example 4 . 1 . 1 . To i l l u s t r a t e t h e c o n c e p t of s t a t e r e a c h a b i l i t y , 
c o n s i d e r t h e s t a t e e q u a t i o n of a s i n g l e - i n p u t LSM o v e r GF(2) g i v e n by 
x 1 ( k + l ) > 'o 0 1 x ^ k ) ^ Y 
x 2 ( k + l ) = 1 0 0 x 2 ( k ) + 0 
x (k+1) 0 1 0 
>. , 
, x 3 ( k ) 
From t h e s t a t e t r a n s i t i o n g raph shown i n F i g . 4 . 1 . 1 , i t i s c l e a r t h a t 
t h i s LSM i s 3 - s t a t e r e a c h a b l e s i n c e s t a r t i n g i n any one of t h e e i g h t 
s t a t e s , any o t h e r s t a t e of t h e LSM can b e r e a c h e d i n a t most t h r e e 
T 
t r a n s i t i o n s t e p s . For e x a m p l e , s t a r t i n g i n s t a t e 5 = [ 1 , 0 , 1] , s t a t e 
T 
1 = [ 0 , 0 , 0] can be r e a c h e d by a p p l y i n g t h e i n p u t s e q u e n c e 1 0 1 , s t a t e 
T 
2 = [ 1 , 0 , 0] can be r e a c h e d by a p p l y i n g t h e i n p u t s e q u e n c e 100 , s t a t e 
T 
3 = [ 0 , 1 , 0] can be r e a c h e d by a p p l y i n g t h e s i n g l e i n p u t symbol 1 , 
and so f o r t h . 
F i g . 4 . 1 . 1 . S t a t e T r a n s i t i o n g raph f o r t h e LSM of Example 4 . 1 . 1 
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I n D e f i n i t i o n 4 . 1 . 1 t h e c o n c e p t of s t a t e r e a c h a b i l i t y i s 
d e f i n e d f o r any a r b i t r a r y f i n a l s t a t e x e X. However, i f x = 0 ^ , t h e n 
i t i s c a l l e d state controllability which i s made more p r e c i s e i n t h e 
f o l l o w i n g d e f i n i t i o n . 
D e f i n i t i o n 4 . 1 . 3 . A s t a t e x e X of t h e LSM M = (A, B, C) i s 
s a i d t o b e l-controllable i f i t can be d r i v e n from any i n i t i a l s t a t e 
x^ e X t o t h e z e r o s t a t e 0^ i n e x a c t l y & t i m e s t e p s ( c l o c k p e r i o d s ) , 
t h a t i s , i f t h e r e e x i s t s an i n p u t s e q u e n c e u e U*, £g (u ) = £ , such 
t h a t cj>(x^, u) = 0 ^ ; M i s s a i d t o b e l-state controllable i f e v e r y 
s t a t e of M i s ^ - c o n t r o l l a b l e f o r a t l e a s t one p a r t i c u l a r I. The 
s m a l l e s t such i n t e g e r £ i s c a l l e d t h e state controllability index 
of M. 
I t i s c l e a r t h a t t h e LSM of Example 4 . 1 . 1 i s 3 - s t a t e c o n t r o l l a b l e 
s i n c e from i t s s t a t e t r a n s i t i o n g r a p h , shown i n F i g . 4 . 1 . 1 . , i t i s e a s i l y 
s e e n t h a t any one of t h e s e v e n s t a t e s 2 , 3 , . . . , 8 , can b e d r i v e n t o 
T 
t h e z e r o s t a t e 0^ = [ 0 , 0 , 0 ] i n a t most t h r e e s t e p s . 
I n t h e f o l l o w i n g example we c o n s i d e r an LSM which i s s t a t e 
c o n t r o l l a b l e b u t n o t s t a t e r e a c h a b l e . 
Example 4 . 1 . 2 . C o n s i d e r t h e f o l l o w i n g s t a t e e q u a t i o n of a 
s i n g l e - i n p u t LSM ove r G F ( 2 ) : 
x 1 ( k + l ) ^ 0 I—
1 Y 
x 2 ( k + l ) = = 0 0 1 x 2 ( k ) + 0 
x „ ( k + l ) 0 0 0 
> 
x 3 ( k ) 0 
F i g . 4 . 1 . 2 . S t a t e T r a n s i t i o n Graph f o r t h e LSM of Example 4 . 1 . 2 
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Example 4 . 1 . 3 . O b v i o u s l y t h e r e e x i s t LSMs which a r e n e i t h e r 
s t a t e r e a c h a b l e n o r s t a t e c o n t r o l l a b l e . The s t a t e e q u a t i o n of such 
an LSM i s g i v e n be low and i t s s t a t e t r a n s i t i o n g raph i s shown i n 
F i g . 4 . 1 . 3 . 
'0 0 0 Y 
x 2 ( k + l ) = 0 1 0 x 2 ( k ) + 0 
x 3 ( k + l ) 
v. * 
1 0 1 x (k) 0 
u ( k ) 
, 0 , 
, 3 = x = , 4 = x 
5 = x = , 6 
6 
x = 
, 0 , 
, 7 = x = = x = 
F i g . 4 . 1 . 3 . S t a t e T r a n s i t i o n Graph f o r t h e LSM of Example 4 . 1 . 3 
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As i n d i c a t e d a b o v e , we a r e e x p l i c i t l y d i s t i n g u i s h i n g be tween 
t h e r e l a t e d c o n c e p t s of s t a t e r e a c h a b i l i t y and c o n t r o l l a b i l i t y s i n c e 
t h e s e c o n c e p t s i n c o n t r a d i s t i n c t i o n t o t h e c a s e of c o n v e n t i o n a l 
c o n t i n u o u s - t i m e s y s t e m s , a r e n o t i d e n t i c a l f o r LSMs. L a t e r we w i l l 
s e e t h a t i t i s " e a s i e r " f o r an LSM t o b e s t a t e c o n t r o l l a b l e t h a n i t i s 
t o be s t a t e r e a c h a b l e , by showing t h a t s t a t e r e a c h a b i l i t y i m p l i e s s t a t e 
c o n t r o l l a b i l i t y b u t n o t c o n v e r s e l y . T h i s f a c t i s i l l u s t r a t e d by t h e 
s t a t e t r a n s i t i o n g r a p h s of F i g . 4 . 1 . 1 and F i g . 4 . 1 . 2 of t h e LSMs of 
Example 4 . 1 . 1 and Example 4 . 1 . 2 , r e s p e c t i v e l y . 
T h e r e i s a l s o a n o t h e r " c o n n e c t e d n e s s " c o n c e p t , o r i g i n a l l y 
b e l o n g i n g t o g raph t h e o r y , t h a t i s somet imes used t o c h a r a c t e r i z e 
c e r t a i n s t r u c t u r a l p r o p e r t i e s of m a c h i n e s . T h i s i s t h e c o n c e p t of 
s t r o n g l y s t a t e c o n n e c t e d n e s s w h i c h , f o r t h e c a s e of LSMs, t u r n s o u t 
t o b e e q u i v a l e n t t o s t a t e r e a c h a b i l i t y , and i s d e f i n e d b e l o w . 
D e f i n i t i o n 4 . 1 . 4 . A mach ine M i s s a i d t o strongly state con­
nected i f f o r each p a i r of s t a t e s x and x of M, t h e r e e x i s t s an i n p u t 
* A ~ s e q u e n c e u e U such t h a t (J)(x, u) = x . 
The LSM of Example 4 . 1 . 1 i s o b v i o u s l y s t r o n g l y s t a t e c o n n e c t e d 
w h i l e t h a t of Example 4 . 1 . 3 i s n o t . 
For t h e p u r p o s e of i n v e s t i g a t i n g t h e r e a c h a b i l i t y and c o n ­
t r o l l a b i l i t y a s p e c t s of LSMs, we w i l l need some a d d i t i o n a l n o t a t i o n 
and a few a u x i l i a r y r e s u l t s which w i l l b e p r e s e n t e d n e x t . 
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X (x ) 
Le t 
0 
{x : t h e r e e x i s t s a u e CI*, such t h a t , u) = x} 
= C})(x^, CI*), t h e r a n g e of t h e map <$>(yP, ») ( 4 . 1 . 1 ) 
x ( x ) = {x : t h e r e e x i s t s u ( 0 ) u ( l ) . . . u ( j - l ) , u ( # ) e CI, such t h a t 
(J)(x°, u ( 0 ) u ( l ) . . . u ( j - l ) ) = x} ( 4 . 1 . 2 ) 
X (x ) I - {x : t h e r e e x i s t s u ( 0 ) u ( l ) . . . u ( j - l ) , 0 < j < JT, such t h a t 
C K X 0 , u ( 0 ) u ( l ) . . . u ( j - l ) ) = X } 
U x u ; = U ( | ) ( X U , a J ) 
j = 0 J j = 0 
( 4 . 1 . 3 ) 
. 0 o o e , 0 o o , 0 
Lemma 4 . 1 . 1 . X^ X ; = U X U J = U X^ X ; 
j = 0 j = 0 
X ( x
u ) 
( x ° ) e ( x ° ) 
P r o o f . Immedia te from t h e d e f i n i t i o n s of X ' X. , and 
• 
( x ° ) ( x ° ) ( x ° ) Lemma 4 . 1 . 2 . X ^ x ; c X ; X ; c . . . c X U ; 
0 - 1 - o 
(x ) 
P r o o f . Immedia te from t h e d e f i n i t i o n of X. . • 
J 
I n o r d e r t o i l l u s t r a t e t h e above n o t a t i o n , c o n s i d e r t h e LSM of 
0 5 T Example 4 . 1 . 1 . Tak ing x = x = [ 1 , 0 , 1] , we h a v e 
X 
f o l 
0 
, 0 , 
0 
f i l f o l 
1 
6 0 
x o = < 
V 
0 
x ( x ) 
,0j 
e 5 , 
x ( x ) 
f l l 
1 
e 5 , 






f l l 
0 
, 1 , , 0 , 
X (x
5) 
f l l 
0 
l l j v0, 




. 1 ; 
X ( x
5 ) _ 
f o l 
1 
0 , 0 , 







It is clear that 
Thus 
Lemma 4.1.3. If there exists an integer r such that X t = 
( °\ X V X j for all r'> r, then r 
X
( x > = u X ( x > = X ( x } = u X ( x } 
°° 6(x°) (x°) Proof. Let x e u X; . Then x e X for some integer s. 
J -0 3 
(x°) r 6(x°) r e(x°) If s < r, then X ' c u X. 7 so x e u X. and if s > r, then 
S j=0 3 3=0 J 
. 0. . 0, r e. 0. r e. 0. X^ X ; = X ^ x ; c u X ) x ; which shows that x e u X. ;. Hence 
r " j = 0 3 3=0 3 ' 
(x°) (x°) X c X . The reverse inclusion is obvious. • — r 
Lemma 4.1.4. Let M = (A, B, C) be an LSM with a state x̂  e X 
(x°) <x°) 
for which there exists an integer i such that X. = X . , . . Then 
x(x ) = „(x ) j ' (x°) (x°) Proof. By Lemma 4.1.3 we need only prove that X^ r 
for all r' > r. We will accomplish this by induction on j for r' = 
(x°) (x°) 
r + j. For r' = r + 1, X = X by hypothesis. Next suppose 
, o o r 1 r 0 . 0 that X^ X ; = X ^ x ; for r' = I. Now we want to show that X V X ; = X ^ x / . r rT r Z+l 
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A I i / O 1 2 , 0 1 2 W , . . r+1 , 2 , 1 - r A l s o , (J)(x , u u ) = (J)((J)(x , u ) , u ) f o r a l l u e U and u e u 
so t h a t 
, 0 . 0 „_ 
xl+i = * ( r ' r > b y n y p ° t h e s i s 
" h 
(x°) 
= ^ r by i n d u c t i o n h y p o t h e s i s • 
The r e s u l t s c o n t a i n e d i n Lemma 4 . 1 . 1 - Lemma 4 . 1 . 4 a r e a p p l i ­
c a b l e t o g e n e r a l s e q u e n t i a l m a c h i n e s and a r e n o t l i m i t e d t o LSMs. 
However, we w i l l make u s e of t h e s e g e n e r a l r e s u l t s f o r t h e s t u d y of 
s t a t e r e a c h a b i l i t y p r o p e r t i e s of LSMs. 
Theorem 4 . 1 . 1 . For t h e LSM M = (A, B, C) t h e s e t of s t a t e s 
r e a c h a b l e from t h e z e r o s t a t e 0^ i n a t most £ c l o c k p e r i o d s i s t h e 
r a n g e R(K) of t h e l i n e a r map 
K(A, B, I) E [ A £ - 1 B , A ^ " 2 B , . . . , AB, B] : if • X 
Tha t i s , 
X £ A = R([A*" B, A*" B , . . . , AB, B]) 
P r o o f . F i r s t , we o b s e r v e t h a t a z e r o i n p u t l e a v e s t h e z e r o 
s t a t e 0^ unchanged s i n c e 0^ = A0^ + BO^. T h i s means t h a t i f a s t a t e 
A 
x can b e r e a c h e d from t h e z e r o s t a t e by a p p l y i n g an i n p u t s e q u e n c e 
u ( 0 ) u ( l ) . . . u ( j - l ) of l e n g t h j < £ , t h e n x can a l s o b e r e a c h e d from 
l-i 
0^ by f i r s t a p p l y i n g t h e i n p u t s e q u e n c e 0 , t h a t i s , a s t r i n g of £ - j 
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s u c c e s s i v e i n p u t s , each w i t h v a l u e 0 , and t h e n a p p l y i n g u ( 0 ) u ( l ) . . 
u ( j - l ) . T h u s , f o r a l l u ( 0 ) u ( l ) . . . u ( j - l ) e U J and a l l I > j , t h e 
LSM (A, B, C) s a t i s f i e s 
4>(0 X , u ( 0 ) u ( l ) . . . u ( j - l ) ) = ( j » ( 0 x , u ( 0 ) u ( l ) . . . u ( j - l ) ) 
(0 ) e ( 0 ) 
That i s , f o r t h e LSM (A, B, C ) , Kp = Kp 
A
 ( 0 X> 
T h e r e f o r e , x e X^ i f and o n l y i f t h e r e e x i s t s an i n p u t 
s e q u e n c e u ( 0 ) u ( l ) . . . u(Z-l) of l e n g t h e x a c t l y I such t h a t 
x = A 0 ^ + Z A B u ( j ) X 
j = 0 
l-l 1-2 [A B, A B , . . . , AB, B] 
(o x ) 
u ( 0 ) 
u ( l ) 
[uU-1)} 
C l e a r l y x e X^ X ' = R([A^ 1 B , A £ ~ 2 B , . . . , AB, B]) E R(K) . • 
The s t a t e r e a c h a b i l i t y s u b s p a c e R(K) <=_ X may be e x p r e s s e d i n 
t h e e q u i v a l e n t form 
R(K) = R(B) + AR(B) + A 2 R(B) + . . . A ^ ' ^ C B ) ( 4 . 1 . 4 ) 
where AR(B) = {Ax : x e R ( B ) } . From t h i s e x p r e s s i o n i t f o l l o w s t h a t 
R(K) i s t h e s m a l l e s t s u b s p a c e of t h e s t a t e s p a c e X t h a t c o n t a i n s t h e 
r a n g e R(B) of t h e i n p u t m a t r i x B. Ano the r p r o p e r t y t h a t c o n t r i b u t e s 
t o t h e s i g n i f i c a n c e of R(K) i n many s t r u c t u r a l a s p e c t s of t h e LSM 
(A, B, C) i s i t s i n v a r i a n c e u n d e r A. To s e e t h a t R(K) i s A - i n v a r i a n t , 
l e t 2 e R (K) . Then z = Ax f o r some x e R(K) . But x e R(K) means t h a t 
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x can be e x p r e s s e d as a l i n e a r c o m b i n a t i o n of t h e columns of B, AB, 
l-l 
. . . , A B, so t h a t Ax can b e e x p r e s s e d a s a l i n e a r c o m b i n a t i o n of 
2 I 
of t h e columns of AB, A B , . . . , A B. S i n c e by t h e C a y l e y - H a m i l t o n 
I 
Theorem, A can b e e x p r e s s e d a s a l i n e a r c o m b i n a t i o n of t h e m a t r i c e s 
2 l-l I I , A, A , . . . , A , t h e n A B can be e x p r e s s e d a s a l i n e a r combina-n 
l-l 
t i o n of B, AB, . . . , A B. T h e r e f o r e , Ax can be e x p r e s s e d a s a l i n e a r 
l-l 
c o m b i n a t i o n of t h e columns of B, AB, . . . , A B. Tha t i s , z = Ax e R(K) . 
Thus AR(K) £ R(K) . We h a v e t h u s p roved t h e f o l l o w i n g t h e o r e m . 
Theorem 4 . 1 . 2 . The s t a t e r e a c h a b i l i t y s u b s p a c e R(K) £ X of an 
LSM (A, B, C) i s t h e s m a l l e s t A - i n v a r i a n t s u b s p a c e t h a t c o n t a i n s t h e 
r a n g e R(B) of t h e i n p u t m a t r i x B. 
Theorem 4 . 1 . 3 . Every s t a t e of t h e n - d i m e n s i o n a l LSM (A, B, C) 
r e a c h a b l e from t h e z e r o s t a t e 0., can be r e a c h e d i n a t most n c l o c k 
( o x ) ( o x ) A 
p e r i o d s , t h a t i s , X = X 
n (°X } (°X } P r o o f . I t i s c l e a r t h a t f o r each i n t e g e r r , X _c X £ X. 
( o x ) ( o x ) ( 5 X ) r + 1 ( o x ) 
Thus , i f f o r any r , X * X , we must have dim X f 1 > 1 + dim X 
r + 1 r r + 1 r 
Now c o n s i d e r t h e c h a i n of s u b s e t s 
( 0 y ) (0„) ( 0 y ) ( 0 y ) 
X * c X * c . . . c X X c X X 
0 — 1 — — n — 
( o x ) ( 0 X ) ( 0 X ) ( 0 X ) 
I f X = X ., , t h e n X = X - by Lemma 4 . 1 . 1 , and c e r t a i n l y n n - l n - l J J 
( o x ) ( o x ) ( 0 X ) ( 0 X ) ( 0 X ) ( 0 X ) 
X = X . I f X * X , , t h e n we must have X^ * X, * n n n - l 0 1 
(0») ( 0 y ) ( 0 y ) ( 0 y ) 
x 2 x ^ . . . ^ x x u X •1 1 • • - " x , # X . But t h e d i m e n s i o n of X. i n c r e a s e s by n - l n J 
( o x ) 
a t l e a s t one a t each s t e p of t h i s c h a i n . Thus dim X > n . But 
n 
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( o x ) X i s a s u b s p a c e of X, which i t s e l f i s of d i m e n s i o n n . Hence 
n 
( O J ( O J ( O J ( O J ( O J 
X = X and s i n c e X A c X c X, we h a v e X = X . • n n — — n 
Theorem 4 . 1 . 4 . The n - d i m e n s i o n a l LSM (A, B, C) i s s t a t e 
r e a c h a b l e from t h e z e r o s t a t e 0^ i f and o n l y i f 
r a n k [ A n " 1 B , A n " 2 B , . . . , AB, B] = n 
P r o o f . The LSM (A, B, C) i s s t a t e r e a c h a b l e i f and o n l y i f 
( o x ) ( o x ) ( o x ) 
X = X o r , s i n c e X = X^ by Theorem 4 . 1 . 3 , i f and o n l y i f 
( o x ) 
dim X = dim X 
n 
n = dim R ( [ A n 1 B , A n ~ 2 B , . . . , AB, B]) 
n = r a n k [ A n _ 1 B , A n _ 2 B , . . . , AB, B] • 
T 
C o r o l l a r y 4 . 1 . 1 . A s i n g l e - i n p u t LSM (A, b , c ) i s s t a t e 
n~* 1 ri— 2 
r e a c h a b l e i f and o n l y i f t h e m a t r i x [A b , A b , . . . , Ab, b ] e 
0 _ / N n x n . . n GF(q) i s n o n s m g u l a r . 
C o r o l l a r y 4 . 1 . 2 . I f t h e c h a r a c t e r i s t i c m a t r i x A of t h e LSM 
(A, B, C) i s d i a g o n a l w i t h d i s t i n c t e l e m e n t s , t h e n t h e LSM i s s t a t e 
r e a c h a b l e i f and o n l y i f t h e i n p u t m a t r i x B h a s no z e r o r o w s . 
C o r o l l a r y 4 . 1 . 3 . The LSM (A, B, C) i s s t a t e r e a c h a b l e i f and 
n - l 
E 
1=0 
o n l y i f t h e m a t r i x KKT = A*1 J 1 B B T ( A T ) n J 1 e G F ( q ) n X n i s n o n -
s i n g u l a r . 
P r o o f . I t f o l l o w s from t h e f a c t t h a t f o r any n x I m a t r i x Q, 
T 
r a n k Q = n < = > r a n k QQ = n , and Theorem 4 . 1 . 4 . • 
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C o r o l l a r y 4 . 1 . 4 . The LSM (A, B, C) i s £ - s t a t e r e a c h a b l e , 
l-l 1-2 
I < n , i f and o n l y i f r a n k [A B, A B , . . . , AB, B] = n . 
P r o o f . By d e f i n i t i o n , t h e LSM (A, B, C) i s £ - s t a t e r e a c h a b l e 
i f and o n l y i f f o r e v e r y p a i r of s t a t e s x and x t h e r e e x i s t s an i n p u t 
s e q u e n c e u E ( / such t h a t (J)(x, u) = 
A 
x , o r 
x = A^x + Z kl~3 1 B u ( j ) 3=0 
A l~ r l-l 1-2 
x - A x = [A B, A B , . . . , AB, B] 
u ( 0 ) 
u ( l ) 
u ( l - l ) 
A 9" 
x - A x = Ku 
S i n c e x - A^x can be an a r b i t r a r y v e c t o r v e G F ( q ) n , £ - s t a t e r e a c h a b i l i t y 
r e d u c e s t o t h e c o n d i t i o n t h a t t h e v e c t o r e q u a t i o n Ku = v be s o l v a b l e 
f o r a l l v . T h e r e f o r e , t h i s c o n d i t i o n i m p l i e s t h a t t h e LSM i s £ - s t a t e 
r e a c h a b l e i f and o n l y i f r a n k K = n . • 
C o r o l l a r y 4 . 1 . 5 . L e t t h e m i n i m a l p o l y n o m i a l of A b e of d e g r e e 
r < n . Then t h e LSM (A, B, C) i s £ - s t a t e r e a c h a b l e f o r some £ , i f and 
o n l y i f i t i s r - s t a t e r e a c h a b l e . 
r 
P r o o f . I f t h e m i n i m a l p o l y n o m i a l of A i s f (A) = Z a (A) , 
m i=0 1 
t h e n by t h e C a y l e y - H a m i l t o n Theorem 
Z a .A = 0 
i=0 1 
Z a .A B = 0 
i - 0 1 
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r - 1 
A r B = - Z a.A^B 
i - 0 1 
g 
and h e n c e t h e columns of A B a r e l i n e a r l y d e p e n d e n t on t h e columns of 
[ A r _ 1 B , A r ~ 2 , . . AB, B] f o r a l l s > r . T h u s , i f K(A, B, s ) h a s 
r a n k n f o r any s , t h e n K(A, B, r ) must a l s o have r a n k n . • 
C o r o l l a r y 4 . 1 . 6 . The LSM (A, B, C) i s £ - s t a t e r e a c h a b l e f o r 
some Z < n , i f and o n l y i f i t i s n - s t a t e r e a c h a b l e . 
P r o o f . I t f o l l o w s from t h e f a c t t h a t t h e d e g r e e of t h e m i n i m a l 
p o l y n o m i a l of A does n o t exceed n . • 
Us ing Theorem 4 . 1 . 4 , we can c h a r a c t e r i z e t h e r e a c h a b i l i t y 
i n d e x Z ( D e f i n i t i o n 4 . 1 . 1 ) of an LSM (A, B, C) a s f o l l o w s : r 
Z^ = min{ j : 1 < j < n , r a n k [ B , AB, A 2 B , . . . , A 3 _ 1 B ] = n} 
In v iew of ( 4 . 1 . 4 ) , t h i s i n t e g e r can b e e q u i v a l e n t l y d e s c r i b e d a s 
Z = min{ j : 1 < j < n , R(B) + AR(B) + A 2 R(B) + . . . + A j - 1 R ( B ) = X} r 
Theorem 4 . 1 . 4 p r o v i d e s a s t r a i g h t f o r w a r d c o m p u t a t i o n a l p r o c e ­
d u r e f o r c h e c k i n g t h e s t a t e r e a c h a b i l i t y p r o p e r t y of an LSM. However , 
t h i s c r i t e r i o n r e q u i r e s t h e c a l c u l a t i o n of t h e e n t i r e r e a c h a b i l i t y 
m a t r i x K(A, B, n) which may n o t a c t u a l l y be n e e d e d . In many i n s t a n c e s , 
we need n o t c a l c u l a t e K(A, B, n) b u t o n l y a m a t r i x w i t h a s m a l l e r num­
b e r of c o l u m n s . T h i s c l a i m f o l l o w s d i r e c t l y from Lemma 4 . 1 . 4 and 
Theorem 4 . 1 . 1 . T h e r e f o r e , r e s t a t i n g Lemma 4 . 1 . 4 i n t e r m s of s t a t e 
r e a c h a b i l i t y m a t r i c e s , we o b t a i n t h e f o l l o w i n g r e s u l t . 
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Theorem 4 . 1 . 5 . I f j i s t h e l e a s t i n t e g e r such t h a t r a n k 
K(A, B, j ) = r a n k K(A, B, j + 1 ) , t h e n r a n k K(A, B, I) = r a n k K(A, B, j ) 
f o r a l l i n t e g e r s I > j , and j < m i n { n - r , n - l } , where r i s t h e r a n k of 
B and n i s t h e d e g r e e of t h e min ima l p o l y n o m i a l of A. 
C o r o l l a r y 4 . 1 . 7 . ( S i m p l i f i e d R e a c h a b i l i t y C r i t e r i o n ) I f r a n k 
B = r , t h e n t h e n - d i m e n s i o n a l LSM (A, B, C) i s s t a t e r e a c h a b l e i f and 
o n l y i f r a n k K(A, B, n - r + 1 ) = n . 
C o r o l l a r y 4 . 1 . 8 . I f r a n k B = r , t h e n t h e LSM (A, B, C) i s 
T 
s t a t e r e a c h a b l e i f and o n l y i f t h e m a t r i x K(A, B, n - r + 1 ) K (A, B, n - r + 1 ) 
e G F ( q ) n X n i s n o n s i n g u l a r . 
P r o o f . I t f o l l o w s from C o r o l l a r y 4 . 1 . 3 and Theorem 4 . 1 . 5 . • 
C o r o l l a r y 4 . 1 . 9 . I f r a n k B = 1 and t h e LSM (A, B, C) i s s t a t e 
r e a c h a b l e , t h e n f = f , where f and f a r e t h e c h a r a c t e r i s t i c and c m c m 
min ima l p o l y n o m i a l s of A. 
Example 4 . 1 . 4 . I n o r d e r t o i l l u s t r a t e t h e a p p l i c a t i o n of t h e 
s i m p l i f i e d r e a c h a b i l i t y c r i t e r i o n of C o r o l l a r y 4 . 1 . 7 , c o n s i d e r t h e f o l ­
lowing s t a t e e q u a t i o n of a t h r e e - d i m e n s i o n a l LSM o v e r G F ( 3 ) : 
x ^ k + i ) " f 
1 
0 1 x ^ k ^ f 
1 
2 
x 2 ( k + l ) 0 1 1 x 2 ( k ) + 0 1 
x ~ ( k + l ) 
I J J 
0 2 x 3 ( k ) [1 0 u 2 ( k ) 
S i n c e r a n k B = 2 , we need t o check K(A, B, 2) = [AB, B] 
69 
CM 2 1 CM 
r a n k [AB, B] = r a n k r—'
 
1 0 1 
10 2 1 0, 
Hence t h e g i v e n LSM i s s t a t e r e a c h a b l e . 
4 . 2 . S t a t e U n r e a c h a b i l i t y of LSMs 
I n Theorem 4 . 1 . 2 i t was shown t h a t t h e s t a t e r e a c h a b i l i t y s u b -
s p a c e R(K) = R ( [ B , AB, . . . , A n ~^B]) of t h e LSM (A, B) i s t h e s m a l l e s t 
A - i n v a r i a n t s u b s p a c e of t h e s t a t e s p a c e X, t h a t c o n t a i n s t h e r a n g e 
R(B) of t h e c o n t r o l m a t r i x B. Thus i f t h e LSM i s s t a t e r e a c h a b l e , 
t h e n R(K) = X, t h a t i s , R ( K ) 1 = { 0 } . However , i f t h e LSM i s n o t s t a t e 
r e a c h a b l e , t h e n R(K) i s a p r o p e r s u b s p a c e of X, t h a t i s , r a n k K < n , 
and h e n c e R ( K ) 1 * { 0 } . I n t h i s c a s e , t h e n , one would be t emp ted t o 
e x p e c t t h a t , i n a n a l o g y w i t h t h e s i m i l a r s i t u a t i o n i n c o n v e n t i o n a l 
l i n e a r d y n a m i c a l s y s t e m s , t h e s t a t e s p a c e X can be e x p r e s s e d a s a 
d i r e c t sum of R(K) and R(K)"1", r e s u l t i n g i n t o t h e s o - c a l l e d u n r e a c h a b l e 
c a n o n i c a l form which e s s e n t i a l l y s e p a r a t e s t h e r e a c h a b l e and u n r e a c h ­
a b l e p o r t i o n s of t h e LSM. However, due t o t h e p e c u l i a r i t i e s of t h e 
g round f i e l d G F ( q ) , t h i s d i r e c t sum d e c o m p o s i t i o n i s , i n g e n e r a l , no 
l o n g e r p o s s i b l e f o r LSMs. At t h i s p o i n t we w i l l m o m e n t a r i l y d i g r e s s 
t o b r i e f l y e l a b o r a t e on t h i s p a r t i c u l a r p r o p e r t y of LSMs. We b e g i n 
w i t h t h e d e f i n i t i o n of a b i l i n e a r form. 
A bilinear form f on a v e c t o r s p a c e V o v e r an a r b i t r a r y f i e l d 
F i s a f u n c t i o n f : V x 1/ —-> F such t h a t 
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f ( r v + s v ' , v " ) = r f ( v , v " ) + s f ( v ' , v " ) 
f ( v , r v 1 + s v " ) = r f ( v , v 1 ) + s f ( v , v " ) 
fo r a l l v , v ' , v " e 1/ and f o r a l l r , s , E F . I f , i n a d d i t i o n , f ( v , v ' ) 
= f ( v ' , v ) f o r a l l v , v ' E V> t h e n f i s s a i d t o be symmetr-io. 
From t h e above d e f i n i t i o n i t i s c l e a r t h a t t h e u s u a l i n n e r p r o ­
d u c t i s a symmet r i c b i l i n e a r form. 
The m a t r i x of a b i l i n e a r form f r e l a t i v e t o a f i x e d b a s i s 
1 2 n 
{v , v , . . . , v } of 1/ i s t h e n x n m a t r i x F o v e r F w i t h e n t r i e s 
f = f C v 1 , v ^ ) ; i , j e n . T h i s m a t r i x c o m p l e t e l y d e t e r m i n e s t h e form 
f. To s e e t h i s , we e x p r e s s t h e v e c t o r s v , v ' E 1/ i n t e r m s of t h e 
g i v e n b a s i s e l e m e n t s of 1/ a s 
n n 
v = Z a . v , v 1 = Z b . v J 
where a^ , b E F ; i , j E n. Then t h e b i l i n e a r i t y of f shows t h a t f 
i s d e t e r m i n e d by F a s 
n n . 
f ( v , v T ) = Z Z a . f C v 1 , v J ) b . 
i - l j - l 1 J 
n n 
= Z Z a . f . . b . 
1 = 1 j = l 
, a ] n 
f f 11 12 
f 2 1 f 2 2 









a T F b 
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i .-ii , _ r n x n where a , b e r and F e r 
S i n c e two n x n m a t r i c e s r e p r e s e n t t h e same b i l i n e a r form i f 
and o n l y i f t h e y a r e e q u i v a l e n t , and e q u i v a l e n t m a t r i c e s h a v e t h e same 
r a n k , t h e r a n k of a b i l i n e a r form i s d e f i n e d t o b e t h e r a n k of any one 
(and h e n c e of e v e r y one) of t h e m a t r i c e s of a b i l i n e a r form. I n v iew 
of t h i s f a c t , t h e b i l i n e a r form f on 1/ i s s a i d t o be nondegenevate i f 
t h e r a n k of t h e m a t r i x of f i s e q u a l t o t h e d i m e n s i o n of U, o t h e r w i s e 
f i s c a l l e d degenerate. 
I t i s w e l l known t h a t f o r t h e c a s e of a v e c t o r s p a c e W o v e r 
t h e f i e l d of r e a l n u m b e r s , W can a lw ays b e e x p r e s s e d a s a d i r e c t sum 
of t h e s u b s p a c e s and w i t h r e s p e c t t o t h e u s u a l i n n e r p r o d u c t 
b i l i n e a r form. On t h e c o n t r a r y , t h i s d e c o m p o s i t i o n i s n o t , i n g e n e r a l , 
p o s s i b l e f o r a v e c t o r s p a c e X o v e r G F ( q ) . For e x a m p l e , l e t 
X = G F ( 2 ) 5 
and 
X z> X = < 
' l ] 
1 0 
0 > 1 
0 1 
.0. ^ J 
Then 
l 0 0 
0 l > 0 
0 l 0 
0 
72 
Al though dim X = dim X ^ + dim X ^ , we s e e t h a t X * X ^ © x | . However , 
i f we choose 
X D X 2 E < 
r0 
0 1 




t h e n 
*2 = < 
o ' V 
0 0 0 
1 J 0 J 0 
0 1 0 
,0. .0. . 1 , 
and X = X ^ © X 2 < I t can be e a s i l y checked t h a t t h e u s u a l i n n e r p r o ­
d u c t b i l i n e a r form i s d e g e n e r a t e on t h e s u b s p a c e X ^ i n t h e f i r s t c a s e 
and n o n d e g e n e r a t e on X and X ^ i n t h e second c a s e . In g e n e r a l , n o n -
d e g e n e r a c y of a symmet r i c b i l i n e a r form on b o t h V and l/^ c 1/ t u r n s o u t 
t o b e a s u f f i c i e n t c o n d i t i o n f o r t h e e x i s t e n c e of t h e d i r e c t sum d e ­
c o m p o s i t i o n (/ = l/^ $ (/^. We w i l l p r o v e t h i s r e s u l t f o r t h e s p e c i a l 
c a s e of an i n n e r p r o d u c t b i l i n e a r form. 
Lemma 4 . 2 . 1 . Le t V be a f i n i t e - d i m e n s i o n a l i n n e r p r o d u c t 
s p a c e o v e r an a r b i t r a r y f i e l d F , and l e t t h e i n n e r p r o d u c t b i l i n e a r 
form f on 1/ be n o n d e g e n e r a t e on t h e s u b s p a c e 1/ of \J. Then 1/ can be 
e x p r e s s e d a s f = 1/ © l/^. 
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1 2 m P r o o f . Le t {v , v , . . . , v } be a b a s i s of U^. I f x e V 
and y e l/^, we want t o show t h a t t h e r e e x i s t a^ e F , i e m, such t h a t 
m 
x = E a . v + y 
i = i 1 
Let f C v 1 , v 3 ) = c . . ; i , j e m . S i n c e f ( y , v 1 ) = 0 , we have 
m 
E c . . a . = f ( x , v J ) , j e m 
i = l 
T h i s s y s t e m of m e q u a t i o n s f o r t h e m unknowns a_ ,̂ i e m, h a s a ( u n i q u e ) 
s o l u t i o n s i n c e by h y p o t h e s i s t h e m a t r i x of c o e f f i c i e n t s i s n o n s i n g u l a r . 
Now we r e t u r n t o t h e d i s c u s s i o n of s t a t e u n r e a c h a b i l i t y of LSMs 
Theorem 4 . 2 . 1 . Suppose t h a t t h e LSM (A, B) i s s t a t e u n r e a c h ­
a b l e , and l e t t h e i n n e r p r o d u c t b i l i n e a r form on X be n o n d e g e n e r a t e on 
t h e s u b s p a c e R(K) . Then t h e r e e x i s t s an i somorph i sm P : X — X , 
x | Y P x , P e GL(n, q ) , such t h a t t h e i s o m o r p h i c LSM ( P A P - 1 , PB) = 
(A, B) h a s t h e form 




( 4 . 2 . 1 ) 
o r e q u i v a l e n t l y , 
x I ( k + l ) = A u x X ( k ) + A X l : t ( k ) + B u ( k ) 
x I X ( k + l ) = A 2 2 x I 3 :(k) 
( 4 . 2 . 2 ) 
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where x 1 e G F ( q ) r , x " e G F ( q ) n r , i±1 e G F ( q ) r X r , k ± 2 z G F ( q ) r x ( n " r ) , 
1 . , ( n - r ) x ( n - r ) ~ , , r x m A 2 2 e GF(q) , and B x e GF(q) 
P r o o f . S i n c e , by h y p o t h e s i s , t h e i n n e r p r o d u c t b i l i n e a r form 
i s n o n d e g e n e r a t e on R(K) and dim R(K) < n = dim X, i n v iew of Lemma 
4 . 2 . 1 , t h e s t a t e s p a c e can be e x p r e s s e d a s X = R(K) S> R ( K ) 1 . L e t 
r 1 2 r , , r + 1 r+2 n , . r 1 2 r {v , v , . . . , v } , | v , v , . . . , v } , and {v , v , . . . , v , 
v r + \ . . . , v 1 1 } be b a s e s f o r R(K) , R ( K ) 1 , and X, r e s p e c t i v e l y . Then 
any x e R(K) can b e u n i q u e l y r e p r e s e n t e d a s a l i n e a r c o m b i n a t i o n of 
{ v 1 , i e r_}. S i n c e R(K) i s A - i n v a r i a n t , x 1 e R(K) i m p l i e s t h a t A x 1 z R(K) , 
i £ _r, and h e n c e 
Ax = a , . v + a 0 . v + . . . + a . v 
l i 2 i r i 
1 , 2 , , r ^ n r+1 n r+2 ^ ^ „ n = a., . v + a 0 . v + . . . + a . v + Ov + Ov + . . . + Ov , l i 2 i r i 
i e r ( 4 . 2 . 3 ) 
f o r a p p r o p r i a t e a ^ e G F ( q ) . From ( 4 . 2 . 3 ) i t f o l l o w s t h a t t h e m a t r i x 
r e p r e s e n t a t i o n of A w i t h r e s p e c t t o t h e b a s i s { v 1 , i e n} i s p r e c i s e l y 
of t h e form g i v e n i n ( 4 . 2 . 1 ) . S i n c e R(B) £ R ( K ) , t h a t i s , f o r j £ m, 
t h e j t h column of B i s i n R(K) , i t s r e p r e s e n t a t i o n w i t h r e s p e c t t o t h e 
b a s i s { v 1 , i E n} must h a v e t h e l a s t n - r e n t r i e s e q u a l t o z e r o . Thus 
B h a s t h e form i n d i c a t e d i n ( 4 . 2 . 1 ) . C l e a r l y p ^ i s t h e m a t r i x formed 
by t h e v e c t o r s { v 1 , i e n } . • 
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Theorem 4 . 2 . 1 can be u s e d t o s p e a r a t e t h e r e a c h a b l e p a r t of an 
u n r e a c h a b l e LSM. Tha t i s , g i v e n any u n r e a c h a b l e LSM, t h i s r e s u l t can 
be a p p l i e d t o d e t e r m i n e a submachine of s m a l l e r d i m e n s i o n which i s 
s t a t e r e a c h a b l e . T h i s i s r e a d i l y s e e n , by d i r e c t l y comput ing t h e 
r e a c h a b i l i t y m a t r i x K of t h e LSM r e p r e s e n t e d by ( 4 . 2 . 1 ) , a s f o l l o w s : 
K = [B, AB, A 2 B , . . . , A n ~ 1 B ] 
B i A i A A i i B i • • • A n l B i 
o o 0 0 
( 4 . 2 . 4 ) 
S i n c e K = PK, i t i s c l e a r t h a t r a n k K = r a n k PK = r a n k K = r . Thus 
t h e f i r s t r rows of ( 4 . 2 . 4 ) , which c o n s t i t u t e t h e s t a t e r e a c h a b i l i t y 
m a t r i x f o r t h e submachine (A-^> B ^ ) , a r e l i n e a r l y i n d e p e n d e n t , and 
h e n c e ( A ^ > B^) i s s t a t e r e a c h a b l e . 
From t h e r e p r e s e n t a t i o n ( 4 . 2 . 2 ) whe re x = 
e R(K) , and (0 ) I I 
,0 , + ~ I I x 
e R(K) , i t i s c l e a r t h a t t h e s t a t e s u b v e c t o r X 
,0 J 
~ I I 
x i s n o t a f f e c t e d d i r e c t l y by t h e i n p u t o r i n d i r e c t l y t h r o u g h x , 
and h e n c e i s d i s r e g a r d e d i n t h e r e d u c e d submachine ( A . ^ , B ) . F u r t h e r ­
more , from t h e second e q u a t i o n of ( 4 . 2 . 2 ) we o b s e r v e t h a t i f x I ] " ( 0 ) = 0 , 
~ I I 
t h e n x (k) = 0 f o r a l l s u b s e q u e n t c l o c k p e r i o d s . T h e r e f o r e , t h e s u b ­
mach ine ( A . ^ , B ) i s z e r o - s t a t e e q u i v a l e n t t o t h e LSM ( 4 . 2 . 2 ) a n d , 
c o n s e q u e n t l y , t o t h e o r i g i n a l LSM (A, B ) . 
The f o l l o w i n g example w i l l i l l u s t r a t e t h e above i d e a s . 
76 
Example 4 . 2 . 1 . C o n s i d e r t h e f o l l o w i n g LSM o v e r GF(2) 
x ^ k + l ) ' 1 1 0 x ^ k ) ' Y 
x 2 ( k + l ) = 1 0 1 x 2 ( k ) + 1 u ( k ) 
x 3 ( k + l ) 0 0 1 x 3 ( k ) 0 
v J 
The s t a t e r e a c h a b i l i t y m a t r i x of t h i s LSM i s 
' l 0 1 
K = [B, AB, A 2 B] = 1 1 0 
o 0 0̂  
which h a s r a n k 2 . The m a t r i x P ^ can be chosen a s 
- 1 
1 0 0 
1 1 0 
0 0 1 
where t h e f i r s t two columns a r e t h e l i n e a r l y i n d e p e n d e n t columns of 
K and t h e t h i r d column i s chosen a r b i t r a r i l y b u t w i t h t h e p r o v i s i o n 
t h a t P " 1 i s n o n s i n g u l a r . The i s o m o r p h i c LSM (A, B) = ( P A P - 1 , PB) h a s 
t h e r e q u i r e d form 
x 1 ( k + l ) 
x 2 ( k + l ) 
x 3 ( k + l ) 
' 0 1 o ' 
1 1 1 
0 
v. 
0 1 J 
x 1 ( k ) 
x 2 ( k ) 
x 3 ( k ) 
+ u ( k ) 
The r e m a i n d e r of t h i s s e c t i o n w i l l be d e v o t e d t o a r e d e r i v a t i o n 
of t h e i s o m o r p h i c LSM ( 4 . 2 . 1 ) by u s i n g a d i f f e r e n t a p p r o a c h ( c f . [ 4 3 ] ) . 
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A c a r e f u l e x a m i n a t i o n of t h e g e n e r a l e x p r e s s i o n f o r s o l u t i o n 
of t h e s t a t e e q u a t i o n s of t h e LSM (A, B) g i v e n by 
n - l 
Z 
j=0 
x ( n ) = A n x ( 0 ) + Z A n j 1 B u ( j ) 
, „, , r . n - l . n - 2 „ A x (0 ) + [A B, A B , . AB, B] 
u ( 0 ) 
u j l ) 
u ( n - l ) 
( 4 . 2 . 5 ) 
i n c o n j u n c t i o n w i t h t h e r a n k d e f i c i e n c y of t h e s t a t e r e a c h a b i l i t y 
n~1 n—2 
m a t r i x K = [A B, A B , . . . , AB, B ] , w i l l r e v e a l t h e e x i s t e n c e of 
c e r t a i n f u n d a m e n t a l r e l a t i o n s h i p s b e t w e e n t h e r e a c h a b l e and u n r e a c h ­
a b l e s u b v e c t o r s of t h e s t a t e x ( k ) . I n o r d e r t o i n v e s t i g a t e some of 
t h e s e r e l a t i o n s h i p s , we need t o r e w r i t e t h e s t a t e e q u a t i o n of t h e LSM 
(A, B) i n t h e f o l l o w i n g p a r t i t i o n e d form: 
! i ' 
x (k+1) A l l A 1 2 x
T ( k ) 
+ 
B i 
x I I ( k + l ) - A 2 1 A 2 2 
v. ) 
x (k) B 2 
u ( k ) ( 4 . 2 . 6 ) 
where x I ( k ) e G F ( q ) r , x1T(k) e G F ( q ) ( n r ) , A n e G F ( q ) r x r , A e 
r x ( n - r ) ( n - r ) x r ( n - r ) x ( n - r ) GF(q) v " A 2 1 e G F ( q ) v " w " \ A 2 2 e GF(q) " , B 1 e 
G F ( q ) r X m , and B 2 e G F ( q ) ( n _ r ) X m . Now i f r a n k K = r < n , t h e n 
n - r rows of K can be e x p r e s s e d a s l i n e a r c o m b i n a t i o n s of t h e r e m a i n ­
i n g r l i n e a r l y i n d e p e n d e n t r o w s , and t h e r e f o r e , i n v iew of ( 4 . 2 . 5 ) , 
t h e f o l l o w i n g r e l a t i o n s h i p e x i s t s b e t w e e n t h e z e r o - s t a t e s o l u t i o n s u b -
v e c t o r s x and x : os os 
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x l : [ ( k ) = T x 1 (k) 
O S O S 
( 4 . 2 . 7 ) 
m rt-i—i / \ ( n - r ) x r where T e G F ( q ) v 
S i m i l a r l y , i f we assume t h a t r a n k K = r < n , and c o n s i d e r t h e 
e x p r e s s i o n f o r t h e g e n e r a l s o l u t i o n of t h e s t a t e e q u a t i o n 




x"(k) I O S J x^Ck) 
I 0 1 J 
( 4 . 2 . 8 ) 
t h e n t h e f o l l o w i n g r e l a t i o n s h i p h o l d s : 
x I ] : ( k ) = T x I ( k ) + z ( x ( 0 ) , k) ( 4 . 2 . 9 ) 
n - r where T i s d e f i n e d by ( 4 . 2 . 7 ) and z e GF(q) such t h a t z ( 0 , k) = 0 
R e l a t i o n ( 4 . 2 . 9 ) f o l l o w s i m m e d i a t e l y from t h e decomposed e x p r e s s i o n 
f o r x*~~*~(k) g i v e n by ( 4 . 2 . 8 ) , and ( 4 . 2 . 7 ) as f o l l o w s : 
where 
x I : C ( k ) = x I ] : ( k ) + x I I ( k ) 
O S O I 
T x 1 (k) + T x I . ( k ) - T x 1 . ^ ) + x 1 ^ ^ 
O S O I O I O I 
= Tx (k) + z ( x ( 0 ) , k) 
z ( x ( 0 ) , k) E x I I ( k ) - T x 1 . ^ ) . 
O l O I 
( 4 . 2 . 1 0 ) 
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Us ing t h e above r e s u l t s , we w i l l i n t r o d u c e a s p e c i a l i s o m o r ­
phism t h a t w i l l t r a n s f o r m a s t a t e u n r e a c h a b l e LSM (A, B) t o an 
i s o m o r p h i c LSM (A, B) h a v i n g t h e u n r e a c h a b l e c a n o n i c a l form g i v e n by 
( 4 . 2 . 1 ) . 
Theorem 4 . 2 . 2 . The i somorph i sm 
- 1 
- 1 I 0 r 
T I 
n - r 
: X ( 4 . 2 . 1 1 ) 







T I I n - r j x (k) I J 
t r a n s f o r m s t h e s t a t e u n r e a c h a b l e LSM (A, B) t o t h e u n r e a c h a b l e c a n o n i c a l 
form g i v e n by ( 4 . 2 . 1 ) . 
P r o o f . I n v iew of t h e r e l a t i o n ( 4 . 2 . 9 ) , t h e g e n e r a l s o l u t i o n 
of t h e s t a t e e q u a t i o n of t h e LSM (A, B) can be w r i t t e n a s 
x 1 (k) 
x " ( k ) 
x X ( k ) 
Tx (k) + 2 ( x ( 0 ) , k) 
I 0 r 
T I 
n - r 
x X ( k ) 
z ( x ( 0 ) , k) 
( 4 . 2 . 1 2 ) 
which must s a t i s f y t h e e q u a t i o n ( 4 . 2 . 6 ) , t h a t i s , 
I 0 r 
T I 
n - r 
^ x I ( k + l ) 
z ( x ( 0 ) , k+1) 
t 
A l l A 1 2 
A A 
21 22 
I 0 r 
T I 
n - r 
x (k) 
z ( x ( 0 ) , k) 
( 4 . 2 . 1 3 ) 
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S i n c e 
I 
r 








n - r 
j e q u a t i o n ( 4 . 2 . 1 3 ) r e d u c e s t o 
x (k+1) 
z ( x ( 0 ) , k+1) 
A l l + A 1 2 T 12 
- T A n - T A 1 2 T + A 2 1 + A 2 2 T A 2 2 - T A ^ 
x X ( k ) 
z(x (0 ) , k) 
+ 
B 2 - T B l 
u ( k ) ( 4 . 2 . 1 4 ) 
Assuming t h a t r a n k K = r < n , i t f o l l o w s t h a t i n ( 4 . 2 . 1 4 ) , B 2 - TB.̂  = 0 
s i n c e a c c o r d i n g t o ( 4 . 2 . 7 ) t h e m a t r i x T e x p r e s s e s t h e l i n e a r dependence 
of t h e n - r rows of K on t h e r e m a i n i n g r l i n e a r l y i n d e p e n d e n t r o w s . 
T h e r e f o r e , i f we show t h a t i n ( 4 . 2 . 1 4 ) , 
A 2 1 E - T A U - T A 1 2 + A 2 1 + A 2 2 T = 0 ( 4 . 2 . 1 5 ) 
t h e n t h e p r o o f i s c o m p l e t e by t a k i n g x^~(k) = x ^ ( k ) , x ^ ^ ( k ) = z ( x ( 0 ) , k) , 
A l l E A l l + A 1 2 T , A 1 2 E A 1 2 ' A 2 2 ~ A 2 2 " T A 1 2 ' a n d B l 5 B l * T ° s h ° W 
( 4 . 2 . 1 5 ) , we w i l l c o n s i d e r t h e augmented r e a c h a b i l i t y m a t r i x K E 
[K | A n B] which h a s t h e same r a n k a s K s i n c e , by t h e C a y l e y - H a m i l t o n 
n - l . _ 
Theorem, A = Z a .A . Us ing ( 4 . 2 . 6 ) , K can b e w r i t t e n a s 
i = l 1 
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K = 
< A U + A 1 2 T ) B l 
TB 1 | T ( A 1 X + A 1 2 T ) B 1 
( A n + A 1 2 T ) B x 
T ( A 1 1 + A 1 2 T ) B l 
n < A n + A 1 2 T ) B x 
T ( A U + A 1 2 T ) B x 
( 4 . 2 . 1 6 ) 
In fo rming ( 4 . 2 . 1 6 ) , we h a v e used t h e l i n e a r dependence r e l a t i o n s 
B 2 = TB and A ^ B + A 2 2 B 2 = T(A .jB + A 2 B 2 ) . From ( 4 . 2 . 1 6 ) i t i s 
s e e n t h a t t h e g e n e r a l e x p r e s s i o n f o r t h e n - r rows of t h e i t h column 
b l o c k h a s t h e form 
T ( A U + A 1 2 T ) B 1 = 0 , i e n_ ( 4 . 2 . 1 7 ) 
However, i n v i ew of t h e g e n e r a t i o n scheme used i n ( 4 . 2 . 1 6 ) , t h e l a s t 
n - r rows of t h e i t h column b l o c k can be o b t a i n e d from t h e ( i - 1 ) t h 
column b l o c k a s f o l l o w s : 
[ A 2 1 A 2 2 ] 
( A 1 1 + A 1 2 T ) 1 " 1 b 1 
T ( A 1 1 + A 1 2 T ) 1 1 B 1 
= ( A 2 1 + A 2 2 T ) ( A U + A 1 2 T ) 1 " 1 B , i e n 
( 4 . 2 . 1 8 ) 
E q u a t i n g ( 4 . 2 . 1 7 ) and ( 4 . 2 . 1 8 ) , we o b t a i n t h e f o l l o w i n g r e l a t i o n : 
( A 2 1 + A 2 2 T - T A X 1 - T A 1 2 T ) ( A i ; L + A ^ T ) 1 " 1 * = 0 , i e n ( 4 . 2 . 1 9 ) 
S i n c e t h e m a t r i x 
K E [ B 1 ( A U + A 1 2 T ) B X ( A x l + A 1 2 T ) h ± . . . ( A u + A ^ ^ ' h ^ 
h a s r a n k r , i t s columns span an r - d i m e n s i o n a l s u b s p a c e of X which c o n ­
t a i n s t h e rows of t h e m a t r i x A 2 1 E A 2 1 + A 2 2 T - T A ^ - TA^ 2 T. But t h e 
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rows of A^ a r e c o n t a i n e d i n R(K) a n d , a c c o r d i n g t o ( 4 . 2 . 1 9 ) , a r e a l s o 
o r t h o g o n a l t o R(K) which i s p o s s i b l e i f and o n l y i f A^^ = 0 . • 
I n t h e above a n a l y s i s , we o b s e r v e t h a t t h e s t a t e s u b v e c t o r 
I r 
x (k) e GF(q) and t h e s u b m a t r i x r e m a i n i n v a r i a n t u n d e r t h e a c t i o n 
of t h e s p e c i a l i somorph ism ( 4 . 2 . 1 1 ) , t h a t i s , x"^(k) = x"^(k) and 
B^ = B^. S i m i l a r l y , we s e e t h a t t h e t r a n s f o r m e d s t a t e s u b v e c t o r 
x I I ( k ) i s d i r e c t l y r e l a t e d t o t h e z e r o - i n p u t s o l u t i o n of t h e s t a t e 
e q u a t i o n of t h e o r i g i n a l LSM (A, B) s i n c e x ^ ^ ( k ) = x ^ ( k ) ~ ^ X o i ^ k ) • 
4 . 3 . S t a t e C o n t r o l l a b i l i t y of LSMs 
E a r l i e r we d e f i n e d a s t a t e c o n t r o l l a b l e LSM (A, B) a s one 
which can be d r i v e n from any i n i t i a l s t a t e x t o t h e zero state 0^ i n a 
f i n i t e number of c l o c k p e r i o d s . I n o t h e r w o r d s , an LSM (A, B) i s s t a t e 
c o n t r o l l a b l e i f and o n l y i f t h e r e e x i s t s an i n p u t s e q u e n c e u ( 0 ) u ( l ) . . , 
u ( £ - l ) e U* such t h a t 
l-l 
0V = Alx + Z A1'3'1 B u ( j ) ( 4 . 3 . 1 ) 
X j - 0 
R e w r i t i n g ( 4 . 3 . 1 ) a s 
l-l 
Alx = Z A £ " j _ 1 B [ - u ( j ) ] 
and l e t t i n g - u ( j ) ~ u ( j ) , j £ l-l, we s e e t h a t ^ . - c o n t r o l l a b i l i t y of 
t h e i n i t i a l s t a t e x r e d u c e s t o t h e ^ . - r e a c h a b i l i t y of t h e s t a t e Ax w i t h 
t h e i n p u t s e q u e n c e u ( 0 ) u ( l ) . . . u(l-l), which i m p l i e s t h a t x i s 
^ . - c o n t r o l l a b l e i f and o n l y i f 
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Alx c R([Al V A £ " 2 B , . . . , AB, B]) ( 4 . 3 . 2 ) 
S i n c e R(A^) = A^X = {A^x : x e X } , i n v iew of ( 4 . 3 . 2 ) , we can say t h a t 
t h e LSM (A, B) i s £ - s t a t e c o n t r o l l a b l e i f and o n l y i f t h e r e e x i s t s an 
i n t e g e r I such t h a t 
I l-l 1-2 R(A^) c R([A*- X B , PT Z B , . . . , AB, B]) 
Lemma 4 . 3 . 1 . Le t A : X > X be a l i n e a r map. Then R(A n ) £ 
R ( [ A n "'"B, A n 2 B , . . . , AB, B]) i f and o n l y i f t h e r e e x i s t s an i n t e g e r 
I such t h a t R(A^) £ R Q A ^ B , A ^ ~ 2 B , . . . , AB, B ] ) . 
P r o o f . I t f o l l o w s i m m e d i a t e l y from C o r o l l a r y 4 . 1 . 6 . • 
Lemma 4 . 3 . 2 . Le t A : X —-> X be a l i n e a r map. Then R(A n ) £ 
R(A 1 ) f o r a l l i n t e g e r s i < n , and R(A n ) = R(A 1 ) when i > n . 
P r o o f . S i n c e dim X = n and A i s l i n e a r , we h a v e t h e f o l l o w i n g 
c h a i n of s u b s p a c e s i n X: 
{0 X > £ . . . £ R ( A 1 + 1 ) £ R(A X ) £ . . . £ R(A 2 ) £ R(A) £ X 
where R(A 1 ) = A XX, t h e r a n g e of t h e l i n e a r map A 1 . T h e r e f o r e , 1 + 
dim R(A^"+^) < dim R(A X ) whenever R(A^ + ^) c R(A^) , t h a t i s , whenever 
t h e i n c l u s i o n i s p r o p e r . T h i s c o n c l u s i o n i m p l i e s t h a t t h e r e must b e 
i I 
an i n t e g e r ly 0 < I < n , such t h a t dim R(A ) = dim R(A ) f o r a l l 
1 > I. I n v iew of t h e f a c t t h a t f o r any s u b s p a c e s I/, W £ X, dim 1/ = 
i I 
dim OJ i m p l i e s t h a t 1/ = W, and s i n c e R(A ) £ R(A ) f o r a l l i > I, t h e n 11 11 R(A ) = R(A ) f o r a l l i > I and t h e r a n g e R(A ) of A s t o p s d e c r e a s i n g 
a t some s t e p 1=1, 1 < n . Now t h e r e s u l t f o l l o w s from Lemma 4 . 3 . 1 . • 
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Theorem 4 . 3 . 1 . The LSM (A, B) i s s t a t e c o n t r o l l a b l e i f and 
o n l y i f 
R(A n ) c R ( [ A n _ 1 B , A n " 2 B , . . . , AB, B]) 
P r o o f . I t f o l l o w s from Lemma 4 . 3 . 2 . • 
C o r o l l a r y 4 . 3 . 1 . I f t h e LSM (A, B) i s s t a t e r e a c h a b l e , t h e n 
i t i s s t a t e c o n t r o l l a b l e . 
P r o o f . I f t h e LSM (A, B) i s s t a t e r e a c h a b l e , t h e n by Theorem 
4 . 1 . 4 , R d A 1 1 " ^ , A n " 2 B , . . . , AB, B]) = X and h e n c e R(A n ) £ 
K([A B, A B , . . . , AB, B]) w h i c h , i n v i ew of Theorem 4 . 3 . 1 , i m p l i e s 
t h a t (A, B) i s s t a t e c o n t r o l l a b l e . • 
C o r o l l a r y 4 . 3 . 2 . I f t h e LSM (A, B) i s s t a t e c o n t r o l l a b l e and 
A : X y X i s an i s o m o r p h i s m , t h e n (A, B) i s s t a t e r e a c h a b l e . 
P r o o f . I f A i s an i s o m o r p h i s m , t h e n R(A n ) = R(A) = X. T h e r e ­
f o r e , i f (A, B) i s s t a t e c o n t r o l l a b l e , t h e n by Theorem 4 . 3 . 1 , R(A n ) = 
X £ R ( [ A n - 1 B , A n _ 2 B , . . . , AB, B ] ) . By Theorem 4 . 1 . 4 , 
dim R([A B, A B , . . . , A B , B ] ) = n which i m p l i e s t h a t (A, B) i s 
s t a t e r e a c h a b l e . • 
C o r o l l a r y 4 . 3 . 3 . Le t 5^ d e n o t e t h e s u b s p a c e of r e a c h a b l e 
s t a t e s and S t h e s u b s p a c e of c o n t r o l l a b l e s t a t e s of t h e LSM (A, B ) . c 
Then S ^ 5 . c — r 
C o r o l l a r y 4 . 3 . 4 . I f t h e c h a r a c t e r i s t i c m a t r i x A of t h e LSM 
(A, B) i s n - n i l p o t e n t , t h a t i s , i f A° = 0 , t h e n t h e LSM i s s t a t e c o n ­
t r o l l a b l e . 
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P r o o f . I f A n = 0 , t h e n o b v i o u s l y R(A n ) = {0^} c 
R ( [ A n - 1 B , A n ~ 2 B , . . . , AB, B]) and h e n c e by Theorem 4 . 3 . 1 , (A, B) i s 
s t a t e c o n t r o l l a b l e . • 
I t s h o u l d be p o i n t e d o u t t h a t an LSM can b e s t a t e r e a c h a b l e 
and h e n c e s t a t e c o n t r o l l a b l e w i t h t h e c h a r a c t e r i s t i c m a t r i x A b e i n g 
n e i t h e r i n v e r t i b l e nor n i l p o t e n t . For e x a m p l e , t h e LSM 
r l 0" Y 
.1 o j .0, 
o v e r G F ( 2 ) , i s s t a t e r e a c h a b l e and h e n c e s t a t e c o n t r o l l a b l e , w h i l e A 
i s n e i t h e r i n v e r t i b l e n o r 2 - n i l p o t e n t . 
I t i s i n t e r e s t i n g t o n o t e t h a t C o r o l l a r y 4 . 3 . 1 and C o r o l l a r y 
4 . 3 . 2 p o i n t o u t a s p e c i a l f e a t u r e of an LSM i n t h a t s t a t e r e a c h a b i l i t y 
and s t a t e c o n t r o l l a b i l i t y a r e n o t n e c e s s a r i l y t h e same. I n marked 
d i s t i n c t i o n t o LSMs, t h e c o n c e p t s of s t a t e r e a c h a b i l i t y and c o n t r o l l a b i l i t y 
a r e e q u i v a l e n t f o r c o n v e n t i o n a l c o n t i n u o u s - t i m e s y s t e m s r e g a r d l e s s of 
t h e i n v e r t i b i l i t y of t h e c h a r a c t e r i s t i c m a t r i x A, b e c a u s e f o r c o n t i n u o u s -
t i m e s y s t e m s t h e s t a t e t r a n s i t i o n map i s a lw ays i n v e r t i b l e and t h e s t a t e 
t r a j e c t o r y may be s o l v e d b o t h fo rward and backward i n t i m e . 
Summary and C o n c l u s i o n s 
I n t h i s c h a p t e r a c o n c i s e and f o r m a l e x p o s i t i o n of t h e c o n c e p t s 
of s t a t e r e a c h a b i l i t y and s t a t e c o n t r o l l a b i l i t y f o r LSMs, i n a s t a t e 
s p a c e s e t t i n g , was p r e s e n t e d and t h e r e l a t i o n s h i p b e t w e e n t h e s e two 
d i s t i n c t c o n c e p t s was c l e a r l y d e m o n s t r a t e d . I n a d d i t i o n , t h e u n r e a c h -
a b i l i t y p r o p e r t y of LSMs and some of i t s c o n s e q u e n c e s were i n v e s t i g a t e d . 
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I n t h i s c o n n e c t i o n , a p e c u l i a r i t y of t h e ground f i e l d w h i c h , i n c o n ­
t r a s t t o t h e c a s e of c o n v e n t i o n a l l i n e a r s y s t e m s , p r e c l u d e s a r b i t r a r y 
d e c o m p o s i t i o n of t h e s t a t e s p a c e of LSMs was p o i n t e d o u t . C o n s e q u e n t l y , 
i t was shown t h a t i n o r d e r t o be a b l e t o o b t a i n a d i r e c t sum d e c o m p o s i ­
t i o n of t h e s t a t e s p a c e i n t e r m s of s u i t a b l e c o n s t i t u e n t s u b s p a c e s f o r 
t h e p u r p o s e of d e r i v i n g t h e s o - c a l l e d u n r e a c h a b i l i t y c a n o n i c a l form 
f o r LSMs, i n g e n e r a l , an a d d i t i o n a l a s s u m p t i o n c o n c e r n i n g t h e n o n -
d e g e n e r a c y of t h e u s u a l i n n e r p r o d u c t b i l i n e a r form must be made. A 
d i f f e r e n t d e r i v a t i o n of t h e u n r e a c h a b i l i t y c a n o n i c a l form b a s e d on t h e 
l i n e a r dependence p r o p e r t y of t h e rows of t h e s t a t e r e a c h a b i l i t y 
m a t r i x of u n r e a c h a b l e LSMs was a l s o d i s c u s s e d i n d e t a i l ( c f . [ 1 ] , [ 2 ] , 
[ 2 0 ] , [ 2 1 ] , [ 2 3 ] , [ 3 7 ] , [ 4 6 ] , [ 4 8 ] , [ 4 9 ] , [ 5 8 ] , [ 6 1 ] , [ 6 6 ] , [ 8 8 ] , [ 1 0 5 ] , 
[ 1 0 7 ] , [ 1 0 9 ] , [ 1 1 4 ] , [ 1 1 8 ] ) . 
As r e p o r t e d e a r l i e r , s t a t e c o n t r o l l a b i l i t y of LSMs was i n v e s ­
t i g a t e d i n [ 2 3 ] , [ 7 5 ] , [ 1 0 5 ] , and [107] i n a r a t h e r s u p e r f i c i a l manne r . 
The c r u c i a l d i s t i n c t i o n be tween t h e c o n c e p t s of s t a t e r e a c h a b i l i t y and 
s t a t e c o n t r o l l a b i l i t y of LSMs h a s n o t been made i n any of t h e s e i n v e s ­
t i g a t i o n s . C o n s e q u e n t l y , t h i s c o n f u s i o n h a s g i v e n r i s e t o c e r t a i n 
minor and major f l aws i n some of t h e c o n c l u s i o n s of t h e s e s t u d i e s . 
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CHAPTER V 
SOME CONSEQUENCES OF STATE REACHABILITY 
I n t h i s c h a p t e r we w i l l d i s c u s s some i m p l i c a t i o n s of t h e p r o ­
p e r t y of s t a t e r e a c h a b i l i t y i n r e l a t i o n t o c a n o n i c a l forms and s t a t e 
f e e d b a c k i n LSMs. I n t h e a r e a of LSMs t h e o n l y c a n o n i c a l form t h a t 
h a s b e e n e x t e n s i v e l y used i s t h e c l a s s i c a l companion form a s s o c i a t e d 
w i t h an autonomous LSM which i s c a l l e d a linear feedback shift register 3 
and i s w i d e l y u sed f o r s e q u e n c e g e n e r a t i o n and c o d i n g . C a n o n i c a l forms 
f o r g e n e r a l nonautonomous LSMs s h o u l d f i n d a p p l i c a t i o n s i n v a r i o u s 
a r e a s such a s f e e d b a c k d e s i g n , o b s e r v e r d e s i g n , d a t a f i l t e r i n g , r e a l i ­
z a t i o n , and i d e n t i f i c a t i o n . I n t h i s and s u b s e q u e n t c h a p t e r s , we w i l l 
i n t r o d u c e a number of c a n o n i c a l and q u a s i - c a n o n i c a l r e p r e s e n t a t i o n s 
f o r LSMs and p o i n t o u t some of t h e i r a p p l i c a t i o n s . We w i l l c o n c l u d e 
t h i s c h a p t e r w i t h a d i s c u s s i o n of t h e i n t e r p l a y among s t a t e r e a c h ­
a b i l i t y , s t a t e f e e d b a c k , and c a n o n i c a l f o r m s . 
5 . 1 . C a n o n i c a l LSMs 
For t h e p u r p o s e of s t u d y i n g t h o s e p r o p e r t i e s of t h e LSM M = 
(A, B, C) which r ema in i n v a r i a n t unde r t h e a c t i o n of an i somorph i sm 
P : X — ^ X, x ( k ) | • Px(k) = x ( k ) , P e GF(n, q ) , e f f e c t i v e u s e can 
be made of t h e c o n c e p t of i s o m o r p h i c LSMs. We r e c a l l t h a t two LSMs 
M = (A, B, C) and M = (A, B, C) a r e s a i d t o b e i s o m o r p h i c i f and o n l y 
i f t h e r e e x i s t s an i somorph i sm P : X —->• X such t h a t t h e f o l l o w i n g 
d i a g r a m of homomorphisms i s c o m m u t a t i v e : 
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That i s , M = (A, B, C) = (PAP , PB, CP ) . The f a c t t h a t t h e i s o m o r ­
phism P i s a r b i t r a r y p o s e s t h e o b v i o u s p rob lem of c h o o s i n g t h i s P so 
a s t o s i m p l i f y , a s much a s p o s s i b l e , t h e s t u d y of t h e LSM of i n t e r e s t . 
T h i s p r o b l e m i s a t l e a s t p a r t i a l l y s o l v e d by i n t r o d u c i n g some " c a n o n i c a l " 
f o r m s . The b a s i c i d e a of t h i s a p p r o a c h , t h e r e f o r e , i s t o r e p l a c e M by 
M such t h a t t h e c h a r a c t e r i z i n g m a t r i c e s of M have c e r t a i n d e s i r a b l e 
s t r u c t u r e s and p r o p e r t i e s . I n o r d e r t o e x p l a i n t h i s p r o c e s s of s i m p l i ­
f i c a t i o n more p r e c i s e l y , c o n s i d e r t h e f o l l o w i n g d i ag ram of homomorphisms: 
GF(q) 
where G F ( q ) n X ^ n m ' i s t h e s e t of a l l LSMs (A, B ) , C i s a s e t of 
c a n o n i c a l f o r m s , and R i s a s u i t a b l e s e t . The r o l e s of t h e homo-
morphisms $ , y , and 6 a r e c l e a r : f o r e v e r y LSM (A, B) e GF(q) n x 
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3 d e t e r m i n e s a c o r r e s p o n d i n g c a n o n i c a l form i n C, any p r o p e r t y of t h e 
LSM (A, B) can b e d e s c r i b e d by 6 , and y i s t h e " s i m p l e r " homomorphism 
t h a t r e p l a c e s 6 . 
I n f a c t , t h i s scheme by which c a n o n i c a l forms a r e i n t r o d u c e d 
i s a s p e c i a l c a s e of a p rob l em of u n i v e r s a l i t y of u n i v e r s a l a l g e b r a 
[72] which f o r our p rob lem can b e p r e c i s e l y f o r m u l a t e d a s f o l l o w s : 
Le t d e n o t e t h e s e t of maps 6 : G F ( q ) n x ( n " h n ) — • R, (A, B) | • 
n x i 
6 ( ( A , B ) ) , such t h a t f o r e v e r y i somorph i sm r e p r e s e n t e d by P e GF(q) 
we h a v e 6((PAP \ PB)) = 6 ( ( A , B ) ) . Then our p rob lem of u n i v e r s a l i t y 
can b e s t a t e d a s f o l l o w s : F ind a s e t G and a homomorphism 3 £ W(G) 
such t h a t t h e f o l l o w i n g p r o p e r t y i s t r u e : For e v e r y s e t R and e v e r y 
homomorphism <5 E W(R) t h e r e e x i s t s e x a c t l y one homomorphism y : C — R 
such t h a t 6 = y 0 3 • 
I n o r d e r t o b e a b l e t o d i s c u s s i n more c o n c r e t e t e r m s t h e 
i m p o r t a n t c o n c e p t s of s t r u c t u r a l i n v a r i a n t s and c a n o n i c a l forms f o r 
LSMs, be low we w i l l p r o v i d e p r e c i s e d e f i n i t i o n s of t h e s e c o n c e p t s , 
and t h e n s p e c i a l i z e them i n t e r m s of c e r t a i n c l a s s e s of LSMs. We w i l l 
c l e a r l y s t a t e t h e s e t of c o n d i t i o n s which w i l l s e r v e a s unambiguous 
q u a l i f i c a t i o n s f o r an LSM r e p r e s e n t a t i o n t o b e t e rmed " c a n o n i c a l " 
which h a s f r e q u e n t l y b e e n a s o u r c e of c o n f u s i o n i n t h e l i t e r a t u r e . 
Le t E b e an e q u i v a l e n c e r e l a t i o n on a s e t S . I f T i s a n o t h e r 
s e t , a map f : S —>» T i s c a l l e d an invariant of E i f aEb i m p l i e s t h a t 
f ( a ) = f ( b ) ; i t i s c a l l e d a complete invariant f o r E when aEb i f and 
o n l y i f f ( a ) = f ( b ) . A l i s t {f , i E 1} of maps f : 5 — • T i s c a l l e d 
a complete set of invariants f o r E i f each f. i s an i n v a r i a n t f o r E and 
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t h e a s s i g n m e n t a | >• { f ^ ( a ) , f 2 ( a ) . . . , f ^ ( a ) } i s a c o m p l e t e i n v a r ­
i a n t S — x x . . . x T ^ . C l e a r l y t h e r e a lways e x i s t s a com­
p l e t e i n v a r i a n t f o r E, namely t h e p r o j e c t i o n g: S —^-S/E, where S/E 
i s t h e q u o t i e n t s p a c e of S by E [ 7 2 ] . 
A s e t of canonical forms f o r an e q u i v a l e n c e r e l a t i o n E on a 
s e t S i s a s u b s e t C of 5 such t h a t t h e r e i s t o each s e S e x a c t l y one 
c e C w i t h s E c . T h i s amounts t o r e q u i r i n g t h a t t h e p r o j e c t i o n 
g : S y S / E , r e s t r i c t e d t o C, be an i s o m o r p h i s m . 
I n o r d e r t o e x p l a i n t h e n o t i o n of i n v a r i a n t s and c a n o n i c a l 
r e p r e s e n t a t i o n s f o r LSMs, s u p p o s e t h a t t h e e l e m e n t s P of t h e g roup 
GF(n, q) a c t on t h e s e t of LSMs (A, B) a c c o r d i n g t o t h e r u l e 
(A, B) | • ( P A P " 1 , PB) = (A, B) ( 5 . 1 . 1 ) 
which i s , of c o u r s e , e q u i v a l e n t t o a change of b a s i s i n t h e s t a t e s p a c e 
X. The GF(n, q ) - o r b i t ( e q u i v a l e n c e c l a s s ) of (A, B ) , d e n o t e d by 
GF(A, B ) , i s t h e s e t of a l l LSMs ( P A P - 1 , P B ) . Now i f we can f i n d an 
e x p l i c i t and computab le s e t of i n t e g e r s , p o l y n o m i a l s , e t c . d e p e n d e n t 
on (A, B) which ( i ) a r e p r e s e r v e d unde r t h e a c t i o n of GF(n, q ) , and 
( i i ) a l l o w us t o d e c i d e w h e t h e r t h e LSMs (A, B) and (A, B) b e l o n g t o 
GF(A, B ) , t h e n t h e s e i n t e g e r s , p o l y n o m i a l s , e t c . w i l l c o n s t i t u t e a 
c o m p l e t e s e t of i n v a r i a n t s f o r GF(A, B ) . 
An e l e m e n t ( A c > B ) e GF(A, B) w i l l q u a l i f y a s a c a n o n i c a l 
form i f i t s a t i s f i e s t h e f o l l o w i n g two r e q u i r e m e n t s : ( i ) e v e r y LSM 
(A, B) of o r d e r n can be c a r r i e d t o (A , B ) by t h e r u l e ( 5 . 1 . 1 ) , 
and ( i i ) (A , B ) can be c o m p l e t e l y d e s c r i b e d by a c o m p l e t e s e t of 
i n v a r i a n t s f o r GF(A, B ) . 
9 1 
N e x t , we w i l l i n t r o d u c e and d i s c u s s an i m p o r t a n t s e t of com­
p l e t e s t r u c t u r a l i n v a r i a n t s and i t s r o l e i n t h e i n v a r i a n t d e s c r i p t i o n 
of s t a t e r e a c h a b l e LSMs i n t e r m s of a v e r y u s e f u l c a n o n i c a l form. 
I n more p r e c i s e t e r m s , we w i l l i d e n t i f y a map 3 '• { s t a t e r e a c h a b l e 
LSM (A, B) of o r d e r n} — { l i s t of p o s i t i v e i n t e g e r s } , (A, B) | 
{ n n , n 0 , . . . , n } , and show t h a t 3 i s i n d e e d a c o m p l e t e o r b i t a l 
1 2 m 
i n v a r i a n t of GF(n, q) which p r o v i d e s a c o m p l e t e p a r a m e t r i c d e s c r i p t i o n 
of t h e r e s u l t i n g c a n o n i c a l LSM. 
Suppose t h a t t h e LSM M = (A, B) i s s t a t e r e a c h a b l e , and l e t 
r a n k B = r a n k [ b 1 , b 2 , . . . , b m ] = m ( 5 . 1 . 2 ) 
C o n d i t i o n ( 5 . 1 . 2 ) i s imposed m e r e l y f o r t h e s a k e of n o t a t i o n a l s i m ­
p l i c i t y , and i s n o t an a b s o l u t e r e q u i r e m e n t f o r t h e e n s u i n g d i s c u s s i o n . 
C o n s i d e r t h e columns of t h e s t a t e r e a c h a b i l i t y m a t r i x K = [B, AB, . . . , 
A n " 4 $ ] of M = (A, B) i n t h e f o l l o w i n g o r d e r : 
i l , 2 ,m 1 2 m 2 , 1 . 2 , 2 . 2 m , . 
b , b , . . . , b ; A b , A b , . . . , A b ; A b , A b , . . . , A b ; . . . ( 5 . 1 . 3 ) 
Let 
A ( r , s ) = { A V : £m + i < rm + s ; i , I , r , s a r e p o s i t i v e i n t e g e r s } ( 5 . 1 . 4 ) 
Tha t i s , A ( r , s ) i s t h e s e t of a l l v e c t o r s which o c c u r b e f o r e 
r s 
A b i n ( 5 . 1 . 3 ) . Le t n . , i e m , d e n o t e t h e s m a l l e s t p o s i t i v e i n t e g e r 
n . - l . n . . 
such t h a t A 1 b { < A (n_ L » i ) > and A """b1 e < A(N±, i ) > . T h e r e f o r e , 
n £ » i e H» c a n D e c h a r a c t e r i z e d by t h e c o n d i t i o n 
A ' V e < A ( £ , i ) > <=^> I > N± ( 5 . 1 . 5 ) 
9 2 
Kalman [ 6 2 ] h a s shown t h a t t h e numbers n . a r e i d e n t i c a l w i t h a c e r t a i n 
1 
t y p e of c l a s s i c a l Kronecke r i n v a r i a n t s , namely t h e m i n i m a l column i n ­
d i c e s , a s s o c i a t e d w i t h t h e s i n g u l a r p e n c i l of m a t r i c e s [£I ~ A , B ] . 
The numbers n . have a l s o b e e n r e f e r r e d t o a s c o n t r o l l a b i l i t y i n d i c e s l 
i n t h e l i t e r a t u r e of l i n e a r s y s t e m s . T h e r e f o r e , we w i l l r e f e r t o n . 
I 
as t h e ith Kronecker invariant and a l s o t h e ith reachability index of 
t h e LSM ( A , B ) . F u r t h e r m o r e , l e t 
R = { A V : I < n . } ( 5 . 1 . 6 ) 
Theorem 5 . 1 . 1 . 
A ^ b 1 e <A(£, i ) n R> V£ > n , i E m ( 5 . 1 . 7 ) 
P r o o f . C o n s i d e r t h e f i r s t v e c t o r from ( 5 . 1 . 3 ) which i s n o t i n 
n 
R. T h i s v e c t o r i s n e c e s s a r i l y of t h e form A b , where n m + t < 
n t 
n t , m + t ' , f o r a l l t ' e m . But i n v iew of ( 5 . 1 . 5 ) , we have A b £ 
n 
t t 
<A(n f c , t ) > . S i n c e A b i s t h e f i r s t v e c t o r i n ( 5 . 1 . 3 ) which i s n o t 
i n R, i t f o l l o w s t h a t <A(n t » t ) > c_ R, i m p l y i n g t h a t ( 5 . 1 . 7 ) h o l d s f o r 
I = n and i = t . Now s u p p o s e t h a t ( 5 . 1 . 7 ) i s t r u e f o r e v e r y v e c t o r 
A^b"*" such t h a t £m + i < rm + s and I > n . . F u r t h e r m o r e , assume t h a t 
l 
r > n g . Then <A(£, i ) > £ < A ( r , s ) > and by t h e i n d u c t i o n h y p o t h e s i s 
A ^ b 1 £ <A( r , s ) n R> ( 5 . 1 . 8 ) 
f o r a l l A D e A ( r , s ) such t h a t $ R. O b v i o u s l y ( 5 . 1 . 7 ) h o l d s i f 
A ^ b 1 E A ( r , s ) such t h a t A ^ b 1 £ R. T h e r e f o r e , ( 5 . 1 . 8 ) i s t r u e f o r a l l 
A ^ b i E A ( r , s ) . Hence 
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< A ( r , s )> c < A ( r , s ) n R > ( 5 . 1 . 9 ) 
IT S 
S i n c e by a s s u m p t i o n r > n g , from ( 5 . 1 . 5 ) we h a v e A b £ < A ( r , s ) > . 
Thus ( 5 . 1 . 7 ) i s t r u e f o r I = r and i = s . Thus t h e theo rem i s p roved 
by i n d u c t i o n . • 
Theorem 5 . 1 . 2 . The e l e m e n t s of t h e s e t R , g i v e n by ( 5 . 1 . 6 ) , 
a r e l i n e a r l y i n d e p e n d e n t . 
P r o o f . Suppose t h a t t h e e l e m e n t s of R a r e l i n e a r l y d e p e n d e n t . 
Then t h e r e e x i s t s c a l a r s e ^ e G F ( q ) , n o t a l l z e r o , such t h a t 
n . - l 
M 3 O • 
Z Z E.PA b J = 0 ( 5 . 1 . 1 0 ) 
j = l l-l 3 L 
r s Le t A b be t h e l a s t v e c t o r from ( 5 . 1 . 3 ) such t h a t r < n - 1 and s 
e s r * °* T h e n f r ° m i t : f o l l o w s t h a t A r b S £ < A ( r , s ) > , i m p l y ­
i n g t h a t r > n which i s a c o n t r a d i c t i o n . • 
s 
Theorem 5 . 1 . 3 . The i n t e g e r s n_^, i z m, d e f i n e d by ( 5 . 1 . 5 ) , 
s a t i s f y t h e r e l a t i o n 
n , + n 0 + . . . + n = n ( 5 . 1 . 1 1 ) 
1 2 m 
P r o o f . By Theorem 5 . 1 . 1 e v e r y v e c t o r of ( 5 . 1 . 3 ) i s a l i n e a r 
c o m b i n a t i o n of t h e l e m e n t s of t h e s e t R g i v e n by ( 5 . 1 . 6 ) . On t h e o t h e r 
h a n d , s i n c e t h e LSM M = (A, B) i s r e a c h a b l e , t h e r e a r e e x a c t l y n l i n ­
e a r l y i n d e p e n d e n t v e c t o r s i n ( 5 . 1 . 3 ) . T h e r e f o r e , from Theorem 5 . 1 . 2 
which shows t h a t t h e c a r d i n a l i t y of R i s e q u a l t o n , and t h e d e f i n i ­
t i o n of R , g i v e n by ( 5 . 1 . 6 ) , we o b t a i n ( 5 . 1 . 1 1 ) . • 
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C o r o l l a r y 5 . 1 . 1 . T h e r e e x i s t s one s e t of o r d e r e d numbers 
a i j £ E 9 d e f i n e a f o r i £ m, j e i - 1 , £ e min {n^, n j ~ l ^ 
and f o r i e m, j = i , i + 1 , . . . , m; I e min {n^, n^ - 1 } , s u c h t h a t 
. - m i n { n . , n . - 1 } n . . l - l i ' j . 
A 1 b 1 = Z Z a . . „ AT) 3 
j = l £=0 
m i n { n . , n . } - l 
+ E Z a . . » A S J , i s m ( 5 . 1 . 1 2 ) 
j = i £=0 1 J £ 
where n ^ , i e m, a r e d e f i n e d by ( 5 . 1 . 5 ) . 
Theorem 5 . 1 . 4 . The numbers n . , d e f i n e d by ( 5 . 1 . 5 ) , and a . . « , 
1 i j -C 
d e f i n e d i n C o r o l l a r y 5 . 1 . 1 , r e m a i n i n v a r i a n t u n d e r t h e a c t i o n of t h e 
g roup GF(n, q) on t h e s e t of LSMs M = ( A , B) a c c o r d i n g t o t h e r u l e 
(A, B) | + ( P A P - 1 , PB) . 
P r o o f . T h i s i s o b v i o u s s i n c e n . and a . . „ a r e d e f i n e d o n l y i n 
l i j £ 
I i 
t e r m s of t h e v e c t o r s A b of ( 5 . 1 . 3 ) and c o n s e q u e n t l y i f (A, B) i s 
changed t o (PAP \ PB) , t h e n t h e v e c t o r s A^b3 w i l l b e changed t o 
A^b^ = ( P A P - 1 ) ^ P b 3 = PA^P _ 1 Pb^ = PA^b^. C l e a r l y p r e m u l t i p l i c a t i o n 
of t h e v e c t o r s i n ( 5 . 1 . 3 ) by a n o n s i n g u l a r m a t r i x P does n o t change 
t h e numbers n . and a . . f t . • 
i i j £ 
Theorem 5 . 1 . 5 . The s e t of i n v a r i a n t s { n . , a..0} i s c o m p l e t e . 
i i j £ 
I n o t h e r w o r d s , i f f o r two LSMs (A, B) and (A, B) of t h e same d imen­
s i o n t h e i n v a r i a n t s n . and c o i n c i d e , t h e n t h e r e e x i s t s an i s o -
l i j £ 
morphism P : X >- X, P e GF(n, q) , such t h a t (A, B) = ( P A P - 1 , PB) . 
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P r o o f . Le t t h e i n v a r i a n t s { n . , a . . « } and { n . , a , . , , } of t h e 1 i j £ 1 i j £ 
LSMs (A, B) and (A, B ) , r e s p e c t i v e l y , c o i n c i d e , and c o n s i d e r t h e f o l ­
lowing m a t r i c e s Q , Q e G F ( q ) n X n : 
, , ni~"-'- i o 9 n 9 ~ i 9 n - l 
Q E [ b 1 , A b 1 , . . . , A 1 b ;b ,Ab , . . . , A 1 b ; . . . , b , A b m , . . . , A m b m ] ( 5 . 1 . 1 3 ) 
~, „n - 1 ^ _ ~n - 1 ^ _ ^n - 1 ^ 
Q e [b , A b X , . . . , A 1 b ;b ,Ab , . . . , A 1 b , . . . ,b , A b m , . . . A m b m ] ( 5 . 1 . 1 4 ) 
By Theorem 5 . 1 . 2 and Theorem 5 . 1 . 3 , t h e s e m a t r i c e s a r e n o n s i n g u l a r . 
T h e r e f o r e , we can d e f i n e 
P e Q Q _ 1 ( 5 . 1 . 1 5 ) 
Thus we h a v e 
Q = PQ ( 5 . 1 . 1 6 ) 
I n v i ew of ( 5 . 1 . 1 3 ) , ( 5 . 1 . 1 4 ) , and t h e a s s u m p t i o n t h a t n . = n . and 
i i 
a . . » = a . . „ , ( 5 . 1 . 1 6 ) i s e q u i v a l e n t t o 
l J ' L I J ' t -
= P A V , j e m, I e n . - l ( 5 . 1 . 1 7 ) 
From ( 5 . 1 . 1 2 ) and from t h e s i m i l a r e q u a t i o n w r i t t e n f o r (A, B) we 
o b t a i n t h e r e l a t i o n s 
~n. , . . n . . 
A J b J = PA J b J , j e m ( 5 . 1 . 1 8 ) 
From ( 5 . 1 . 1 7 ) , f o r I = 0 , we o b t a i n B = PB. From ( 5 . 1 . 1 7 ) and ( 5 . 1 . 1 8 ) 
i t f o l l o w s t h a t 
AQ = PAQ ( 5 . 1 . 1 9 ) 
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S i n c e from ( 5 . 1 . 1 6 ) Q = P 1 Q , ( 5 . 1 . 1 9 ) g i v e s A = P A P - 1 . • 
Combining t h e above r e s u l t s , we c o n c l u d e t h a t f o r a r e a c h a b l e 
LSM M = (A, B) w i t h r a n k B = m, t h e numbers { n . , a . . „ } , where n . a r e 
l i j £ l 
d e f i n e d by ( 5 . 1 . 5 ) , and a . . „ a r e s p e c i f i e d i n C o r o l l a r y 5 . 1 . 1 , c o n s t i -
~*-3*-
t u t e a c o m p l e t e s e t of i n v a r i a n t s w i t h r e s p e c t t o t h e a c t i o n of t h e 
group GF(n, q) on (A, B) a c c o r d i n g t o t h e r u l e (A, B) | • ( P A P _ 1 , P B ) . 
Next we want t o r e l a t e t h e r e a c h a b i l i t y i n d i c e s n ^ , i e m , 
t o a p a r t i c u l a r q u a s i - c a n o n i c a l form of s t a t e r e a c h a b l e LSMs. The 
a s s u m p t i o n of r e a c h a b i l i t y i m p l i e s t h a t t h e r e a r e p r e c i s e l y n l i n e a r l y 
i n d e p e n d e n t v e c t o r s i n ( 5 . 1 . 3 ) . L e t us choose t h e s e n v e c t o r s , which 
1 2 m 
w i l l form a b a s i s f o r X, i n t h e f o l l o w i n g o r d e r : b , b , . . . , b ; 
• i l 2 A , m 2 , 1 . 2 , 2 A 2 ,m ^ ' K 1 K U ~ K 2 
Ab , Ab , . . . , Ab ; A b , A b , . . . , A b ; . . . ; A b , A b , . . . , 
A n " 4 > m . I f a v e c t o r , s ay Ab"^, i s s k i p p e d b e c a u s e of l i n e a r dependence 
on i t s p r e d e c e s s o r s , t h a t i s , on t h e v e c t o r s b \ b ^ , . . . , b m ; A b \ Ab^, 
t h e n a l l v e c t o r s of t h e form A^b , j > 2 , can a l s o be s k i p p e d b e c a u s e 
by t h e C a y l e y - H a m i l t o n Theorem t h e y a r e a l s o d e p e n d e n t on t h e p r e v i o u s 
v e c t o r s . A f t e r t h e n l i n e a r l y i n d e p e n d e n t v e c t o r s a r e chosen i n t h i s 
o r d e r , we r e a r r a n g e them a s f o l l o w s : i i n - l n o ~ l n n - l , 1 A, 1 .1 , 1 , z I . 2 , 2 ,m A ,m . m ,m , r b ,Ab , . . . , A b ;b ,Ab , . . . , A b ; . . . ; b ,Ab , . . . , A b ( 5 . 1 . 2 0 ) 
n . . 
where n . + n_ + . . . + n = n . The m v e c t o r s A x b , i e m, of ( 5 . 1 . 3 ) 
1 2 m — 
can b e e x p r e s s e d i n t e r m s of t h e b a s i s v e c t o r s ( 5 . 1 . 2 0 ) a s f o l l o w s : 
n . - l 
n . . m j . . 
A 1 b 1 = I I c . . p A S J , i e m ( 5 . 1 . 2 1 ) j = l 1=0 
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f o r a p p r o p r i a t e s c a l a r s c i ^ £ e G F ( q ) . By d i r e c t c o m p u t a t i o n , i t can 
be e a s i l y shown t h a t (A, B) h a s t h e f o l l o w i n g r e p r e s e n t a t i o n (A, B) 
w i t h r e s p e c t t o t h e b a s i s ( 5 . 1 . 2 0 ) : 
A E 
0 0 . . . 0 * 
1 0 . . . 0 * 
0 1 . . . 0 * 
0 0 1 * 
0 0 . . . 0 * 
1 0 . . . 0 * f 
o l . . . o * ! 











( 5 . 1 . 2 2 ) 
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B = ( 5 . 1 . 2 3 ) 
T h e e n t r i e s o f A m a r k e d * a r e g i v e n b y t h e c o e f f i c i e n t s c ^ j £ ° f t b e 
l i n e a r c o m b i n a t i o n ( 5 . 1 . 2 1 ) . 
T h e a b o v e r e p r e s e n t a t i o n (A , B) i s c a l l e d t h e L u e n b e r g e r 
" c a n o n i c a l " f o r m [ 7 1 ] i n t h e a r e a o f l i n e a r s y s t e m s t h e o r y . C l e a r l y 
t h e LSM ( A , B) i s n o t i n c a n o n i c a l f o r m a s i t o b v i o u s l y d o e s n o t s a t i s f y 
t h e r e q u i r e m e n t s o f a c a n o n i c a l f o r m d i s c u s s e d e a r l i e r i n t h i s s e c t i o n . 
A m o r e a p p r o p r i a t e a d j e c t i v e t o d e s c r i b e (A , B) w o u l d b e " q u a s i - c a n o n i c a l 
T h i s t y p e o f c o n f u s i o n c o n c e r n i n g t h e t e r m " c a n o n i c a l " i s r a t h e r common 
i n t h e l i t e r a t u r e o f l i n e a r s y s t e m s t h e o r y . 
H o w e v e r , t h e a b o v e q u a s i - c a n o n i c a l f o r m c a n b e e a s i l y t r a n s ­
f o r m e d t o a c a n o n i c a l f o r m v i a s t a t e f e e d b a c k h o m o m o r p h i s m s o f t h e t y p e 
( A , B) | -> (A 4- B F , B G ) , w h e r e F a n d G a r e a p p r o p r i a t e m a t r i c e s , w h i c h 
w i l l make z e r o a l l t h e * e n t r i e s o f t h e m a t r i x A. We w i l l e x p l a i n t h i s 
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p r o c e d u r e by f i r s t c o n s i d e r i n g a t r a n s p o s e d v e r s i o n of A t h r o u g h a 
new b a s i s . As a r e s u l t of t h i s me thod , we w i l l d e r i v e B r u n o v s k y ' s 
c a n o n i c a l form [15] f o r LSMs. 
i i T - 1 Le t v , i e m, j e n ^ , d e n o t e t h e rows of t h e m a t r i x P 
formed by t h e b a s i s v e c t o r s ( 5 . 1 . 2 0 ) , and w r i t e P ^ i n t e r m s of i t s 







2n 2 T 
mlT 
m2T 
mn T m 
v 
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Now l e t ^£ = ni + N2 + ' ' ' + N£» ^ E —' 
form t h e f o l l o w i n g m a t r i x : 
- 1 
P = o 
I n T 
v 
I n T 
v A 
l n l T n-l 
v A 




2n 2 T n - l 
v A 
mn T m v 
mn T m . v A 
mn T n - 1 m . m v A 
( 5 . 1 . 2 4 ) 
We want t o show t h a t t h e rows of P a r e l i n e a r l y i n d e p e n d e n t and h e n c e 
o 
c o n s t i t u t e a b a s i s f o r X . Suppose t h a t t h e rows of P q a r e l i n e a r l y 
d e p e n d e n t . Then t h e r e e x i s t s c a l a r s c _ e G F ( q ) , i e m, j e n ^ , n o t 
a l l z e r o , such t h a t 
Us ing t h e ^ t h rows of P we 
1 0 1 
n . . rr, 
m i m . T 
Z Z c . . v 1 A J = 0 ( 5 . 1 . 2 5 ) 
1=1 j = l 1 J 
Tak ing t h e i n n e r p r o d u c t of b o t h s i d e s of ( 5 . 1 . 2 5 ) w i t h b y i e l d s 
c = 0 ( 5 . 1 . 2 6 ) r n r 
i n . T 
s i n c e by t h e d e f i n i t i o n of v each t e r m i n t h e i n n e r p r o d u c t i s 
r n T n - 1 t r r 
z e r o e x c e p t t h e one i n v o l v i n g v A b which i s u n i t y . I n v iew 
of ( 5 . 1 . 2 6 ) , ( 5 . 1 . 2 5 ) can be w r i t t e n e q u i v a l e n t l y a s 
n . - l 
m I m . T ._ , 
Z Z c . .v 1 A J = 0 
i = l j - 1 ^ 
-r 
Taking t h e i n n e r p r o d u c t of b o t h s i d e s of t h i s e q u a t i o n w i t h Ab p r o ­
duces c .. = 0 . C o n t i n u i n g i n t h i s manne r , by i n d u c t i o n i t i s 
r , n - 1 J 
' r 
s e e n t h a t each c . = 0 , i e m, i e n . , which i s a c o n t r a d i c t i o n . T h e r e -
f o r e , t h e rows of P q a r e l i n e a r l y i n d e p e n d e n t . Now by d i r e c t compu ta ­
t i o n , i t i s e a s y t o s e e t h a t t h e i s o m o r p h i c LSM M = (A, B) E ( P ^ A P ^ , P Q B) 
h a s t h e f o l l o w i n g form: 
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0 1 0 
0 0 1 
• • • 
• • • 
• • • 
0 0 0 
k k k k k k 
0 1 0 
0 0 1 
• • • 
• • • 
0 0 0 
k k k 
* * * k ! * * * 
L _ _ 
* 1 k * * 
• 1 
0 1 0 . . 0 






0 0 . 
• 
. 1 
* k k k k k k k # * 1 * 
( 5 . 1 . 2 7 a ) 
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B = 
0 0 . . . 0 0 
0 0 . . . 0 0 
0 0 . . . 0 1 
( 5 . 1 . 2 7 b ) 
where t h e * e n t r i e s of t h e m a t r i x A a r e g i v e n by t h e c o e f f i c i e n t s d . 
of l i n e a r c o m b i n a t i o n s of t h e t y p e 
i n . T n . 
v A = E 
n . 
M J 
1 = 1 1=1 
JV i-i 
E d . . n V J A , i e m 13I -
I3I 
( 5 . 1 . 2 8 ) 
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I t i s o b v i o u s t h a t t h e b a s i s ( 5 . 1 . 2 4 ) and t h e c o n s t a n t s d 
i j £ 
a r e n o t u n i q u e and c o n s e q u e n t l y (A, B ) , g i v e n by ( 5 . 1 . 2 7 ) , does n o t 
c o n s t i t u t e a c o m p l e t e l y i n v a r i a n t d e s c r i p t i o n of t h e o r i g i n a l LSM 
(A, B ) . However, we can r e a d i l y s e e t h a t t h e c o n s t a n t s d £ i n A can 
be made z e r o by a p p l y i n g a f e e d b a c k law of t h e form u ( k ) = Fx(k) + 
w(k) t o t h e LSM (A, B ) , t r a n s f o r m i n g i t t o (A + BF, B ) . We a r e k e e p ­
i n g B u n a l t e r e d s i n c e i t i s a l r e a d y i n t h e d e s i r e d form. I n o r d e r t o 
p i c k a m a t r i x F e G F ( q ) m x n t o do t h e j o b , l e t f t » s e m, t e n , d e n o t e 
t h e e n t r i e s of F and o b s e r v e t h a t t h e p r o d u c t m a t r i x BF h a s t h e f o l ­
lowing form: 
f o 0 0 
n ^ t h row 
BF = 
( n ^ h ^ t h row 
n t h row 
0 0 0 0 
f f f 
11 12 13 
0 0 0 
f l n x f l , n +1 
0 0 
f m 2 f i , n 2 + i 
0 0 
0 0 0 
0 0 0 
f f f 
21 22 23 
0 0 0 
2n^ 2 , n ^ + l . 
0 0 
0 0 
f 2 n 2 f 2 , n 2 + l 
0 0 0 0 
0 0 0 
^ml *m2 *m3 
0 0 
f f mn^ m ,n^+ l 
. 0 
. f 










( 5 . 1 . 2 9 ) 
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T h e r e f o r e , i f we choose 
[ f . 1 f f . „ , . . . , f. ; f. . f. • f. ] i i i 2 i n - i , n . . + l in_ i n 1 1 2 m 
= - [ d , d 0 , . . . , d ; d , d , . . . , d._ , . . . , d . ] , i l l i l 2 i l n . i 2 1 i 2 2 i2n_ lmn 1 2 m 
l e m ( 5 . 1 . 3 0 ) 
t h e n t h e r e s u l t i n g m a t r i x A + BF w i l l h a v e p r e c i s e l y t h e form of A 
w i t h t h e * e n t r i e s e q u a l t o z e r o . S i n c e t h e above p r o c e d u r e can a l w a y s 
be e f f e c t e d u n d e r t h e s t a t e r e a c h a b i l i t y a s s u m p t i o n , i n e f f e c t i t p r o ­
v i d e s a new d e r i v a t i o n of an i m p o r t a n t c a n o n i c a l form i n i t i a l l y i n t r o ­
duced by Brunovsky [15] f o r c o n t i n u o u s - t i m e d y n a m i c a l s y s t e m s . 
We summarize t h e above r e s u l t a s a t h e o r e m . 
Theorem 5 . 1 . 6 . I f t h e LSM M = (A, B) i s r e a c h a b l e , t h e n i t 
h a s t h e f o l l o w i n g c a n o n i c a l form M = ^ c > : 
A E A, $ A„ 9 . . . © A 
c 1 2 n 
m 
B E b , $ b_ $ . . . e b 
c 1 2 n m 
( 5 . 1 . 3 1 ) 
n . x n . . n . 
where A± e GF(2) 1 1 , b e GF(2) X , i £ m 
0 1 0 . . . 0 
0 0 1 . . . 0 
0 0 0 . . . 1 
0 0 0 . . . 0 
( 5 . 1 . 3 2 ) 
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T h e r e f o r e , any s t a t e r e a c h a b l e LSM (A, B) over GF(q) i s e q u i v a l e n t t o 
t h e f o l l o w i n g m c o m p l e t e l y d e c o u p l e d submach ines o v e r G F ( 2 ) , each of 
o r d e r n ^ , i e m: 
x j i } ( k + l ) = x ^ i } ( k ) 
x ^ C k + l ) = x < i } ( k ) 
( 5 . 1 . 3 3 ) 
X ^ i ) 1 ( k - r l ) = X ( 1 ) ( k ) n . - 1 n . l l 
x ^ ^ (k+1) = w . ( k ) , i e m n . l l 
The submach ines ( 5 . 1 . 3 3 ) can b e r e a l i z e d by a p a r a l l e l a r r a y of c i r ­
c u i t s of t h e form 
F i g . 5 . 1 . 1 . Compound C i r c u i t s of an LSM i n C a n o n i c a l Form. 
The r e p r e s e n t a t i o n ( 5 . 1 . 3 1 ) i s t r u l y c a n o n i c a l s i n c e i t can be 
d e s c r i b e d c o m p l e t e l y o n l y by t h e r e a c h a b i l i t y i n d i c e s n ^ , i e m. 
The numbers n ^ , i e m, a s d e f i n e d i n ( 5 . 1 . 5 ) do n o t s a t i s f y any 
o r d e r r e l a t i o n s . However, t h e s e numbers can be r e d e f i n e d such t h a t 
t h e y can be o r d e r e d [ 1 5 ] . To s e e t h i s , l e t 
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ITQ = r a n k B 
r . = r a n k [ B , AB, A 2 B , . . . , A J B ] - r a n k [ B , AB, A 2 B , . . . , A 3 " X B ] , j e n - l 
J 
S i n c e r a n k B < m, i t i s c l e a r t h a t f o r any s t a t e r e a c h a b l e LSM (A, B) 
we have 0 < r . < m, j £ n - l , and r~ + r + . . . + r -, = n . 
j J 0 1 n - l 
A l t e r n a t i v e l y , i f we d e f i n e 
s . « . , . « » • A » A , , , , , , a 
and l e t n : — ^ ^ be t h e o r t h o g o n a l p r o j e c t i o n , t h e n t h e i n t e g e r s 
r j » j e n ~ l » c a n D e e q u i v a l e n t l y c h a r a c t e r i z e d a s f o l l o w s : 
r ^ E r a n k B 
r . E d i m ! 1 . = r a n k [II. (A J B) ] = d i m ( L . / L . . ) , j e n - l 
J J - l J J J - l 
whe re L./L. , i s t h e q u o t i e n t s p a c e of L. by L. ... S i n c e i f t h e v e c -
J J - l J J - l 
i i i s t o r A b can b e e x p r e s s e d a s a l i n e a r c o m b i n a t i o n of t h e s e t {A b , 
.. , and n - l s e m} , so can A
3 + 1 b X , i t f o l l o w s t h a t r ^ > r ^ > . . . > r 
2 
t h a t we can choose a b a s i s B of X from t h e columns of [B, AB, A B, . . . , 
A n X B] such t h a t A ^ b 1 £ 8 ==> A 3 + 1 b X £ 8 . Now i f we a s s o c i a t e a num-
. . nf . 
b e r n_T w i t h e v e r y v e c t o r b 1 such t h a t A ^ b 1 e B, j e n ^ - 1 , b u t A """b1 \. B, 
t h e n i n v iew of ( 5 . 1 . 3 1 ) , t h e numbers n ^ , i e m, a r e p r e c i s e l y t h e 
r e a c h a b i l i t y i n d i c e s of t h e LSM (A, B ) . P e r f o r m i n g an i n p u t c o o r d i n ­
a t e t r a n s f o r m a t i o n , i f n e c e s s a r y , i t i s p o s s i b l e t o have > > . . . 
> n j \ C o n s e q u e n t l y n^ i s t h e r e a c h a b i l i t y i n d e x ( D e f i n i t i o n 4 . 1 . 1 ) of 
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t h e LSM (A, B ) . F u r t h e r m o r e , from t h e above d i s c u s s i o n i t f o l l o w s 
t h a t n 7 , i e m, can be u n i q u e l y c h a r a c t e r i z e d i n t e r m s of t h e numbers 
r j » J e n ~ l > by d e f i n i n g n^ 5 number of i n t e g e r s i n t h e s e t ( r Q> r-^» 
. . . , r ., } which a r e > i , i e m. T h u s , i n v i ew of t h e f a c t t h a t n - l — 
r^ + r., + . . . + r , = n , we have n " + n^ + . . . + n " = n . 
0 1 n - l 1 2 m 
The i n v a r i a n t s n^ a l o n g w i t h a ^ j £ d e f i n e d i n C o r o l l a r y 5 . 1 . 1 , 
and t h e i r r e l a t i o n t o c a n o n i c a l forms of c o n v e n t i o n a l l i n e a r s y s t e m s 
h a v e been s t u d i e d i n d e t a i l by Popov [90] t h r o u g h u n i v e r s a l a l g e b r a i c 
m e t h o d s . For l i n e a r s y s t e m s , i n v a r i a n t s and c a n o n i c a l forms have 
a l s o b e e n i n v e s t i g a t e d i n t e r m s of c e r t a i n p o l y n o m i a l m a t r i c e s [ 1 9 ] , 
[ 5 2 ] , [ 9 6 ] , [ 9 7 ] . Us ing t h e p o l y n o m i a l r e p r e s e n t a t i o n of LSMs d i s ­
c u s s e d i n S e c t i o n 3 . 6 , and g i v i n g due c o n s i d e r a t i o n t o t h e p r o p e r t i e s 
of p o l y n o m i a l s and p o l y n o m i a l m a t r i c e s o v e r G F ( q ) [ £ ] , many r e s u l t s of 
t h e s e i n v e s t i g a t i o n s can b e s i m i l a r l y d e v e l o p e d f o r LSMs. 
I n t h e above d i s c u s s i o n , t h e c a n o n i c a l r e p r e s e n t a t i o n ( 5 . 1 . 3 1 ) 
was o b t a i n e d from t h e g i v e n LSM u n d e r two c o n s e c u t i v e t r a n s f o r m a t i o n s , 
namely s t a t e c o o r d i n a t e t r a n s f o r m a t i o n and s t a t e f e e d b a c k t r a n s f o r m a ­
t i o n . These t r a n s f o r m a t i o n s a r e s p e c i a l members of a r e l a t i v e l y more 
g e n e r a l t r a n s f o r m a t i o n g roup which can be u t i l i z e d f o r t h e s t u d y of 
i s o m o r p h i c LSMs. Here we w i l l b r i e f l y d i s c u s s t h i s p a r t i c u l a r g roup 
of t r a n s f o r m a t i o n s . 
Le t 
M = (LSM M = (A, B, C) : A : X — • X, B : U — > X, C : X — • Y} 
( 5 . 1 . 3 4 ) 
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and 
G = { ( P , F , G) : P : X — > X, P e GF(n, q) , 
F : X — ( J , F e G F ( q ) 1 1 1 X 1 1 , and 
G : U • U, G e GL(m, q) } ( 5 . 1 . 3 5 ) 
Suppose t h a t t h e e l e m e n t s of t h e c l a s s G^ a c t on t h e e l e m e n t s of t h e 
s e t M of a l l LSMs of d i m e n s i o n n a c c o r d i n g t o t h e r u l e 
(A, B, C) I • (P(A + B F ) P _ 1 , PBG, C P _ 1 ) ( 5 . 1 . 3 6 ) 
That i s , G^ i s t h e s e t of s t a t e c o o r d i n a t e , i n p u t c o o r d i n a t e , and 
s t a t e f e e d b a c k t r a n s f o r m a t i o n s . I t can b e e a s i l y shown t h a t t h e r u l e 
( 5 . 1 . 3 6 ) a s s i g n s t o G^ t h e s t r u c t u r e of a t r a n s f o r m a t i o n g roup w i t h 
i d e n t i t y : ( I , 0 , I ) n m 
inverse: ( P , - G " ' " G P - 1 , G "S 
and 
c o m p o s i t i o n r u l e : ( P ^ F 2 , G 2 ) o ( P , G±) = (?]±?2> F + G F ^ , G 1 G 2 ) 
Thus an e q u i v a l e n c e r e l a t i o n on M w i t h r e s p e c t t o G^ may b e d e f i n e d a s 
f o l l o w s : Two LSMs (A^, B^9 C^), (A 2 » B 2 » C 2 ) e M a r e s a i d t o b e G^-
e q u i v a l e n t i f and on ly i f t h e r e e x i s t s a t r i p l e ( P , F , G) e G^ such 
t h a t ( A 1 , B , C ) | * ( P ( A 2 + B ^ P - 1 , PB 2 G, G ^ P - 1 ) . The f o l l o w i n g 
two t r a n s f o r m a t i o n g r o u p s , which a r e s p e c i a l c a s e s of G^ , a r e a l s o of 
i n t e r e s t i n t h e s t u d y of i s o m o r p h i c LSMs: 
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G 2 = { ( P , 0 , I n ) : P : X — • X, P e GL(n, q)} ( 5 . 1 . 3 7 ) 
G 3 = { ( P , 0 , G) : P : X — > X, P E GL(n, q) 
G : U • U, G e GL(m, q ) } ( 5 . 1 . 3 8 ) 
C l e a r l y t h e e l e m e n t s of and G^ a c t on t h e e l e m e n t s of M a c c o r d i n g 
t o t h e r u l e s 
(A, B, C) | • ( P A P " 1 , PB, C P " 1 ) 
and 
(A, B, C) | • (PAP 1 , PBG, CP 1 ) 
Tha t i s , G 2 i s t h e group of s t a t e c o o r d i n a t e t r a n s f o r m a t i o n s and G^ i s 
t h e g roup of s t a t e c o o r d i n a t e and i n p u t c o o r d i n a t e t r a n s f o r m a t i o n s . 
The e q u i v a l e n c e r e l a t i o n s G 2 ~ e q u i v a l e n c e and G ^ - e q u i v a l e n c e can be 
d e f i n e d s i m i l a r t o G ^ - e q u i v a l e n c e . 
L a t e r i n t h e s e q u e l , we w i l l have o c c a s i o n t o examine f u r t h e r 
p r o p e r t i e s of G-^ -equ iva l ence . However, i n t h e r e m a i n d e r of t h i s s e c ­
t i o n we w i l l r e s t r i c t our a t t e n t i o n t o some c a n o n i c a l r e p r e s e n t a t i o n s 
u n d e r t h e t r a n s f o r m a t i o n g roup G^. 
One of t h e i m p o r t a n t p r o p e r t i e s of LSMs which r e m a i n s i n v a r i a n t 
unde r s t a t e i somorph i sm i s s t a t e r e a c h a b i l i t y a s shown i n t h e f o l l o w i n g 
t h e o r e m . 
I l l 
Theorem 5 . 1 . 7 . Le t P : X —-> X, x | + Px = x , P E GL(n, q) , 
be an i s o m o r p h i s m . Then t h e LSM M = (A, B) i s s t a t e r e a c h a b l e i f and 
o n l y i f t h e i s o m o r p h i c LSM M = (A, B) E (PAP X , PB) i s s t a t e r e a c h a b l e , 
P r o o f . By Theorem 4 . 1 . 4 , M i s s t a t e r e a c h a b l e i f and o n l y i f 
r a n k [ B , AB, . . . , A n ~ X B ] = n . But 
[B, AB, . . . , A n ~ X B ] = [PB, P A P " X P B , . . . , P A n " X P ~ X P B ] 
= P [ B , AB, . . . , A n ~ X B ] 
S i n c e P i s n o n s i n g u l a r , i t f o l l o w s t h a t 
r a n k [ B , AB, . . . , A n ~ X B ] = r a n k [ B , AB, . . . , A n X B] = n . • 
The s t a t e r e a c h a b i l i t y p r o p e r t y i s a l s o i n v a r i a n t unde r i n p u t 
c o o r d i n a t e t r a n s f o r m a t i o n and h e n c e u n d e r t r a n s f o r m a t i o n s of t h e form 
(A, B) | — ( P A P - 1 , PBG) , where G : U — t i , G e GL(m, q) . T h i s i s 
o b v i o u s from t h e p roof of Theorem 5 . 1 . 7 s i n c e 
r a n k [ B , AB, . . . , A n ~ X B ] = r a n k P [ B , AB, . . . , A n _ 1 B ] G 
= r a n k [ B , AB, . . . , A n " X B ] = n 
A more g e o m e t r i c p r o o f of t h e above r e s u l t i s g i v e n b e l o w . 
~ , - 1 , m - 1 j ~ X {A | R(B)} = {PAP | R(PBG)} = E (PAP ) R(PBG) 
N ' - 1 - 1 
= Z PA J P XPR(BG) 
j = l 
n . 
= P E A J R(B) = PX = X 
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s i n c e M = ( A , B) i s r e a c h a b l e , t h a t i s , s i n c e 
i n . -, 
R ( [ B , A B , . . . , A n X B ] ) = £ A J X R ( B ) = {A | R ( B ) } = X 
j = l 
T h i s r e s u l t c a n b e u t i l i z e d t o s t u d y o t h e r a s p e c t s o f m a c h i n e 
s t a t e r e a c h a b i l i t y a n d f u r t h e r r e l a t e d p r o p e r t i e s o f LSMs i n m o r e c o n ­
v e n i e n t f o r m s . F o r e x a m p l e , we may w a n t t o e m p l o y some s p e c i a l i s o ­
m o r p h i s m t o t r a n s f o r m a g i v e n LSM t o some s i m p l e r c a n o n i c a l f o r m s u c h 
a s t h e J o r d a n c a n o n i c a l f o r m o r L u e n b e r g e r q u a s i - c a n o n i c a l f o r m w h e r e 
we m i g h t o b t a i n much s i m p l e r c r i t e r i a f o r c h e c k i n g r e a c h a b i l i t y o r , 
i n c o n j u n c t i o n w i t h t h e c a p a b i l i t i e s p r o v i d e d b y s t a t e a n d / o r o u t p u t 
f e e d b a c k , we may b e a b l e t o d e s i g n e f f i c i e n t s t a t e e s t i m a t o r s o r i n v e s ­
t i g a t e n o n i n t e r a c t i o n p r o p e r t i e s . I n t h e s e q u e l we w i l l i n t r o d u c e 
s e v e r a l c a n o n i c a l f o r m s f o r LSMs a n d s t u d y t h e i r s t r u c t u r e s a n d p r o p e r ­
t i e s . H o w e v e r , f i r s t we w o u l d l i k e t o b r i e f l y s u r v e y t h e e x i s t i n g 
c a n o n i c a l f o r m s a n d t h e i r u s e i n t h e a r e a of l i n e a r s e q u e n t i a l m a c h i n e s . 
We know t h a t t h e c h a r a c t e r i s t i c m a t r i x A of a n LSM ( A , B) p l a y s 
a k e y r o l e i n d e t e r m i n i n g i t s o p e r a t i o n a l s t r u c t u r e b e c a u s e i t d e s c r i b e s 
t h e i n t e r c o n n e c t i o n s among t h e s t o r a g e d e v i c e s ( d e l a y e r s ) . T h e r e f o r e , 
i t i s n a t u r a l t o s e a r c h f o r a " m o d i f i e d " c h a r a c t e r i s t i c m a t r i x A t h a t 
w i l l h a v e c e r t a i n d e s i r a b l e a t t r i b u t e s a n d y e t b e " s i m i l a r , " i n some 
s e n s e , t o A. T h i s i s , o f c o u r s e , t h e o l d p r o b l e m of s i m i l a r i t y t r a n s ­
f o r m a t i o n s i n l i n e a r a l g e b r a , s i n c e t h e s e t r a n s f o r m a t i o n s c h a n g e t h e 
f o r m o f a m a t r i x A b u t n o t i t s c h a r a c t e r i s t i c p o l y n o m i a l w h i c h e m b o d i e s 
m o s t o f t h e e s s e n t i a l p r o p e r t i e s of A. T h i s i d e a h a s b e e n u s e d i n t h e 
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a r e a of LSMs f o r t h e p u r p o s e of d e s i g n i n g s u i t a b l e d a t a s t o r a g e i n t e r ­
c o n n e c t i o n l a y o u t s , t r a d i t i o n a l l y c a l l e d linear feedback, shift registers, 
G e n e r a l l y s p e a k i n g , a s h i f t r e g i s t e r i s a d e v i c e by means of which 
d i g i t a l i n f o r m a t i o n can b e s t o r e d t e m p o r a r i l y w h i l e — d u r i n g t h e p r o ­
c e s s i n g o p e r a t i o n — t h e i n f o r m a t i o n i s t r a n s f o r m e d from one memory 
e l e m e n t t o t h e n e x t unde r t h e c o n t r o l of a c l o c k p u l s e . In c o n n e c t i o n 
w i t h LSMs, a f e e d b a c k s h i f t r e g i s t e r i s a c i r c u i t c o n f i g u r a t i o n t h a t 
r e a l i z e s t h e companion form of t h e c h a r a c t e r i s t i c m a t r i x of an 
i n t e r n a l LSM (ILSM). That i s , a l i n e a r f e e d b a c k s h i f t r e g i s t e r (LFSR) 
i s an ILSM x ( k + l ) = Ax(k) h a v i n g any one of t h e f o l l o w i n g f o r m s : 
x 1 ( k + l ) ^ 








0 0 0 
a 0 a i a 2 n - l 
x x ( k ) 
x 2 ( k ) 
x (k) n 
( 5 . 1 . 3 9 a ) 
x 1 ( k + l ) > 






a -i a 0 a „ n - l n - 2 n - 3 
0 0 
0 0 0 
a i ao 
0 0 
1 0 
fx x (k ) l 
x 2 ( k ) 
x (k) n 
( 5 . 1 . 3 9 b ) 
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x 1 ( k + l ) 
x 2 ( k + l ) 
x (k+1) n 
0 0 0 
1 0 0 
0 0 0 
0 a. 
0 a. 
1 a n - l 
x 1 ( k ) 
x 2 ( k ) 
x n ( k ) 
( 5 . 1 . 3 9 c ) 
X ^ k + D ' 
x 2 ( k + l ) 
= 
x (k+1) 
I n J 
a 1 0 
n - l 
a . 0 1 n - 2 
a 0 0 
a Q 0 0 
fx1(k)l 
x 2(k) 
x n ( k ) 
( 5 . 1 . 3 9 d ) 
I t i s e a s i l y s e e n t h a t t h e LFSRs ( 5 . 1 . 3 9 ) h a v e t h e same char­
a c t e r i s t i c p o l y n o m i a l g i v e n by 
f (A) = ( A ) n - a ( A ) - a 9 ( A ) n " 2 - . . . - a.A - a . c n - l n - 2 1 0 
That i s , t h e companion m a t r i c e s of t h e s e s h i f t r e g i s t e r s a r e s i m i l a r 
t o one a n o t h e r and h e n c e any one of them can be t r a n s f o r m e d t o any 
o t h e r by some s u i t a b l e s i m i l a r i t y t r a n s f o r m a t i o n . 
R e a l i z a t i o n c i r c u i t s f o r t h e LFSRs ( 5 . 1 . 3 9 ) a r e shown i n 
F i g . 5 . 1 . 2 . 
(c) 
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n - 2 n - l 
4 ) — ( i H ) < ± H > - © - - D 
x (k) n 
x , ( k ) n - l x 2 ( k ) 
x 1 ( k ) 
(d) 
F i g . 5 . 1 . 2 . R e a l i z a t i o n C i r c u i t s f o r LFSRs 
The e x i s t e n c e of t h e c a n o n i c a l forms ( 5 . 1 . 3 9 ) i s g u a r a n t e e d 
by a c l a s s i c a l r e s u l t of l i n e a r a l g e b r a which we w i l l b r i e f l y d i s c u s s 
i n t e r m s of ILSMs. 
Suppose t h a t t h e endomorphism A : X — X i s c y c l i c , t h a t i s , 
t h e m i n i m a l p o l y n o m i a l f m ( A ) of A i s e q u a l t o i t s c h a r a c t e r i s t i c p o l y ­
n o m i a l f c ( A ) ( t h e m a t r i x A i s n o n d e r o g a t o r y ) o r e q u i v a l e n t l y , t h e r e 
e x i s t s a z e X such t h a t t h e v e c t o r s z , Az, A ^ z , . . . , A n ~*~z form a 
b a s i s f o r X. The v e c t o r z i s c a l l e d a ( c y c l i c ) generator f o r X 
( r e l a t i v e t o A ) . The s e t of a l l g e n e r a t o r s c o i n c i d e w i t h t h e s e t of 
v e c t o r s g ( A ) z , where g(A) e GF(q)[A] i s copr ime w i t h f (A) . 
m 
Suppose t h a t A i s c y c l i c w i t h g e n e r a t o r z , and l e t 
f m » ) = f c(A) - (A)" - a ^ C A ) " - 1 - a n _ 2 ( A ) n " 2 - . . . a,A - a Q 
( 5 . 1 . 4 0 ) 
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D e f i n i n g t h e a u x i l i a r y p o l y n o m i a l s 
f ( 0 ) ( A ) = f (A) m 
f v y ( A ) = (X) - a - a X - . . . - a n _ 1 ( X ) 
( n - l ) . _ f (X) a n _ 1 
f ( n ) ( X ) E 1 ( 5 . 1 . 4 1 ) 
i t i s e a s y t o s e e t h a t f ^ ( A ) , i e n , s a t i s f y t h e r e c u r s i o n r e l a t i o n 
X f ( l ) ( X ) = f ( l _ 1 ) ( A ) + a f ( n ) ( A ) , i e n ( 5 . 1 . 4 2 ) 
I t i s c l e a r t h a t t h e s e t of v e c t o r s 
e 1 E f ( l ) ( A ) z , i e n ( 5 . 1 . 4 3 ) 
where e^ E 0 , forms a b a s i s f o r X. From ( 5 . 1 . 4 2 ) and ( 5 . 1 . 4 3 ) we 
o b t a i n t h e f o l l o w i n g r e l a t i o n s : 
A e 1 = e 1 1 + a . - e 1 1 , i e n ( 5 . 1 . 4 4 ) l - l — 
From ( 5 . 1 . 4 4 ) i t f o l l o w s t h a t w i t h r e s p e c t t o t h e b a s i s ( 5 . 1 . 4 3 ) , t h e 
i s o m o r p h i c ILSM x ( k + l ) = Ax(k) h a s t h e companion form r e p r e s e n t a t i o n 
g i v e n by ( 5 . 1 . 3 9 a ) . That i s , i f A i s c y c l i c , t h e r e e x i s t s an i s o m o r ­
phism P : X • X such t h a t t h e i s o m o r p h i c ILSM x ( k + l ) = Ax(k) = 
( P A P _ 1 ) x ( k ) h a s t h e form ( 5 . 1 . 3 9 a ) . 
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T h i s r e s u l t can be e x t e n d e d t o t h e g e n e r a l c a s e of a n o n c y c l i c 
( d e r o g a t o r y ) ILSM i n which c a s e t h e i s o m o r p h i c ILSM h a s t h e form 




x r ( k + l ) 
i . v . 
x V ) 
x 2 ( k ) 
x r ( k ) 
( 5 . 1 . 4 5 ) 
s . x s 
where x 1 ( k ) £ GF(q) 1 and A. e GF(q) 1 , i £ a r e t h e companion 
e . 
m a t r i c e s a s s o c i a t e d w i t h t h e e l e m e n t a r y d i v i s o r s [ ^ ( A ) ] , i E r , of 
A, t h a t i s , 
A. = l 
0 1 0 . . . 0 
0 0 1 . . . 0 
0 0 0 . . . 1 
a i 0 a i l a i 2 * * i , s . - 1 
l 
, l £ r ( 5 . 1 . 4 6 ) 
f ± ( X ) 
s . s . - 1 
< A ) 1 - a i , s . - l ( X ) 1 
e e 
f c ( A ) = [ f x ( A ) ] 1 [ f 2 ( A ) ] 2 [ f r U > ] 
( 5 . 1 . 4 7 ) 
( 5 . 1 . 4 8 ) 
The m a t r i x A = A^ © A © . . . © A^ i n ( 5 . 1 . 4 5 ) i s c a l l e d t h e 
rational canonical form of A. S y s t e m a t i c p r o c e d u r e s e x i s t f o r compu t ing 
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t h e r a t i o n a l c o n o n i c a l form. V a r i a t i o n s of t h i s form i n t e r m s of 
i n v a r i a n t f a c t o r s of A and t h e Smith c a n o n i c a l form a l s o e x i s t , b u t 
w i l l n o t be c o n s i d e r e d h e r e . 
The p r e c e d i n g r e s u l t shows t h a t e v e r y a r b i t r a r y ILSM i s 
i s o m o r p h i c t o an ILSM t h a t i s composed e n t i r e l y of u n c o u p l e d LFSRs. 
T h e r e f o r e , t h e p rob lem of a n a l y z i n g t h e s t a t e b e h a v i o r of a r b i t r a r y 
ILSMs r e d u c e s t o i n v e s t i g a t i n g LFSRs which have much s i m p l e r s t r u c t u r e 
and l e a d t o e f f i c i e n t and e c o n o m i c a l s y n t h e s i s and p a r t i c u l a r l y s i m p l e 
p h y s i c a l r e a l i z a t i o n . 
The c l a s s i c a l c a n o n i c a l form h a s a l s o been used f o r t h e p u r ­
p o s e of i n v e s t i g a t i n g c e r t a i n a s p e c t s of LSMs [ 4 9 ] . I f an ILSM i s 
c y c l i c and i t s min ima l p o l y n o m i a l can b e e x p r e s s e d a s f (A) = [f(A)] , 
m 
where f(A) i s an i r r e d u c i b l e p o l y n i m i a l , t h e n t h e i s o m o r p h i c ILSM 
h a s t h e f o l l o w i n g hyper companion form: 
r x 1 ( k + l ) rQ R 
i 2 ( k + l ) Q R x 2 ( k ) 
x e " 1 ( k + l ) Q R x ^ C k ) 
x e ( k + l ) j ^ e ( k ) t 
( 5 . 1 . 4 9 ) 
where Q e GF(q) i s t h e companion m a t r i x of f(A), and R e GF(2) 
I = deg f(A), h a s t h e f o l l o w i n g form: 
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R = 
0 0 . . . 0 
0 0 . . . 0 
0 0 . . . 0 
1 0 . . . 0 
( 5 . 1 . 5 0 ) 
On t h e o t h e r h a n d , i f A i s c y c l i c and i t s min ima l p o l y n o m i a l 
can be e x p r e s s e d a s ( 5 . 1 . 4 8 ) , t h e n t h e i s o m o r p h i c ILSM h a s t h e form 
x (k+1) 
x (k+1) 
x r ( k + l ) 
x V ) 
x 2 ( k ) 
x r ( k ) 
( 5 . 1 . 5 1 ) 
where 
Q i R l 
Q. R. 
i i 
, i e r ( 5 . 1 . 5 2 ) 
Q. R. 
l I 
s . x s . 
Q. e GF(q) a p p e a r s e^ t i m e s and i s t h e companion m a t r i x of f . ( A ) 
s . x s . 1 
h a v i n g t h e form ( 5 . 1 . 4 6 ) , R e GF(q) 1 1 h a s t h e form ( 5 . 1 . 5 0 ) , and 
s± = deg f (A) , i e r . 
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A r e a l i z a t i o n c i r c u i t f o r t h e i n t e r n a l submachine x (k+1) = 
A ^ x 1 ( k ) would c o n s i s t of an a s s e m b l a g e of weak ly c o u p l e d LFSRs. 
C l e a r l y ( 5 . 1 . 5 1 ) c o n s i s t s of r u n c o u p l e d a s s e m b l a g e s of t h i s t y p e . 
The above d i s c u s s i o n j u s t a b o u t e x h a u s t s t h e number of c a n o n i ­
c a l forms t h a t h a v e been used i n t h e a r e a of LSMs. I t i s e v i d e n t t h a t 
t h e f e e d b a c k s h i f t r e g i s t e r c o n s t i t u t e s t h e b u i l d i n g b l o c k i n a l l of 
t h e s e c a n o n i c a l s t r u c t u r e s i n t h e s e n s e t h a t i n each c a s e t h e i s o m o r p h i c 
ILSM i s an a s s e m b l a g e of u n c o u p l e d o r weak ly c o u p l e d LFSRs. As p o i n t e d 
o u t e a r l i e r , some of t h e j u s t i f i c a t i o n s f o r c h o o s i n g LFSRs a s t h e c e n ­
t r a l and e l e m e n t a l components have t o do w i t h t h e i r s t r u c t u r a l s i m ­
p l i c i t y , economy and e f f i c i e n c y i n s y n t h e s i s , d e s i g n , and p h y s i c a l 
r e a l i z a t i o n a s p e c t s . However, t h e r e e x i s t o t h e r c a n o n i c a l forms such 
a s t h e J o r d a n c a n o n i c a l form, L u e n b e r g e r q u a s i - c a n o n i c a l form, 
Brunovsky c a n o n i c a l form, and so f o r t h , which may be u s e d t o c o n s t r u c t 
LFSRs. I t i s c o n c e i v a b l e t h a t some of t h e s e LFSRs m i g h t p r o v e t o be 
f u n c t i o n a l l y s u p e r i o r i n c e r t a i n d i g i t a l t a s k s t o t h o s e b a s e d on t h e 
companion fo rms . From t h e r e l a t e d l i t e r a t u r e i t a p p e a r s t h a t no com­
p a r a t i v e i n v e s t i g a t i o n h a s e v e r b e e n pe r fo rmed i n t h i s a r e a of ILSMs. 
We a l s o o b s e r v e t h a t i n t h e above d i s c u s s i o n of c a n o n i c a l ILSMs, t h e 
i n p u t e l e m e n t i s c o n s p i c u o u s l y m i s s i n g which l e a d s u s t o t h e c o n c l u s i o n 
t h a t c o n t r o l - t h e o r e t i c c o n c e p t s have n o t been u t i l i z e d i n c o n j u n c t i o n 
w i t h t h e c a n o n i c a l s t r u c t u r e s . 
I n t h e s e q u e l we w i l l i n t r o d u c e some a d d i t i o n a l c a n o n i c a l 
f o r m s , i n t h e p r e s e n c e of t h e i n p u t e l e m e n t , whose s t r u c t u r e and 
r e a l i z a t i o n w i l l be b a s e d on t h e c o n c e p t of s t a t e r e a c h a b i l i t y . 
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5 . 2 . S t a t e R e a c h a b i l i t y and C a n o n i c a l LSMs 
I n t h i s s e c t i o n , we w i l l f i r s t l o o k a t some of t h e companion 
forms from a d i f f e r e n t p o i n t of v i ew and t h e n d i s c u s s t h e L u e n b e r g e r 
q u a s i - c a n o n i c a l forms whose s t r u c t u r e s a r e b a s e d on t h e r e a c h a b i l i t y 
p r o p e r t y of LSMs. The J o r d a n c a n o n i c a l form w i l l b e c o n s i d e r e d l a t e r 
i n t h e s e q u e l . 
F i r s t , we c o n s i d e r t h e s i n g l e - i n p u t LSM M^ = (A, b) and assume 
t h a t u n d e r t h e i somorph i sm P : X r X, i t h a s been t r a n s f o r m e d t o 
t h e i s o m o r p h i c LSM M = (A, b) = ( P _ 1 A P , P _ 1 b ) . I f and K d e n o t e 
t h e r e a c h a b i l i t y m a t r i c e s of M^ and M^, r e s p e c t i v e l y , t h e n 
K x = [ b , A b , . . . , An~^"b] = P _ 1 [ b , A b , . . . , A n _ 1 b ] = P " 1 ^ 
( 5 . 2 . 1 ) 
I f we assume t h a t M^ i s r e a c h a b l e , t h e n by C o r o l l a r y 4 . 1 . 1 , and i n 
v iew of ( 5 . 2 . 1 ) , a r e n o n s i n g u l a r . Hence P can b e w r i t t e n a s 
V l 1 ( 5 . 2 . 2 ) 
Now u s i n g t h i s p a r t i c u l a r i s o m o r p h i s m , we can show t h a t M^ = (A, b) 
t a k e s t h e f o l l o w i n g c a n o n i c a l form: 
r x x ( k + l ) 'o 1 . . . 0 x 1(k) 
x 2 ( k + l ) 0 1 . 
• • 
• • 
. . 0 x 2 ( k ) 
+ 
0 
£ ( k + 1 ) n - l 0 0 . . 1 0 
x ( k + 1 ) n a o a i • • a 1 
n - l 
x n ( k ) 
>. J 
I 
u ( k ) ( 5 . 2 . 3 ) 
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where f (A) = (A)n - a , (A)11"1 c n - l 
i s t i c p o l y n o m i a l of A. 
âA - a^ i s t h e c h a r a c t e r -
Assuming t h a t h a s t h e form g i v e n by ( 5 . 2 . 3 ) , we can d i r e c t l y 
c a l c u l a t e and o b t a i n 
K x = [ b , A b , . 
T n - 1 ~ , , A b ] = 
0 0 0 
0 0 0 
0 0 0 
0 0 1 
0 1 e. 
1 e± e 2 
' n - 3 
' n - 2 
' n - l 
( 5 . 2 . 4 ) 
where 
j - l 
e . = Z a . ,e. . .., j e n - l ; e = 1 j i=o n~ J~ — 
and 
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which can b e v e r i f i e d by d i r e c t m u l t i p l i c a t i o n , L K ^ = I . T h e r e f o r e , 
1 1 n 
t h e LSMs M^ and M^ a r e r e l a t e d t o each o t h e r by t h e r e l a t i o n x | >• P x , 
where P = K,K, I f we l e t t h e v e c t o r s v . , i e n , d e n o t e t h e columns 
1 1 l — 
of P , we g e t 
v = b 
11-1 A 1 , 
v = Ab - a ..b n - l 
v n 2 = A 2 b - a .Ab - a ,b /r o *\ n - l n - 2 ( 5 . 2 . 6 ) 
1 A n - L . n - 2 v = A D - a 1 b - . . . - a_,b n - l 1 
From ( 5 . 2 . 6 ) i t i s s e e n t h a t t h e f o l l o w i n g r e c u r s i v e r e l a t i o n h o l d s : 
A v 1 = v 1 " 1 + a ± _ 1 v T i y i = 2 , 3 , . . . , n ( 5 . 2 . 7 ) 
Using t h e above a n a l y s i s , we a r e now i n a p o s i t i o n t o show t h a t M^ 
i n d e e d h a s t h e form g i v e n by ( 5 . 2 . 3 ) . To t h i s e n d , l e t us c o n s i d e r 
- 1 ~ - 1 ~ - l - 1 iT t h e m a t r i x P AP = K^K AK^K , and d e n o t e t h e rows of P by w , 
i e n . Then f o r i e n and j e n - l , t h e ( i , j ) e n t r y (P "''AP)^ 
of P ''"AP i s g i v e n by 
( P " ^ ) ^ = w ± T ( A v j ) = w i T ( v j _ 1 + a iV1) 
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T h e r e f o r e , 
i f i = j - l 
I 
( P _ 1 A P ) . . = < a . , i f i = n 
i j I J - l 
0 o t h e r w i s e 
T h i s shows t h a t t h e l a s t n - l columns of P "*"AP h a v e p r e c i s e l y t h e form 
c l a i m e d i n ( 5 . 2 . 3 ) . To d e t e r m i n e t h e f i r s t co lumn, we o b s e r v e from 
( 5 . 2 . 6 ) t h a t 
Av"*" = (A n - a ..A n - . . . - a_.A)b = a^b = a „ v n n—1 1 U U 
s i n c e a c c o r d i n g t o t h e C a y l e y - H a m i l t o n Theorem, f c ( A ) = 0 . Thus we 
have f o r i e n 
, i T / 1. iT n 
i l = W = a 0 W V 
a^ i f i = n 
0 o t h e r w i s e 
S i m i l a r l y , i t can b e shown t h a t b E P "*"b h a s t h e r e q u i r e d fo rm. 
A n o t h e r way of showing t h a t t h e i s o m o r p h i c LSM M^ h a s t h e 
c a n o n i c a l form g i v e n by ( 5 . 2 . 3 ) i s t o c o n s i d e r t h e columns v 1 , i e n , 
of P = K j K 2 ^ > g i v e n by ( 5 . 2 . 6 ) , a s a new b a s i s f o r X, and t h e n d e t e r ­
mine t h e r e p r e s e n t a t i o n of t h e o r i g i n a l LSM M^ = (A, b) w i t h r e s p e c t 
t o t h i s new b a s i s . We would l i k e t o b r i e f l y d i s c u s s t h i s a p p r o a c h 
s i n c e i t can be g e n e r a l i z e d t o t h e c a s e of m u l t i - i n p u t LSMs. I n o r d e r 
t o a c c o m p l i s h t h i s , o b s e r v e t h a t from ( 5 . 2 . 6 ) and ( 5 . 2 . 7 ) we h a v e 
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A v 1 = ( A n - a 1 A n l - . . . - a 1 A - a_I )b + a b n - l 1 0 n 0 
n _ 1 2 n . 
a Q b = a Q v = [v , v , . . . , v J 
' 1 * 
2 1 , n _ 1 2 n . Av = v + a - j V = [v , v , . . . , v J 
A n n - l , n r 1 2 n , Av = v + a -.v = Lv , v , . . . , v ] n - l 
n - l 
and 
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u n r 1 2 b = v = [v , v , . 
T h i s shows t h a t t h e LSM M^ = (A, b) h a s t h e d e s i r e d r e p r e s e n t a t i o n 
. , i i . r 1 2 n-. w i t h r e s p e c t t o t h e new b a s i s {v , v , . . . , v >. 
However , i f i n s t e a d of P = K^K ^ we choose P = K , t h e n i t i s 
c l e a r t h a t 
b = [ b , A b , . . . , A n h] 
, 0 , 
P - X b = 
S i m i l a r l y , i t i s e a s y t o s e e t h a t 
A(A\) = P e 1 + 2 , i e n - 2 
where e? i s a v e c t o r w i t h 1 i n t h e j t h p o s i t i o n and z e r o s e v e r y w h e r e 
e l s e , and 
A ( A n - 1 b ) = P 
n - l 
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by t h e C a y l e y - H a m i l t o n Theorem. T h e r e f o r e , t h e LSM M 1 = (A, b) h a s 
t h e f o l l o w i n g i s o m o r p h i c r e p r e s e n t a t i o n w i t h r e s p e c t t o t h e b a s i s 
{b , Ab, A 2 b , . . . , A n _ 1 > : 
x 1 ( k + l ) ' 
r 
x 2 ( k + l ) 
x 3 ( k + l ) = 
x (k+1) n 
V. J 
0 0 . . . a 0 
1 0 . . . a. 
0 1 . . . a, 
0 0 . . . a n - l 
f x x ( k ) ] 
x 2 ( k ) 
x 3 ( k ) 
x (k) 
n 
+ u ( k ) ( 5 . 2 . 8 ) 
We summarize t h e above r e s u l t s i n t h e f o l l o w i n g t h e o r e m . 
Theorem 5 . 2 . 1 . Suppose t h a t t h e s i n g l e - i n p u t LSM M^ = (A, b) 
i s s t a t e r e a c h a b l e w i t h r e a c h a b i l i t y m a t r i x = [ b , Ab, . . . , A n ^b] 
and c h a r a c t e r i s t i c p o l y n o m i a l ^ = - an-i^^U ^ . . - a^X -
a^ . Then u n d e r t h e i somorph i sm P ^ = (K^K " S ^ : X > X, x | > P "'"x 
= x , where K = [ b , A b , . . . , A n _ 1 b ] , A = P _ 1 A P , and b = P _ 1 b , t h e 
i s o m o r p h i c LSM M^ = (A, b) h a s t h e c a n o n i c a l form g i v e n by ( 5 . 2 . 3 ) ; and 
u n d e r t h e i somorph i sm P = K^, t h e i s o m o r p h i c LSM M^ = (A, b) h a s t h e 
c a n o n i c a l form g i v e n by ( 5 . 2 . 8 ) . I f t h e o r i g i n a l LSM M^ i s n o t s t a t e 
r e a c h a b l e , t h e n no such i somorph i sms e x i s t . 
I n t h e r e m a i n d e r of t h i s s e c t i o n we w i l l c o n s i d e r t h e c a s e of 
m u l t i - i n p u t LSMs M = (A, B ) . I n d e r i v i n g t h e c a n o n i c a l forms ( 5 . 2 . 3 ) 
and ( 5 . 2 . 8 ) f o r t h e s i n g l e - i n p u t LSM M^ = (A, b ) , we chose t h e s t a t e 
i somorph i sm P t o be K^K ^ and K^, r e s p e c t i v e l y . S i m i l a r s t a t e i s o m o r -
phs ims may be used f o r t h e p u r p o s e of i d e n t i f y i n g c e r t a i n m u l t i v a r i a b l e 
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mach ine c a n o n i c a l f o r m s . However, s i n c e t h e r e a c h a b i l i t y m a t r i x K = 
[B, AB, . . . , A n "'"B] of t h e m u l t i v a r i a b l e LSM M = (A, B) i s n o t s q u a r e , 
t h e r e l a t i o n K = P - 1 K , t h e e q u i v a l e n t of VL = P " 1 ^ f o r M 1 = (A, b) 
~ T - I T 
g i v e n by ( 5 . 2 . 1 ) , can no l o n g e r be u s e d . But s i n c e KK = P KK , P = 
T ~ T - 1 
KK (KK ) can b e used a s a v a l i d s t a t e i s o m o r p h i s m . However , we w i l l 
n o t p u r s u e t h i s p a r t i c u l a r a p p r o a c h b u t i n s t e a d u t i l i z e t h e r a n k c o n ­
d i t i o n of t h e m a t r i x K unde r t h e a s s u m p t i o n of s t a t e r e a c h a b i l i t y of 
M = (A, B) and choose d i f f e r e n t b a s e s from t h e columns of K which w i l l 
r e s u l t i n t o d i f f e r e n t q u a s i - c a n o n i c a l forms f o r M. These w i l l be c a l l e d 
t h e L u e n b e r g e r q u a s i - c a n o n i c a l forms f o r LSMs. T h i s a p p r o a c h i s some­
what s i m i l a r t o t h e one used f o r t h e c a s e of M^ = (A, b) by c h o o s i n g P = K r 
K a s 
Le t b 1 , i e m, d e n o t e t h e columns of t h e m a t r i x B and r e w r i t e 
v r u 1 , 2 ,m 1 2 m . n - l 1 n - l 2 . n - L m . K = [b , b , . . . , b , Ab , Ab , . . . , Ab , . . . , A b , A b , . . . , A b ] 
( 5 . 2 . 9 ) 
F u r t h e r m o r e , assume t h a t t h e LSM M = (A, B) i s s t a t e r e a c h a b l e . T h e r e ­
f o r e , t h e r e a r e n l i n e a r l y i n d e p e n d e n t columns i n K. S i n c e K h a s a 
t o t a l of mn c o l u m n s , n l i n e a r l y i n d e p e n d e n t columns can be s e l e c t e d i n 
many d i f f e r e n t ways , g i v i n g r i s e t o d i f f e r e n t q u a s i - c a n o n i c a l f o r m s . 
Two such q u a s i - c a n o n i c a l forms were d i s c u s s e d i n d e t a i l i n S e c t i o n 5 . 1 , 
and a r e g i v e n by ( 5 . 1 . 2 2 ) - ( 5 . 1 . 2 3 ) and ( 5 . 1 . 2 7 ) . H e r e , we w i l l employ 
a d i f f e r e n t scheme f o r c h o o s i n g t h e n l i n e a r l y i n d e p e n d e n t columns of K 
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and c o n s e q u e n t l y d e r i v e a n o t h e r q u a s i - c a n o n i c a l form f o r LSMs. I n 
c o n s t r a s t t o t h e d i s c u s s i o n of c a n o n i c a l forms i n S e c t i o n 5 . 1 , h e r e 
no a s s u m p t i o n i s made a b o u t t h e r a n k of t h e m a t r i x B. 
For t h e p u r p o s e of s e l e c t i n g a b a s i s f o r X from t h e columns 
of K, we s t a r t w i t h t h e v e c t o r b"^ ( t h e f i r s t column of B) and p r o c e e d 
1 2 1 n i ~ 1 1 t o Ab , A b , . . . , u n t i l e i t h e r A b i s chosen i n which c a s e t h e 
machine i s r e a c h a b l e by t h e f i r s t i n p u t a l o n e , o r u n t i l a dependency 
n i 1 
a r i s e s , t h a t i s , u n t i l A b can be e x p r e s s e d a s a l i n e a r c o m b i n a t i o n 
1 1 V 1 1 of b , Ab , . . . , A b . I f more i n d e p e n d e n t v e c t o r s a r e r e q u i r e d , 
2 2 2 2 we s e l e c t b ( t h e second column of B ) , Ab , A b , . . . , u n t i l a d e p e n -
n 2 2 
dency a r i s e s , t h a t i s , u n t i l A b can be e x p r e s s e d a s a l i n e a r com-
2 2 n 2 ~ 1 2 b i n a t i o n of b , Ab , . . . , A b . I f n^ + < n , we p r o c e e d t o 
3 3 n 3 ~ 1 3 b , Ab , . . . , A b , and so f o r t h , u n t i l n l i n e a r l y i n d e p e n d e n t 
v e c t o r s a r e o b t a i n e d . Assume t h a t t h i s p r o c e d u r e y i e l d s t h e f o l l o w i n g 
s e t of v e c t o r s : 
{ b \ A b \ . . . , A ^ b^~; b 2 , A b 2 , . . . , A 2 b 2 ; . . . ; b 2 , A b 2 , . . . , A s b S } 
( 5 . 2 . 1 0 ) 
Now i f t h e s t a t e i somorph i sm P : X > X, x |—-> P ~̂ x = x , i s c h o s e n t o 
c o n s i s t of t h e v e c t o r s ( 5 . 2 . 1 0 ) , t h e n i t can be e a s i l y v e r i f i e d t h a t 
t h e i s o m o r p h i c LSM M = (A, B) = ( P - 1 A P , P _ 1 B ) h a s t h e form g i v e n by 
( 5 . 2 . 1 1 ) i n which t h e * e n t r i e s r e p r e s e n t p o s s i b l y n o n z e r o e l e m e n t s . 
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0 0 0 . . . 0 * 
1 0 0 . . . 0 * 
0 1 0 . . . 0 * 
0 0 0 . . . 1 * 
( n 1 x n 1 ) 0 0 0 
1 0 0 




0 0 0 . . . 1 * 
I + — 
( n 2 x n 2 ) 
0 0 0 
1 0 0 




0 0 0 . . . 1 * 
(n x n ) s s 
( 5 . 2 . 1 1 a ) 
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' l 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 1 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 





~s+ l ~s+2 b D . b m ( 5 . 2 . 1 1 b ) 
5 . 3 . S t a t e R e a c h a b i l i t y and Feedback 
L i n e a r s t a t e v a r i a b l e f e e d b a c k i s of f u n d a m e n t a l i m p o r t a n c e i n 
many a s p e c t s of t h e s y n t h e s i s o r d e s i g n of c o m p e n s a t i o n schemes f o r 
LSMs. The i m p o r t a n t r o l e of f e e d b a c k i n c e r t a i n a r e a s of l i n e a r 
mach ine d e s i g n and b e h a v i o r w i l l be d i s c u s s e d i n more d e t a i l i n t h e 
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s e q u e l . However, i n t h i s s e c t i o n we w i l l r e s t r i c t o u t a t t e n t i o n t o a 
b r i e f p r e s e n t a t i o n of some i n t e r r e l a t i o n s h i p s among s t a t e r e a c h a b i l i t y , 
s t a t e f e e d b a c k , and " p o l e s h i f t i n g . " 
Theorem 5 . 3 . 1 . C o n s i d e r t h e LSM M = (A, B ) . I n t r o d u c i n g t h e 
memory l e s s s t a t e f e e d b a c k law u ( k ) = F x ( k ) + Gw(k) , where F : X — U 
i s a s t a t e f e e d b a c k map, G : U —U i s an i s o m o r p h i s m , and w(k) z G F ( q ) m 
i s a new e x t e r n a l i n p u t , t h e LSM M i s t r a n s f o r m e d t o t h e LSM M E (A + BF, 
BG) . Then M i s s t a t e r e a c h a b l e i f and o n l y i f M i s s t a t e r e a c h a b l e . 
Tha t i s , t h e p r o p e r t y of s t a t e r e a c h a b i l i t y f o r LSMs i s i n v a r i a n t u n d e r 
s t a t e f e e d b a c k t r a n s f o r m a t i o n . 
P r o o f . Le t K and K d e n o t e t h e r e a c h a b i l i t y m a t r i c e s of M and 
M, r e s p e c t i v e l y . Tha t i s , K E [B, AB, . . . , A n - 1 B ] and K = [BG, 
(A + BF)BG,. . . , (A + B F ) n ~ 1 B G ] . Suppose t h a t M i s s t a t e r e a c h a b l e 
b u t M i s n o t . Then r a n k K = n and r a n k K < n . T h e r e f o r e , t h e r e e x i s t s 
n T— 
a n o n z e r o v e c t o r v e GF(q) such t h a t v K = 0 which i m p l i e s t h a t 
v T ( A + BF) 1BG = 0 , i e n - l ( 5 . 3 . 1 ) 
S i n c e G i s n o n s i n g u l a r , ( 5 . 3 . 1 ) r e d u c e s t o 
v T ( A + B F ^ B = 0 , i e nj-1 ( 5 . 3 . 2 ) 
From ( 5 . 3 . 2 ) i t f o l l o w s t h a t v T A X BG = 0 , i e n - l , t h a t i s , v T [ B , AB, 
. . . , A n X B] = 0 , which i s a c o n t r a d i c t i o n s i n c e t h e rows of K a r e 
l i n e a r l y i n d e p e n d e n t . C o n v e r s e l y , assume t h a t M i s n o t s t a t e r e a c h a b l e 
b u t M i s . Then t h e r e e x i s t s a n o n z e r o v e c t o r v e G F ( q ) n such t h a t 
T T i v K = 0 . T h i s i m p l i e s t h a t v A B = 0 , i e n - l , which i s e q u i v a l e n t 
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T i t o v A BG = 0 , i e n - l . From t h i s l a s t s e t of r e l a t i o n s i t f o l l o w s 
T i T 
t h a t v (A + BF) BG = 0 , i e n - l , t h a t i s , v K = 0 , which i s a c o n t r a ­
d i c t i o n . • 
I f we u s e t h e e q u i v a l e n t e x p r e s s i o n 
{A | R(B)} E R(B) + AR(B) + A 2 R(B) + . . . + A n _ 1 R ( B ) 
f o r R(K) , t h e n an a l t e r n a t i v e and more e l e g a n t p roof f o r t h e above 
A 
t heo rem can b e g i v e n a s f o l l o w s . L e t t i n g A E A + BF and n o t i n g t h a t 
f o r any W C X, (A + BF)W C AW + R ( B ) , and R(BG) = R ( B ) , we have 
A A A 
{A + BF I R(B)} = (A | R(B)} = R(B) + AR(B) + . . . + A R(B) 
A A A A 
= R(B) + A(R(B) + A(R(B) + A ( . . . (R(B) + AR(B) ) . . . ) 
C R(B) + AR(B) + A 2 R(B) + . . . + A ^ ^ C B ) 
E {A | R(B)} 
S i n c e t h e above i n c l u s i o n h o l d s f o r a l l A, B, and F , i f we R E P L A C E F 
by - F and t h e n A by A + BF, we o b t a i n t h e r e v e r s e i n c l u s i o n {A | R(B)} 
C {A + BF | R ( B ) } . Hence (A + BF | R(B)} = {A | R ( B ) } . • 
Theorem 5 . 3 . 2 . I f t h e s i n g l e - i n p u t LSM = (A, b) i s s t a t e 
r e a c h a b l e , t h e n t h e r e e x i s t s a v e c t o r v e G F ( q ) n such t h a t t h e c h a r a c -
T 
t e r i s t i c p o l y n o m i a l of t h e LSM (A + bv , b) h a s an a r b i t r a r y p r e a s s i g n e d 
form. 
P r o o f . S i n c e M^ i s s t a t e r e a c h a b l e , by Theorem 5 . 2 . 1 , t h e r e 
e x i s t s an i somorph i sm P : X y X such t h a t t h e i s o m o r p h i c LSM M^ = 
(A, b) E ( P _ 1 A P , P _ 1 b ) h a s t h e form 
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fO 1 0 . . . 0 ] 
0 0 1 . . . 0 
( 
O O O 
a 0 a l a 2 n - l 1 
where f (A) = (A) c a (A)
n
 1 - a 0(A) n - l n - 2 
c h a r a c t e r i s t i c p o l y n o m i a l of A. I f v 
a r b i t r a r y v e c t o r , t h e n 
n - 2 
( v x , v 2 , 
- âA - a^ i s t h e 
. , v ) i s an n 
fO 1 0 
0 0 1 
A + bv = 
0 0 0 
d 0 d l d 2 
. . 0 
. . 0 
. . 1 
. . d n - l 
w i t h c h a r a c t e r i s t i c p o l y n o m i a l f (A) = (A)n - d ,(A)n 1 - . . . - d_,A 
c n - l 1 
- d^, where d . E a . + v . . , , i e n - l . Now i t i s o b v i o u s t h a t we can 
0 i i l + l — 
choose a . + v . , , , i e n - l , t o match t h e c o e f f i c i e n t s of t h e p r e a s s i g n e d l l + l 
c h a r a c t e r i s t i c p o l y n o m i a l . • 
Theorem 5 . 3 . 3 . I f M = (A, B) i s a s t a t e r e a c h a b l e LSM, t h e n 
t h e r e e x i s t s a f e e d b a c k homomorphism F : X >- U and a v e c t o r b e GF(q ) 1 
such t h a t t h e LSM M = (A + BF, b) i s r e a c h a b l e and b e R ( B ) . 
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P r o o f . S i n c e M i s r e a c h a b l e , t h e r e a c h a b i l i t y m a t r i x K = 
n~ 1 
[B, AB, . . . , A B] h a s r a n k n . C o n s e q u e n t l y , t h e r e a r e n l i n e a r l y 
i n d e p e n d e n t column v e c t o r s i n K. We choose t h e s e l i n e a r l y i n d e p e n d e n t 
column v e c t o r s a c c o r d i n g t o t h e scheme t h a t l e d t o ( 5 . 2 . 1 0 ) , and l e t 
1 1 n l 1 1 2 2 n 2 1 2 
T E [b , Ab A b ; b , Ab , . . . , A b n " I , t A 1 t . t , t b , Ab , . . . , A b 
where n_^, i e _t, a r e t h e r e a c h a b i l i t y i n d i c e s and t h u s s a t i s f y t h e 
r e l a t i o n n^ + n^ + • • . + n̂ _ = n . F u r t h e r m o r e , we d e f i n e 
r, - r 1 2 n , .raxn S = [ s , s , . . . , s ] e GF(q) 
a s f o l l o w s 
S = [ 0 , 0 , . . . , 0 , e 2 , 0 , . . . , 0 , e 3 , 0 , . . . , 0 , e t, 0 , . . . , 0 , 0] 
n ^ t h column ( n ^ + n ^ ) t h ( n ^ + n ^ . • • + n t ^ ) t h n t h 
column column column 
o r more c o m p a c t l y , 
s J = e i f r £ n . , j e t - 1 
i = i 1 — 
s J = 0 o t h e r w i s e 
where e 1 i s t h e i t h s t a n d a r d b a s i s v e c t o r of G F ( q ) m . Now we w i l l show 
t h a t c h o o s i n g t h e f eedback m a t r i x F a s 
F E ST 
- 1 
( 5 . 3 . 3 ) 
s a t i s f i e s t h e t h e o r e m . R e w r i t i n g ( 5 . 3 . 3 ) as FT = S, i t i s c l e a r t h a t 
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n . - l . , + , 
FA J b J = e J , j e t - 1 
F A ^ 3 = 0 , f o r a l l o t h e r powers of A 
Using t h e s e r e l a t i o n s h i p s , we can d e t e r m i n e t h e columns of t h e r e a c h ­
a b i l i t y m a t r i x K of t h e LSM M = (A + BF, b) a s f o l l o w s : 
b 1 - b 1 
(A + B F ) b 1 = A b 1 
(A + B F ^ b 1 = (A + BF)Ab 1 = A ^ 1 
' n - l n - 2 n - l 
(A + BF) b = (A + BF) b = A b 
n i 1 V 1 1 n i 1 2 2 (A + BF) b = (A + BF) b = A b + Be = b + *** 
n i + 1 1 2 n i 1 2 (A + BF) b = (A + BF)(b + A b ) = Ab + *** 
(A + B F ) n ~ b = (A + BF)(A t b + ***) = A t b + *** 
where *** d e n o t e s t h e l i n e a r c o m b i n a t i o n of t h e p r e c e d i n g v e c t o r s . 
From t h e above e x p r e s s i o n s i t i s c l e a r t h a t t h e columns of K, t h a t i s , 
t h e v e c t o r s 
b 1 , (A + B F ) b 1 , ( A + B F ) ^ 1 , . . . , (A + B F ) 1 1 " 1 ! ) 1 
a r e l i n e a r l y i n d e p e n d e n t . Thus r a n k K = n and h e n c e M = (A + BF, b) 
i s s t a t e r e a c h a b l e . C l e a r l y b 1 e R ( B ) . • 
With t h e a i d of t h e above t h e o r e m , we can e x t e n d Theorem 5 . 3 . 2 
t o t h e m u l t i v a r i a b l e c a s e a s shown i n t h e f o l l o w i n g t h e o r e m . 
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Theorem 5 . 3 . 4 . I f t h e LSM M = (A, B) i s s t a t e r e a c h a b l e , 
t h e n t h e r e e x i s t s a f e e d b a c k homomorphism F : X — U such t h a t t h e 
c h a r a c t e r i s t i c p o l y n o m i a l of A + BF h a s an a r b i t r a r y p r e a s s i g n e d form. 
P r o o f . I n t r o d u c i n g t h e f e e d b a c k law u ( k ) = v ( k ) + F ' x ( k ) , M 
becomes M = (A + BF?, B) . S i n c e M i s s t a t e r e a c h a b l e , by Theorem 5 . 3 . 3 
t h e r e e x i s t s an F f such t h a t t h e LSM (A + BF f , b^) , where b ^ i s t h e 
f i r s t column of B, i s s t a t e r e a c h a b l e . I n t r o d u c i n g a n o t h e r s t a t e feed­
back law v ( k ) = w(k) + F M x ( k ) w i t h F" h a v i n g t h e form 
ffV f'o • • • f") 
1 2 n 
0 0 . . . 0 
F" = 
0 0 . . . 0 
M becomes 
x ( k + l ) = (A + B F " ) x ( k ) + Bw(k) 
= (A + b ^ ' ' ) x ( k ) + Bw(k) 
where A = A + BF*and f" = [f" f",. . . , f " ] . S i n c e t h e LSM (A, b 1 ) 
1 Z n 
i s s t a t e r e a c h a b l e , by Theorem 5 . 3 . 2 , t h e c h a r a c t e r i s t i c p o l y n o m i a l of 
A + b^f" h a s an a r b i t r a r y p r e a s s i g n e d form. Now i f we combine t h e 
f e e d b a c k forms u and v , i n t r o d u c e d a b o v e , a s u = v + (F* + F " ) x = v + Fx, 
t h e n t h e theorem i s p r o v e d . • 
The n e c e s s a r y c o n d i t i o n of Theorem 5 . 3 . 4 a l s o t u r n s o u t t o b e 
s u f f i c i e n t . P r o o f s of s u f f i c i e n c y w i l l b e g i v e n i n Theorem 6 . 3 . 1 and 
Theorem 7 . 1 . 1 . 
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The f o l l o w i n g lemma p l a y s a c e n t r a l r o l e i n our f u r t h e r d i s ­
c u s s i o n of t h e i n t e r r e l a t i o n s h i p s b e t w e e n s t a t e r e a c h a b i l i t y and f e e d ­
b a c k . 
Lemma 5 . 3 . 1 . Le t A e G F ( q ) n x n , B e G F ( q ) n x m , and F e G F ( q ) m x n , 
Then t h e f o l l o w i n g m a t r i x i d e n t i t y h o l d s : 
(A + BF)^ = A^ + BF(A + B F ) ^ " 1 + ABF(A + BF)^ 2 
+ . . . + A^" 2 BF(A + BF) + A^ "'"BF, j = 1 , 2 , 
A3 + [B, AB, . . . , A ^ " 1 ] 
F(A + BF) 
F(A + BF) 
j - l 
J - 2 
F(A + BF) 
( 5 . 3 . 4 ) 
P r o o f . For j = 1 and j = 2, ( 5 . 3 . 4 ) h o l d s s i n c e 
(A + B F ) 1 = A 1 + BF(A + BF)° = A + BF 
2 2 0 (A + BF) = A + BF(A + BF) + ABF(A + BF) 
= A + BF(A + BF) + ABF 
Now s u p p o s e t h a t t h e i d e n t i t y h o l d s f o r j - l , t h a t i s , 
(A + B F ) ^ " 1 = A^ 1 + BF(A + B F ) ^ " 2 + ABF(A + B F ) J 3 
+ . . . + A J ~ BF(A + BF) + A J ~ BF ( 5 . 3 . 5 ) 
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We w i l l show t h a t i t a l s o h o l d s f o r j . P o s t m u l t i p l y i n g ( 5 . 3 . 5 ) by 
A + BF, we o b t a i n 
(A + B F ) 3 = A 3 _ 1 ( A + BF) + BF(A + B F ) 3 " 1 + ABF(A + B F ) 3 " 2 
+ . . . + A 3 ~ 3 BF(A + B F ) 2 + A 3 ~ 2 BF(A + BF) 
= A 3 + BF(A + B F ) 3 " 1 + ABF(A + B F ) 3 " 2 
+ . . . + A 3 ~ 2 BF(A + BF) + A 3 _ 1 B F 
T h e r e f o r e , t h e r e s u l t i s p roved by i n d u c t i o n . • 
Theorem 5 . 3 . 5 . Le t M = (A, B) be a n o n s i n g u l a r LSM. Then M 
i s j - s t a t e r e a c h a b l e i f and o n l y i f t h e m a t r i x e q u a t i o n 
(A + B F ) 3 = 0 ( 5 . 3 . 6 ) 
h a s a u n i q u e s o l u t i o n w i t h r e s p e c t t o t h e f e e d b a c k m a t r i x F e G F ( q ) m X n , 
P r o o f . I n t r o d u c i n g t h e f e e d b a c k law 
u ( k ) = Fx(k ) ( 5 . 3 . 7 ) 
M becomes 
x ( k + l ) = (A + BF)x(k) ( 5 . 3 . 8 ) 
S t a r t i n g from an a r b i t r a r y i n i t i a l s t a t e x ( 0 ) and a p p l y i n g e q u a t i o n 
( 5 . 3 . 8 ) j t i m e s , we o b t a i n t h e r e l a t i o n s h i p 
x ( j ) = (A + B F ) 3 x ( 0 ) ( 5 . 3 . 9 ) 
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Now p o s t m u l t i p l y i n g b o t h s i d e s of t h e m a t r i x i d e n t i t y ( 5 . 3 . 4 ) by x ( 0 ) , 
we g e t 
(A + B F ) J x ( 0 ) = A J x ( 0 ) + BF(A + B F ) J x ( 0 ) + ABF(A + B F ) J ~ x ( 0 ) 
+ . . . + A^~ 2BF(A + BF)x(O) + A j _ 1 B F x ( 0 ) ( 5 . 3 . 1 0 ) 
I n v i ew of t h e e q u a t i o n s ( 5 . 3 . 6 ) and ( 5 . 3 . 9 ) , e q u a t i o n ( 5 . 3 . 1 0 ) r e d u c e s 
t o t h e f o l l o w i n g e x p r e s s i o n : 
A3x(0) + B F x ( j - l ) + ABFx( j -2) + . . . + A J ~ 2 B F x ( l ) + A^~ 1 BFx(0) = 0 
( 5 . 3 . 1 1 ) 
P r e m u l t i p l y i n g e q u a t i o n ( 5 . 3 . 1 1 ) by FA 3 y i e l d s 
Fx(0) + F A _ : i B F x ( j - l ) + F A _ : i + 1 B F x ( j - 2 ) 
+ . . . + FA~ 2 BFx( l ) + F A - 1 B F x ( 0 ) = 0 ( 5 . 3 . 1 2 ) 
S u b s t i t u t i n g u ( k ) = F x ( k ) , k e j - l , e q u a t i o n ( 5 . 3 . 1 2 ) r e d u c e s t o t h e 
f o l l o w i n g e q u a t i o n : 
- u ( 0 ) = F A ~ J B u ( j - l ) + F A ~ j + 1 B u ( j - 2 ) + . . . + FA~ 2 Bu( l ) + F A _ 1 B u ( 0 ) 
( 5 . 3 . 1 3 ) 
S i n c e e q u a t i o n ( 5 . 3 . 1 3 ) i s an i d e n t i t y f o r any u ( k ) , k e j - l , i t 
f o l l o w s t h a t 
F A _ 1 B = - I 
m 
( 5 . 3 . 1 4 ) 
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I t i s c l e a r t h a t e q u a t i o n ( 5 . 3 . 6 ) i s e q u i v a l e n t t o e q u a t i o n s ( 5 . 3 . 1 4 ) . 
The s e t of e q u a t i o n s ( 5 . 3 . 1 4 ) w i l l have a u n i q u e s o l u t i o n w i t h r e s p e c t 
t o F i f and o n l y i f i t c o n t a i n s e x a c t l y mn l i n e a r l y i n d e p e n d e n t e q u a ­
t i o n s o r e q u i v a l e n t l y , i f and o n l y i f t h e m a t r i x 
[A~ 3 B, A _ : i + : L B , . . . , A _ 1 B ] = A ~ 3 [ B , AB, . . . , A 3 _ 1 B ] = A~ JK 
h a s e x a c t l y n l i n e a r l y i n d e p e n d e n t co lumns . But s i n c e A i s n o n s i n g u l a r , 
t h e m a t r i x K, which i s t h e s t a t e r e a c h a b i l i t y m a t r i x of M, w i l l have 
n l i n e a r l y i n d e p e n d e n t columns i f and o n l y i f r a n k K = n , t h a t i s , i f 
and o n l y i f M i s j - s t a t e r e a c h a b l e . • 
C o r o l l a r y 5 . 3 . 1 . A n o n s i n g u l a r LSM = (A, B) i s s t a t e r e a c h ­
a b l e i f and o n l y i f t h e s e t of e q u a t i o n s ( 5 . 3 . 1 4 ) h a s a u n i q u e s o l u t i o n 
w i t h r e s p e c t t o t h e m a t r i x F . 
The above r e s u l t a l s o c o n t a i n s a s o l u t i o n of t h e minimum-t ime 
f e e d b a c k c o n t r o l p rob lem of l i n e a r mach ines which can b e s t a t e d a s 
f o l l o w s : Given a n o n s i n g u l a r LSM M = (A, B) w i t h s t a t e r e a c h a b i l i t y 
i n d e x £ , d e t e r m i n e t h e m a t r i x F e G F ( q ) m X n i n t h e l i n e a r f e e d b a c k c o n ­
t r o l law ( 5 . 3 . 7 ) such t h a t M i s d r i v e n from any a r b i t r a r y i n i t i a l s t a t e 
t o t h e z e r o s t a t e 0^ i n a minimum number of c l o c k p e r i o d s . To s e e 
t h a t a s o l u t i o n t o t h i s o p t i m a l c o n t r o l p rob l em i s p r o v i d e d by Theorem 
5 . 3 . 5 , n o t i c e t h a t i n o r d e r t o have x ( £ ) = 0 f o r any a r b i t r a r y i n i t i a l 
I 
s t a t e x ( 0 ) , from e q u a t i o n ( 5 . 3 . 9 ) i t f o l l o w s t h a t we must h a v e (A + BF) 
= 0 which i s e q u a t i o n ( 5 . 3 . 6 ) . In t h e p r o o f of Theorem 5 . 3 . 5 , i t was 
I 
shown t h a t t h e e x i s t e n c e of a u n i q u e s o l u t i o n of (A + BF) = 0 w i t h 
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r e s p e c t t o t h e f e e d b a c k m a t r i x F i s e q u i v a l e n t t o t h e c o n d i t i o n of 
£ - s t a t e r e a c h a b i l i t y of M. We summarize t h i s o b s e r v a t i o n i n t h e f o l l o w ­
i n g t h e o r e m . 
Theorem 5 . 3 . 6 . The m a t r i x F e G F ( q ) m x n i n t h e l i n e a r f e e d b a c k 
c o n t r o l law u (k ) = Fx(k) f o r which t h e LSM (A, B ) , s t a r t e d a t any 
a r b i t r a r y i n i t i a l s t a t e , i s d r i v e n t o t h e z e r o s t a t e i n a minimum 
number of c l o c k p e r i o d s , i s g i v e n by t h e s o l u t i o n of e q u a t i o n ( 5 . 3 . 1 4 ) . 
C o r o l l a r y 5 . 3 . 2 . The s t a t e c o n t r o l l a b i l i t y i n d e x of t h e LSM 
(A, B) i s e q u a l t o t h e s m a l l e s t i n t e g e r Z f o r which t h e e q u a t i o n 
(A + BF)^~ = 0 h a s a u n i q u e s o l u t i o n w i t h r e s p e c t t o F e G F ( q ) m X n . 
C o r o l l a r y 5 . 3 . 3 . The s t a t e c o n t r o l l a b i l i t y i n d e x of t h e LSM 
(A, B) i s e q u a l t o t h e s m a l l e s t i n t e g e r Z f o r which t h e s e t of e q u a ­
t i o n s ( 5 . 3 . 1 4 ) h a s a u n i q u e s o l u t i o n w i t h r e s p e c t t o F e G F ( q ) m X n . 
Summary and C o n c l u s i o n s 
The p r i m a r y f o c u s of t h i s c h a p t e r was on t h e c o n c e p t s of i s o ­
m o r p h i c LSMs, c a n o n i c a l r e p r e s e n t a t i o n s , and s t a t e f e e d b a c k i n c o n ­
j u n c t i o n w i t h t h e p r o p e r t y of s t a t e r e a c h a b i l i t y of LSMs. 
A f t e r f o r m a l i z i n g t h e n o t i o n s of i s o m o r p h i c LSMs, c a n o n i c a l 
f o r m s , and i n v a r i a n t s of e q u i v a l e n c e r e l a t i o n s , f i r s t a s p e c i a l s e t 
of i n v a r i a n t s , c a l l e d r e a c h a b i l i t y i n d i c e s , a s s o c i a t e d w i t h an LSM 
M = (A, B ) , was t h o r o u g h l y c h a r a c t e r i z e d and t h e n i t s u s e i n t h e 
i n v a r i a n t d e s c r i p t i o n of s t a t e r e a c h a b l e LSMs was i l l u s t r a t e d . I n t h e 
c o u r s e of t h i s i l l u s t r a t i o n , a new d e r i v a t i o n of B r u n o v s k y ' s c a n o n i c a l 
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form [15] f o r LSMs was p r e s e n t e d . The r e s u l t s p e r t a i n i n g t o t h e c h a r a c ­
t e r i z a t i o n of t h e r e a c h a b i l i t y i n d i c e s a r e e s s e n t i a l l y s p e c i a l i z a t i o n s 
t o t h e c a s e of LSMs of t h e r e s u l t s due t o Popov [ 9 0 ] . 
I t was o b s e r v e d t h a t t h e o n l y c a n o n i c a l forms used o n l y i n t h e 
a r e a of autonomous LSMs a r e t h e companion and hype rcompan ion forms 
which a r e p o p u l a r i n t h e a r e a of c l a s s i c a l l i n e a r a l g e b r a . T h i s o b s e r ­
v a t i o n l e d t o t h e c o n c l u s i o n t h a t c a n o n i c a l forms h a v e n e v e r been c o n ­
s i d e r e d f o r nonautonomous LSMs and h e n c e c o n t r o l - t h e o r e t i c c o n c e p t s 
have n o t been u t i l i z e d f o r t h e i r c a n o n i c a l r e p r e s e n t a t i o n . I n t h i s 
c h a p t e r c a n o n i c a l forms f o r nonautonomous LSMs were i n v e s t i g a t e d . 
Making u s e of t h e p r o p e r t y of s t a t e r e a c h a b i l i t y , v a r i o u s c a n o n i c a l 
and q u a s i - c a n o n i c a l f o r m s , i n c l u d i n g t h e companion f o r m s , f o r b o t h 
s i n g l e - i n p u t and m u l t i - i n p u t LSMs were p r e s e n t e d ( c f . [ 1 7 ] , [ 2 1 ] , [ 5 8 ] , 
[ 6 1 ] , [ 7 1 ] , [ 8 8 ] , [ 1 0 7 ] , [ 1 1 0 ] , [ 1 1 4 ] ) . 
F i n a l l y , t h e e f f e c t of s t a t e f e e d b a c k on r e a c h a b i l i t y , e i g e n ­
v a l u e a s s i g n a b i l i t y , and t i m e - o p t i m a l c o n t r o l of LSMs was c l o s e l y 
examined ( c f . [ 1 8 ] , [ 2 1 ] , [ 5 8 ] , [ 6 1 ] , [ 7 9 ] , [ 8 8 ] , [ 1 0 7 ] , [ 1 0 9 ] , [ 1 1 0 ] , 
[ 1 1 4 ] ) . 
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CHAPTER VI 
STATE REACHABILITY REVISITED 
I n t h i s c h a p t e r we w i l l i n t r o d u c e a l a r g e number of e q u i v a l e n t 
s t a t e r e a c h a b i l i t y c r i t e r i a f o r b o t h s i n g l e - i n p u t and m u l t i - i n p u t LSMs. 
S i n g l e - i n p u t LSMs w i l l be t r e a t e d s e p a r a t e l y r a t h e r t h a n s p e c i a l c a s e s 
of m u l t i v a r i a b l e LSMs b e c a u s e t h e y do c o n s t i t u t e an i m p o r t a n t c l a s s of 
LSMs i n t h e i r own r i g h t , and a l s o due t o t h e f a c t t h a t t h e r e a r e some 
r e a c h a b i l i t y c r i t e r i a f o r s i n g l e - i n p u t LSMs t h a t c a n n o t b e e x t e n d e d 
t o t h e m u l t i v a r i a b l e c a s e . 
I n S e c t i o n 5 . 1 , we saw t h a t t h e p r o p e r t y of s t a t e r e a c h a b i l i t y 
c o u l d l e a d t o numerous c a n o n i c a l and q u a s i - c a n o n i c a l forms f o r b o t h 
c l a s s e s of s i n g l e - i n p u t and m u l t i - i n p u t LSMs. C l e a r l y t h e e x i s t e n c e 
of t h e s e i s o m o r p h i c forms can a l s o b e s t a t e d a s n e c e s s a r y and s u f f i ­
c i e n t c o n d i t i o n s f o r s t a t e r e a c h a b i l i t y . However, t h e number of t h e s e 
forms i s p r o h i b i t i v e l y l a r g e . T h e r e f o r e , by way of i l l u s t r a t i o n , we 
w i l l i n c l u d e i n t h i s p r e s e n t a t i o n o n l y two r e a c h a b i l i t y c r i t e r i a i n 
t e r m s of t h e e x i s t e n c e of c a n o n i c a l forms f o r s i n g l e - i n p u t LSMs and 
o n l y one such c r i t e r i o n f o r m u l t i - i n p u t LSMs. F u r t h e r m o r e , we w i l l 
r e - e x a m i n e , i n t h i s c h a p t e r , some g r o u p s of t r a n s f o r m a t i o n s i n r e l a t i o n 
t o t h e c l a s s of s t a t e r e a c h a b l e LSMs. These g r o u p s we re o r i g i n a l l y 
i n t r o d u c e d i n S e c t i o n 5 . 1 . 
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6 . 1 . Twenty Four E q u i v a l e n t C r i t e r i a f o r t h e 
S t a t e R e a c h a b i l i t y P r o p e r t y of 
S i n g l e - I n p u t LSMs 
Theorem 6 . 1 . 1 . For t h e s i n g l e - i n p u t LSM M^ = (A, b ) , t h e 
f o l l o w i n g s t a t e m e n t s a r e e q u i v a l e n t : 
1 . The LSM M^ = (A, b) i s s t a t e r e a c h a b l e . 
2 ° . The re does n o t e x i s t any i somorph i sm P : X >- X, 
P £ GF(n, q ) , such t h a t t h e i s o m o r p h i c LSM ^ = (A, b) = ( P A P _ 1 , Pb) 
w i l l h a v e t h e form 
A l l A 1 2 
o ; 0 
( 6 . 1 . 1 ) 
where e G F ( q ) r x r , I e G F ( q ) r x ( n ~ r ) , I e G F ( q ) ( n " r ) x ( n " r ) , and 12 
" 1 r 
b e GF(q) , w i t h r < n . 
Or 
T h e r e does n o t e x i s t any LSM M^ = (PAP \ P b ) , i s o m o r p h i c t o 
M^ = (A, b ) , which w i l l h a v e t h e form: 
x 1 (k+1) = A 1 1 x I ( k ) + A 1 2 x I I ( k ) + b \ i ( k ) ( 6 . 1 . 2 a ) 
x l : [ ( k + l ) = A 2 2 x i : t ( k ) ( 6 . 1 . 2 b ) 
where x I ( k ) e G F ( q ) r , x 1 1 ( k ) e G F ( q ) n r , A n e G F ( q ) r x r , 
A 1 2 e G F ( q ) r x ( n _ r ) , A 2 2 e G F ( q ) ( n _ r ) x ( n " r ) , and b 1 e G F ( q ) r , w i t h 
r < n . 
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3 ° . The v e c t o r b does n o t b e l o n g t o any A - i n v a r i a n t s u b s p a c e 
of d i m e n s i o n s m a l l e r t h a n n . 
o T 4 . T h e r e e x i s t s no n o n z e r o e i g e n v e c t o r v of t h e m a t r i x A 
o r t h o g o n a l t o t h e v e c t o r b . Tha t i s , t h e r e e x i s t s no v e c t o r v which 
w i l l s i m u l t a n e o u s l y s a t i s f y t h e f o l l o w i n g c o n d i t i o n s : 
v T ( A I - A) = 0 , v T b = 0 , v * 0 ( 6 . 1 . 3 ) n 
5 ° . A s u b s p a c e of X which i s o r t h o g o n a l t o t h e v e c t o r b d o e s 
T 
n o t c o n t a i n an A - i n v a r i a n t s u b s p a c e . 
6 ° . The f o l l o w i n g m a t r i x e G F ( q ) n X n h a s r a n k n : 
K 1 = [ b , Ab, A 2 b , . . . , A n _ 1 b ] ( d e t K * 0) ( 6 . 1 . 4 ) 
Or 
The l i n e a r map [ b , Ab, A 2 b , . . . , A n H ) ] : U* > X i s an e p i -
morphism. 
Or 
G F ( q ) n i s c y c l i c w i t h r e s p e c t t o A, h a v i n g g e n e r a t o r b . 
Or 
There e x i s t s no p o l y n o m i a l f ( £ ) e G F ( q ) [ £ ] of d e g r e e l e s s t h a n 
n such t h a t f (A)b = 0 . 
7 ° . The r a n k of t h e m a t r i x K = Z A n ~ ^ ~ 1 b b T ( A T ) n ~ ^ ~ 1 , 
j=0 
where i s d e f i n e d by ( 6 . 1 . 4 ) , i s e q u a l t o n . 
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The m a t r i x e q u a t i o n 
T n 
(A + bf ) = 0 ( 6 . 1 . 5 ) 
h a s a u n i q u e s o l u t i o n w i t h r e s p e c t t o t h e v e c t o r f e GF(q) , and A i s 
n o n s i n g u l a r . 
9 ° . The s e t of l i n e a r e q u a t i o n s 
T - 1 f A b = - 1 
f V b = 0 , i = 2 , 3 , . . . , n 
( 6 . 1 . 6 ) 
h a s a u n i q u e s o l u t i o n w i t h r e s p e c t o t t h e e l e m e n t s of t h e v e c t o r f. 
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0 0 . . . -A b 0 . . . 0 0 
( 6 . 1 . 7 ) 
1 1 ° . Given any p o l y n o m i a l v e c t o r z ( £ ) e G F ( q ) [ £ ] n x l w i t h e l e ­
men t s of d e g r e e n - l o r l e s s , t h e r e e x i s t a p o l y n o m i a l v e c t o r x ( £ ) e 
n x l 
G F ( q ) [ £ ] w i t h e l e m e n t s of d e g r e e n - 2 o r l e s s , and a p o l y n o m i a l 
y(0 £ G F ( q ) [ £ ] of d e g r e e n - l o r l e s s , such t h a t 
< £ I n - A ) x ( 0 + b y ( 0 = z ( 0 
( 6 . 1 . 8 ) 
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1 2 ° . T h e r e e x i s t a p o l y n o m i a l m a t r i x X(£) e GF(q) [ £ ] n x n w i t h 
n x l 
e l e m e n t s of d e g r e e n - 2 or l e s s , and a p o l y n o m i a l v e c t o r y ( £ ) e G F ( q ) [ £ ] 
w i t h e l e m e n t s of d e g r e e n - l o r l e s s , such t h a t 
( a " A)X(0 + b y T ( 0 = I ( 6 . 1 . 9 ) n n 
1 3 ° . The m a t r i x [£ I - A, b ] e G F ( q ) [ £ ] n x ( n + 1 ) h a s r a n k n f o r 
a l l £. 
1 4 ° . The p o l y n o m i a l m a t r i c e s £1 - A, b a r e c o p r i m e , t h a t i s , 
[CI - A, b ] h a s t h e Smith c a n o n i c a l form [ I , 0 1 . n n 
1 5 ° . The m a t r i x e q u a t i o n s 
PA - AP = 0 
( 6 . 1 . 1 0 ) 
Pb = d 
admi t a u n i q u e m a t r i x s o l u t i o n P E G F ( q ) n x n f o r e v e r y v e c t o r d e G F ( q ) n , 
1 6 ° . For any o t h e r LSM M^ = (A, b ) which s a t i s f i e s t h e c o n d i ­
t i o n s 
d e t K 1 = d e t [ b , Ab, A 2 b , . . . , A n _ 1 b ] * 0 ( 6 . 1 . 1 1 ) 
and 
d e t ( X I - A) = d e t ( X I - A) ( 6 . 1 . 1 2 ) n n 
t h e r e e x i s t s a n o n s i n g u l a r m a t r i x P e G F ( q ) n X n such t h a t 
A = PAP 1 ; b = Pb ( 6 . 1 . 1 3 ) 
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17 . The re e x i s t s an i somorph ism P : X —•> X, P e GF(n, q ) , 
such t h a t t h e i s o m o r p h i c LSM (A, b) = (PAP \ Pb) h a s t h e f o l l o w i n g 
form: 
A E 
1 0 . 
> 




1 . . . 0 
; b E 
0 
• 
0 0 0 . . . 1 0 
a 2 a 3 ' . . a n 
J 
1 
( 6 . 1 . 1 4 ) 
where a . , i e n , a r e t h e c o e f f i c i e n t s of t h e c h a r a c t e r i s t i c p o l y n o m i a l 
f (A) = ( X ) n - £ a . ( X ) 1 of t h e m a t r i x A. 
C i = l 1 
Or 
T h e r e e x i s t s an LSM M = (A, b ) = (PAP*" 1, Pb) i s o m o r p h i c t o 
M^ = (A, b ) , whose s t a t e e q u a t i o n s h a v e t h e form 
x 1 ( k + l ) = x 2 ( k ) 
x 2 ( k + l ) = x 3 ( k ) 
x - ( k + 1 ) = x (k) n - l n 
x (k+1) = a x (k) + a 0 x _ ( k ) + . . . + a x (k) + b u ( k ) n 1 1 2 2 n n 
18 . T h e r e e x i s t s an i somorph i sm P : X — > X, P e GF(n, q ) , 
such t h a t t h e i s o m o r p h i c LSM = (A, b) = ( P A P _ 1 , Pb) h a s t h e J o r d a n -
L u r ' e - L e f s c h e t z form 
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~i2 
A E ; b = ( 6 . 1 . 1 5 ) 
A 
n . x n . 
where A^ E GF(q) , i E v , a r e J o r d a n b l o c k s of t h e form 
A. E l 
A. 1 
l 
A. 1 l 
A. 1 
l 
, I e v ( 6 . 1 . 1 6 ) 
b 1 E GF(q) ^ , i e v , h a v e t h e form 
b 1 a , i e v ( 6 . 1 . 1 7 ) 
and t h e numbers A. and n . a r e o b t a i n e d from t h e e x p r e s s i o n of t h e i i 
c h a r a c t e r i s t i c p o l y n o m i a l 
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v n . 
d e t ( A I - A) = n (A - A . ) 1 , (A = A whenever r * s ) n . , l ' r s i = l 
( 6 . 1 . 1 8 ) 
of t h e m a t r i x A. 
Or 
T h e r e e x i s t s an i somorph i sm P : X — X , P e GF(n, q) , such 
t h a t t h e i s o m o r p h i c LSM 11 = (A, b) = (PAP 1 , Pb) h a s t h e form 
X i l ( k + 1 ) = A i x i i ( k ) + x i 2 ( k ) 
x 2 ( k + l ) = A i x i 2 ( k ) + x 3 ( k ) 
x . . ( k + 1 ) = A.x . , ( k ) + x . (k) i , n . - l I i , n . - l i n . l l l 
x . (k+1) = A.x . (k) + u ( k ) ; i e v m . l i n . — 
l l 
1 9 ° . For e v e r y p o l y n o m i a l of t h e form 
( 6 . 1 . 1 9 ) 
n . 
f (A) = ( A ) n - E b ( A ) 1 " 1 ( 6 . 1 . 2 0 ) 
1=1 
t h e r e e x i s t s a v e c t o r v^ e G F ( q ) n such t h a t 
0T 
d e t [ A I n - (A + bv ) ] = f (A) ( 6 . 1 . 2 1 ) 
0T 
Tha t i s , t h e c h a r a c t e r i s t i c p o l y n o m i a l of t h e m a t r i x A + bv i s e q u a l 
t o t h e g i v e n p o l y n o m i a l f^(A) . 
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2 0 ° . T h e r e e x i s t s a n o n s i n g u l a r m a t r i x P e G F ( q ) n x n such t h a t 
(XI - A ) " ^ = A P , ^ ( A 1 - r T ( 6 . 1 . 2 2 ) v n d e t ( X I - A) 
where 
w T (X) = ( 1 , X , . . . , X n 1 ) . ( 6 . 1 . 2 3 ) 
2 1 ° . For any p o l y n o m i a l of t h e form 
f 0 ( X ) = d ( X ) n 1 + d . , ( X ) n " 2 + . . . + cL ( 6 . 1 . 2 4 ) z n n - l 1 
t h e r e e x i s t s a v e c t o r v e G F ( q ) n such t h a t 
T -1 f 2 ( A ) 
V ( A I n " A) b - d e t ( A I . A ) - (6-1.25) 
n 
2 2 ° . T h e r e e x i s t s a v e c t o r v e G F ( q ) n f o r which t h e e x p r e s s i o n 
v T ( X I - A) \ ( 6 . 1 . 2 6 ) n 
i s i r r e d u c i b l e , t h a t i s , 
v T ( X I - A) \ = ^j^r ( 6 . 1 . 2 7 ) n g(A) 
where f(X) and g(X) a r e copr ime p o l y n o m i a l s . 






v - 1 v 
a o a i 
v-2 v - 1 
. 0 0 0 0 
. 0 0 0 0 
. 0 0 0 0 
. . 0 
. . b 
y y - i 
. . b b 
y - 1 y -2 
0 0 . . . a Q a x b x b Q . . . 0 0 
0 0 . . . 0 a b 0 . . . 0 0 
where a^ , i e v_, and b^ , j e y_, a r e t h e c o e f f i c i e n t s of t h e p o l y n o m i a l s 
f(A) and g ( A ) , r e s p e c t i v e l y , i n ( 6 . 1 . 2 7 ) . 
2 4 ° . The re does n o t e x i s t any n o n z e r o v e c t o r v e G F ( q ) n such 
t h a t t h e e x p r e s s i o n 
(AI - A) h> ( 6 . 1 . 2 8 ) 
i s i d e n t i c a l l y e q u a l t o z e r o . 
2 5 ° . For e v e r y s e t of d i s t i n c t s c a l a r s A^, i e n , d i f f e r e n t 
from t h e e i g e n v a l u e s of t h e m a t r i x A, t h e v e c t o r s 
( A . I - A) V i e n i n ( 6 . 1 . 2 9 ) 
a r e l i n e a r l y i n d e p e n d e n t . 
P r o o f . We want t o show t h a t t h e f o l l o w i n g c h a i n of s e q u e n t i a l 
i m p l i c a t i o n s i s c l o s e d : 
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!° => 2° 3° 4° 5° _> 6° 7° =_> 8° _ 9° _» 1 0 ° _ 
11° - » 12° ^ > 13° - » 14° — 15° — » 16° 17° - » 18° — » 19° —: 
20° — » 21° = ^ 22° = > 23° 24° 25° ~ » 1° 
1° = > 2 ° : Suppose t h a t p r o p e r t y 2° i s n o t s a t i s f i e d . Then 
t h e r e e x i s t s an i somorph i sm P : X —>• X such t h a t t h e i s o m o r p h i c LSM 
M^ = (A, b) = (PAP X , Pb) i s d e s c r i b e d by t h e e q u a t i o n s ( 6 . 1 . 2 ) . From 
e q u a t i o n ( 6 . 1 . 2 b ) i t i s c l e a r t h a t i f x 1 1 ( k ' ) = 0 f o r any c l o c k p e r i o d 
k ' , t h e n x ^ ^ k " ) = 0 f o r any o t h e r c l o c k p e r i o d k " . T h e r e f o r e , M^ = 
(A, b) and c o n s e q u e n t l y M^ = ( a , b) c a n n o t b e r e a c h a b l e . Hence 1° =s=> 2° , 
2° = > 3 ° : Suppose t h a t p r o p e r t y 3° i s n o t s a t i s f i e d . Then 
t h e v e c t o r b b e l o n g s t o an A - i n v a r i a n t s u b s p a c e 5 c X of d i m e n s i o n 
r < n . Le t 
r 1 2 r r + 1 n . , r , 
i s , s , . . . , s , s , . . . , s } ( 6 . 1 . 3 0 ) 
1 2 r 
be a b a s i s f o r X such t h a t {s , s , . . . , s } forms a b a s i s f o r 5 . 
Then any v e c t o r x e 5 can be u n i q u e l y e x p r e s s e d a s 
1 2 r x = a , s + a 0 s + . . . a s ( 6 . 1 . 3 1 ) 1 2 r 
f o r a p p r o p r i a t e a^ e G F ( q ) . S i n c e 5 i s A - i n v a r i a n t , Ax z S and i n 
v i ew of ( 6 . 1 . 3 1 ) , 
1 2 r Ax = b^As + b«As + . . . + b As 1 2 r 
= b - . A s 1 + b 0 A s 2 + . . . + b A s r + 0 s r + 1 + . . . + O s 1 1 1 2 r 
( 6 . 3 . 3 2 ) 
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f o r a p p r o p r i a t e b . e G F ( q ) . From ( 6 . 1 . 3 1 ) i t f o l l o w s t h a t t h e m a t r i x 
r e p r e s e n t a t i o n s A and b of A and b w i t h r e s p e c t t o t h e b a s i s ( 6 . 1 . 3 0 ) 
h a v e t h e forms g i v e n by ( 6 . 1 . 1 ) , and h e n c e p r o p e r t y 2° i s n o t s a t i s f i e d 
T h e r e f o r e , 2° 3 ° . C l e a r l y P - 1 = [ s 1 , s 2 , . . . , s 1 1 ] . 
3° = > 4 ° : Suppose t h a t p r o p e r t y 4° i s n o t s a t i s f i e d . Then 
t h e r e e x i s t s a n o n z e r o v e c t o r v e G F ( q ) n such t h a t 
v T A = Av T ( 6 . 1 . 3 3 ) 
v T b = 0 ( 6 . 1 . 3 4 ) 
Assume t h a t a s u b s p a c e W £ X i s o r t h o g o n a l t o t h e v e c t o r b so t h a t 
T T v w = 0 f o r a l l w e W. From e q u a t i o n ( 6 . 1 . 3 3 ) i t f o l l o w s t h a t v Aw = 
T 
Xv w = 0 which i m p l i e s t h a t W i s an A - i n v a r i a n t s u b s p a c e . S i n c e by 
h y p o t h e s i s v * 0 , dim W < n . F u r t h e r m o r e , e q u a t i o n ( 6 . 1 . 3 4 ) shows 
t h a t b e W. Tha t i s , t h e r e e x i s t s an A - i n v a r i a n t s u b s p a c e of d imen­
s i o n s m a l l e r t h a n n c o n t a i n i n g b . T h i s c o n c l u s i o n o b v i o u s l y c o n t r a ­
d i c t s p r o p e r t y 3° and h e n c e 3° = = = => 4 ° . 
4° =^> 5 ° : Suppose t h a t p r o p e r t y 5° i s n o t s a t i s f i e d . Then 
T 
t h e r e e x i s t s a s u b s p a c e V <£ X such t h a t v b = 0 f o r a l l v £ I/. F u r t h e r -
T 
m o r e , t h e r e e x i s t s a s u b s p a c e 111 £ 1/ which i s A - i n v a r i a n t . T h e r e f o r e , 
T 
f o r any v c (ll we h a v e A v £ W. We need t o whow t h a t W c o n t a i n s an 
T 
e i g e n v e c t o r of A . Le t dim W = H. Then g i v e n any v £ W, t h e r e e x i s t s 
T T 2 
an i n t e g e r v , 1 < v < <£, such t h a t t h e v e c t o r s v , A v , ( A ) v , . . . , 
XV - l 
(A ) v a r e l i n e a r l y i n d e p e n d e n t , b u t f o r some £ G F ( q ) , i e v - 1 , 
T T 2 T v - 1 T \) 
a Q v + a^A v + a 2 ( A x ) v + . . . + a ^ _ 1 ( A i ) v v + (A ) v = 0 
( 6 . 1 . 3 5 ) 
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Le t A be a s o l u t i o n of t h e f o l l o w i n g e q u a t i o n : 
b Q + b X + . . . + b v _ l ( A ) V 1 + ( A > V = 0 ( 6 . 1 . 3 6 ) 
Then t h e v+1 e q u a t i o n s 
A c 0
 = b o 
- c Q + Xc x = b x 
( 6 . 1 . 3 7 ) 
- c „ + Ac , = b v -2 v - 1 v - 1 
- c = 1 v - 1 
d e t e r m i n e a u n i q u e s o l u t i o n f o r t h e v q u a n t i t i e s C Q , c ^ , . . . , c ^ . 
I t i s c l e a r t h a t e q u a t i o n ( 6 . 1 . 3 6 ) i s t h e c o n d i t i o n t h a t t h e f i r s t of 
e q u a t i o n s ( 6 . 1 . 3 7 ) s h o u l d be s a t i s f i e d . S u b s t i t u t i n g f o r b_^, i e v - 1 , 
from ( 6 . 1 . 3 7 ) i n t o ( 6 . 1 . 3 5 ) and r e a r r a n g i n g , we o b t a i n 
(XI - A T ) ( c n v + C l A T v + c 0 ( A T ) v + . . . + c 1 ( A T ) V " " 1 v ) = 0 n u l 2 v - 1 
( 6 . 1 . 3 8 ) 
L e t t i n g 
c Q v + C ; L A T v + c 2 ( A T ) 2 v + . . . + c v _ 1 ( A T ) V ~ 1 v = w ( 6 . 1 . 3 9 ) 
e q u a t i o n ( 6 . 1 . 3 8 ) r e d u c e s t o 
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A w = Aw 
T 
showing t h a t w i s an e i g e n v e c t o r of A . C l e a r l y w i s n o n z e r o and 
l i e s i n t h e s u b s p a c e W, which c o n t r a d i c t s p r o p e r t y 4 ° . Hence 4° = > 5 ° . 
5° = > 6 ° : I f 0 * v £ G F ( q ) n , t h e n o b v i o u s l y v^b = 0 o r 
T T o v b * 0 . I f v b = 0 and p r o p e r t y 5 i s s a t i s f i e d , t h e n n o t e v e r y one 
of t h e v e c t o r s 
v , A v , (A ) v , . . . , (A ) v 
i s o r t h o g o n a l t o b . T h e r e f o r e , 
v T ( b Ab A 2 b . . . A n _ 1 b ) * 0 
and h e n c e 
2 n 1 r a n k ( b Ab A b . . . A b ) = n 
T h e r e f o r e , 5° = > 6 ° . 
6° < = > 7 ° : T h i s f o l l o w s i m m e d i a t e l y from t h e f a c t t h a t t h e 
r a n k of a m a t r i x does n o t change a f t e r p r e m u l t i p l y i n g o r p o s t m u l t i p l y -
i n g a n o n s i n g u l a r m a t r i x . 
7° < = ^ 8° <=^>9°: I n t r o d u c i n g t h e f e e d b a c k law 
u ( k ) = f T x ( k ) , f e G F ( q ) n ( 6 . 1 . 4 0 ) 
t h e LSM (A, b) becomes 
x ( k + l ) = (A + b f T ) x ( k ) ( 6 . 1 . 4 1 ) 
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S t a r t i n g from an a r b i t r a r y i n i t i a l s t a t e x ( 0 ) and a p p l y i n g e q u a t i o n 
( 6 . 1 . 4 1 ) n t i m e s , we o b t a i n t h e r e l a t i o n s h i p 
x ( n ) = (A + b f T ) n x ( 0 ) ( 6 . 1 . 4 2 ) 
T n 
For t h e s t a t e x ( n ) t o b e z e r o , we must have (A + bf ) = 0 , t h a t i s , 
T 
t h e m a t r i x (A + bf ) must be n - n i l p o t e n t . Now p o s t m u l t i p l y i n g b o t h 
s i d e s of t h e m a t r i x i d e n t i t y ( s e e Lemma 5 . 3 . 1 ) 
(A + b f T ) n = A n + b f T ( A + b f 1 ) 1 1 " 1 + Abf T (A + b f T ) n ~ 2 
n - 3 T T 2 n - 2 T T + . . . + A bf (A + bf ) + A bf (A + bf ) 
n - l T 
+ A b f 1 ( 6 . 1 . 4 3 ) 
by x ( 0 ) , we g e t 
(A + b f T ) n x ( 0 ) = A n x ( 0 ) + b f T ( A + b f T ) n ~ 1 x ( 0 ) + Abf T (A + b f T ) n ~ 2 X ( 0 ) 
+ . . . + A n " 2 b f T ( A + b f T ) x ( 0 ) + A n ~ 1 b f T x ( 0 ) ( 6 . 1 . 4 4 ) 
I n v iew of (A + b f T ) n = 0 and e q u a t i o n ( 6 . 1 . 4 2 ) , e q u a t i o n ( 6 . 1 . 4 4 ) 
r e d u c e s t o 
A n x ( 0 ) + b f T x ( n - l ) + a b f T x ( n - 2 ) + . . . + A n ~ 2 b f T x ( l ) + A n " 1 b f T X ( 0 ) = 0 
( 6 . 1 . 4 5 ) 
T —n 
P r e m u l t i p l y i n g e q u a t i o n ( 6 . 1 . 4 5 ) by f A y i e l d s 
T T - n T T - n + 1 T 
f x (0) + f A bf x ( n - l ) + fLA X b f ( n - 2 ) 
+ . . . + f T A ~ 2 b f T x ( l ) + f T A ~ 1 b f T x ( 0 ) = 0 ( 6 . 1 . 4 6 ) 
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T 
S u b s t i t u t i n g u ( k ) = f x ( k ) , k = 0 , 1 , . . . , n - l , e q u a t i o n ( 6 . 1 . 4 6 ) 
g i v e s 
- u ( 0 ) = f T A _ n b u ( n - l ) + f T A ~ n + 1 b u ( n - 2 ) 
+ . . . + f T A ~ 2 b u ( l ) + f T A _ 1 b u ( 0 ) ( 6 . 1 . 4 7 ) 
S i n c e e q u a t i o n ( 6 . 1 . 4 7 ) i s an i d e n t i t y f o r any u ( k ) , k e n - l , i t 
f o l l o w s t h a t 
T - 1 
f A b = - 1 
f T A \ = 0 , i = 2 , 3 , . . . , n 
( 6 . 1 . 4 8 ) 
T n 
Tha t i s , t h e m a t r i x e q u a t i o n (A + bf ) = 0 i s e q u i v a l e n t t o t h e s e t 
of s c a l a r e q u a t i o n s ( 6 . 1 . 4 8 ) . E q u a t i o n s ( 6 . 1 . 4 8 ) w i l l admi t a u n i q u e 
s o l u t i o n w i t h r e s p e c t t o t h e components of t h e v e c t o r f i f and o n l y i f 
t h e y a r e l i n e a r l y i n d e p e n d e n t , t h a t i s , i f and o n l y i f t h e r a n k of t h e 
m a t r i x 
( A - n b , A _ n + 1 b , . . . , A _ 1 b ) = A ~ n ( b , Ab, A 2 b , . . . , An~h) = A ~ V 
i s n . But s i n c e A i s n o n s i n g u l a r , t h e m a t r i x A n K^ w i l l h a v e r a n k n 
i f and o n l y i f r a n k = n . Hence 7° < = > 8° < = > 9 ° . 
9° = > 1 0 ° : S i n c e 9° = > 6 ° , we want t o show t h a t 6° ==> 1 0 ° . 
I n t h e m a t r i x E , g i v e n by ( 6 . 1 . 7 ) , i f we add A t i m e s t h e f i r s t ( b l o c k ) 
row t o t h e second ( b l o c k ) row, t h e n add A t i m e s t h e second ( b l o c k ) row 
t o t h e t h i r d ( b l o c k ) row, and so o n , u n t i l E^ i s r e d u c e d t o t h e form 
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. 0 0 0 
. 0 0 0 
. 0 0 0 
. . 0 0 
. . 0 b 
. . b Ab 
I 0 b . 
n 
0 b Ab . 
b 
Ab 
A 2 b 
A n - 4 , A n - 3 , n - 2 . A b A b A b 
. n - 3 , . n - 2 . n - l . A b A b A b 
( 6 . 1 . 4 9 ) 
t h e n h a s t h e same r a n k a s E ^ , and t h e r a n k of E^ i s n i f and o n l y 
i f t h e r a n k of (b Ab A 2 b . . . A n - 1 b ) i s n . Thus 6° <=^> 1 0 ° . 
10° 1 1 ° : In t h e e q u a t i o n (£1 - A)x (£ ) + b y ( £ ) = z ( £ ) , 
n 
w r i t i n g x ( £ ) , y(0 , and z(0 a s 
fc\ - 0 . I i 2 . . 2 n - 2 , . n - 2 x ( £ ) = x + x £ + x ( O + . . . + x (£) 
y U ) = y 0 + + V2(02 + . . . + y n _ 1 ( ^ ) n ~ 1 
z(0 = z ° + z h + 2 2 ( 0 2 + . . . + Z N - 1 ( O N - 1 
m u l t i p l y i n g o u t t h e p r o d u c t s , and e q u a t i n g c o e f f i c i e n t s of l i k e powers 
of we o b t a i n t h e f o l l o w i n g s e t of e q u a t i o n s : 
n - l +by 
n - l = z 
n - l 
-Ax 1 1 1 + x 1 1 2 +by n - 2 
n -2 
= z 
A 1 , 0 
-Ax + x +by. = z 
-Ax v + b y 0 = z 
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The c o e f f i c i e n t m a t r i x of t h i s s e t of e q u a t i o n s i s p r e c i s e l y t h e m a t r i x 
g i v e n by ( 6 . 1 . 7 ) , and h e n c e t h i s s e t of e q u a t i o n s w i l l have a u n i q u e 
s o l u t i o n f o r z ^ , z \ . . . , z R \ i f and o n l y i f t h e m a t r i x E h a s r a n k 
2 n . 
11° ==> 1 2 ° : Le t e 1 d e n o t e t h e i t h column of t h e i d e n t i t y 
m a t r i x I , and i n e q u a t i o n ( 6 . 1 . 8 ) , l e t z ( £ ) = e 1 , i e n . F u r t h e r m o r e , n — 
i f we d e n o t e by ( x ^ ( £ ) > y ^ ^ ( O ) t h e c o r r e s p o n d i n g s o l u t i o n s , t h e n 
t h e m a t r i x X(£) h a v i n g x^"^ (£) a s i t s columns and t h e v e c t o r y(0 
h a v i n g y^~^(£ ) as i t s components w i l l s a t i s f y e q u a t i o n ( 6 . 1 . 9 ) . T h e r e -
f o r e , 11° — » 1 2 ° . 
12° 1 3 ° : R e w r i t i n g e q u a t i o n ( 6 . 1 . 9 ) a s 
( £ I n - A ) , b ] 
' x ( 0 
l y T ( O J 
= i 
n 
i t i s c l e a r t h a t r a n k [ ( £ 1 - A ) , b ] = n . 
n 
13° 1 4 ° : Suppose t h a t t h e m a t r i x [ ( £ 1 - A ) , b ] h a s t h e 
n 
Smith c a n o n i c a l form [ Z ( 0 , 0 ] , where Z(0 = z^O $ 9 . . . 9 
z (O' I f 2 (A) = 0 , t h e n X i s a z e r o of t h e n t h d e t e r m i n a n t a l d i v i s o r n n 
of [ ( ? I R ~ A ) , b ] and h e n c e X i s an e i g e n v a l u e of £1 - A. F u r t h e r m o r e , 
t h e r a n k of [ Z ( £ ) , 0] i s t h e same a s t h e r a n k of [£ I - A, b ] f o r a l l F . 
n 
S i n c e r a n k [£1 - A, b ] = n , by h y p o t h e s i s , i t f o l l o w s t h a t z (E) = 1 n n 
and h e n c e Z(£) = I . 
n 
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14° 1 5 ° : We p r o v e t h e c h a i n of i m p l i c a t i o n s 14° = > 13° = > 
4° = > 5° = > 15° of which 4° = = = = :> 5° h a s a l r e a d y b e e n p r o v e d . To show 
t h a t 14° = > 1 3 ° , assume t h a t £1 - A and b a r e c o p r i m e . Then t h e 
n 
Smith c a n o n i c a l form of [£ I - A, b ] i s [ I , 0 ] which i m p l i e s t h a t t h e 
n n 
n t h d e t e r m i n a n t a l d i v i s o r of [ £ I - A, b ] i s u n i t y . T h e r e f o r e , t h e 
m a t r i x [£ I - A, b ] h a s r a n k n f o r a l l £. The i m p l i c a t i o n 13° = > 4° 
f o l l o w s from t h e f a c t t h a t i f t h e m a t r i x [£ I - A, b ] h a s r a n k n , t h e n 
n 
i t s rows a r e l i n e a r l y i n d e p e n d e n t and h e n c e f o r any v e c t o r v , 
T 
v [£ I - A, b ] = 0 i m p l i e s t h a t v = 0 . T h e r e f o r e , t h e r e e x i s t s no 
T n o n z e r o v e c t o r which s i m u l t a n e o u s l y s a t i s f i e s v (£1 - A) = 0 and J n 
v^b = 0 . To show t h e l a s t i m p l i c a t i o n 5° = > 1 5 ° , we o b s e r v e t h a t any 
e x p r e s s i o n of t h e form 
n . 
P = I a .A , a . e GF(q) ( 6 . 1 . 5 0 ) 
i = l 
s a t i s f i e s t h e e q u a t i o n PA - AP = 0 . S u b s t i t u t i n g ( 6 . 1 . 5 0 ) i n t o Pb = d 
y i e l d s 
F 
a i 
Pb = Z A 1 HA. = [ b , Ab, A 2 b , . . . , A R \ ] 




= d ( 6 . 1 . 5 1 ) 
From e q u a t i o n ( 6 . 1 . 5 1 ) i t i s c l e a r t h a t t h e s o l u t i o n ( 6 . 1 . 5 0 ) i s u n i q u e 
i f and o n l y i f [ b , Ab, A 2 b , . . . , A n X b ] i s n o n s i n g u l a r . Hence 
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15° = > 1 6 ° : We p r o v e t h e c h a i n of i m p l i c a t i o n s 15° = > 4° 
6 ° = > 16° of which o n l y 15° 4° and 6° = > 16° h a v e n o t 
y e t b e e n p r o v e d . To show t h a t 15 4 , s u p p o s e t h a t t h e r e e x i s t s 
a n o n z e r o e i g e n v e c t o r z of t h e m a t r i x A which i s o r t h o g o n a l t o t h e 
T T T T v e c t o r b , t h a t i s , z A = Az , z b = 0 , and z * 0 . Hence z ( A — AI ) B n 
0 a n d , t h e r e f o r e , d e t ( A - AI ) = 0 . But t h i s c o n c l u s i o n i m p l i e s t h a t 
n 
t h e r e e x i s t s a n o n z e r o v e c t o r v such t h a t Av = Av. Now i f we l e t 
T 
PQ = vz * 0 , t h e n i t i s c l e a r t h a t PQ s a t i s f i e s t h e r e l a t i o n s P ^ A -
APQ = 0 and P ^ b = 0 . T h e r e f o r e , i f P i s a s o l u t i o n of e q u a t i o n s ( 6 . 1 . 1 0 ) , t h e n so i s P + P ^ which c o n t r a d i c t s t h e u n i q u e n e s s c o n d i t i o n 
of p r o p e r t y 15 . Thus 15 / o ,_,. , , o 4 . F i n a l l y , t o p r o v e t h a t 6 1 6 ° , 
we r e c a l l t h a t by t h e C a y l e y - H a m i l t o n Theorem t h e m a t r i c e s A and A 
s a t i s f y t h e i r own c h a r a c t e r i s t i c e q u a t i o n s w h i c h , by ( 6 . 1 . 1 2 ) , a r e 
i d e n t i c a l . Thus we can e x p r e s s A N and A N a s 
A = E a . A , A 
i = i 1 
n i - 1 
E a . A , a . e GF(q) ( 6 . 1 . 5 2 ) 
1=1 1 1 











( 6 . 1 . 5 3 ) 
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which s a t i s f i e s t h e e q u a t i o n s 
K-jN = AK± ( 6 . 1 . 5 4 ) 
K^N = AKX ( 6 . 1 . 5 5 ) 
S i n c e i s n o n s i n g u l a r by h y p o t h e s i s and i s n o n s i n g u l a r by p r o p e r t y 
6 ° , i n v iew of e q u a t i o n s ( 6 . 1 . 5 4 ) and ( 6 . 1 . 5 5 ) , we h a v e A = PAP X , 
where P = K^K^ 1 . F u r t h e r m o r e , PK^ = a n d , i n p a r t i c u l a r , Pb = b . 
16° = > 1 7 ° : I t can b e e a s i l y checked d i r e c t l y t h a t t h e p a i r 
(A, b) d e f i n e d by ( 6 . 1 . 1 4 ) s a t i s f i e s a l l t h e c o n d i t i o n s of p r o p e r t y 1 6 ° , 
t h a t i s , d e t [ b , A b , . . . , A n "^b] * 0 and t h e c h a r a c t e r i s t i c p o l y n o m i a l 
n . 
of A i s ( A ) n - Z a . ( A ) . T h e r e f o r e , 16° ==> 1 7 ° . 
i = l 1 
17° = > 1 8 ° : We w i l l p r o v e t h a t 17° = > 6° = > 16° =^> 1 8 ° . 
The i m p l i c a t i o n 17° = = = > 6 ° f o l l o w s i m m e d i a t e l y s i n c e r a n k [ b , A b , . . . , 
A n \ ] = r a n k P [ b , A b , . . . , A n X b ] P 1 . The i m p l i c a t i o n 6 ° 16° 
was p r o v e d a s p a r t of t h e p roo f of t h e i m p l i c a t i o n 15° = = = => 1 6 ° . T h e r e ­
f o r e , i t r e m a i n s t o p r o v e o n l y t h e i m p l i c a t i o n 16° 1 8 ° . T h i s can 
b e a c c o m p l i s h e d by showing t h a t t h e p a i r (A, b) d e f i n e d by ( 6 . 1 . 1 5 ) 
s a t i s f i e s t h e c o n d i t i o n s of p r o p e r t y 1 6 ° . From ( 6 . 1 . 1 8 ) i t i s c l e a r 
t h a t t h e c h a r a c t e r i s t i c p o l y n o m i a l s of A and A a r e i d e n t i c a l . To check 
t h e second c o n d i t i o n , we need t o s e e i f t h e m a t r i x [ b , A b , . . . , A n ~ 4 > ] , 
where A and b a r e g i v e n by ( 6 . 1 . 1 5 ) - ( 6 . 1 . 1 7 ) , i s n o n s i n g u l a r . F i r s t , 
we w i l l show t h a t t h e p a i r (A, b) s a t i s f i e s p r o p e r t y 4 ° , t h a t i s , t h e r e 
e x i s t s no n o n z e r o e i g e n v e c t o r of A which i s o r t h o g o n a l t o b . From 
166 
( 6 . 1 . 1 5 ) and ( 6 . 1 . 1 6 ) i t f o l l o w s t h a t t h e m a t r i x A h a s o n l y v e i g e n ­









1 E V 
1 i 
where w a r e n ^ - v e c t o r s g i v e n by t h e r e l a t i o n s 
w J 1 - < 
i f i * j 
a * 0 , f o r i = j 
Now u s i n g ( 6 . 1 . 1 5 ) and ( 6 . 1 . 1 7 ) , we s e e t h a t a l l t h e e i g e n v e c t o r s v of 
t h e m a t r i x A s a t i s f y t h e c o n d i t i o n v ^ b * 0 , i e v_. S i n c e 4° = > 6 ° , 
i t f o l l o w s t h a t t h e m a t r i x [ b , A b , . . . , A n ^b] i s n o n s i n g u l a r . 
= > 6 
18° = > 1 9 ° : We w i l l c o n s i d e r t h e c h a i n of i m p l i c a t i o n s 18° 
=> 17° =^> 19° of which 18° ==> 6° was p roved i n t h e p r e c e d i n g 
n - R d i s c u s s i o n when we showed t h a t t h e m a t r i x [ b , A b , . . . , A b ] i s 
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n o n s i n g u l a r , and 6° =s=> 17° h a s a l r e a d y b e e n p r o v e d . T h e r e f o r e , we 
need t o show t h a t 17° = > 1 9 ° . Assuming t h e p a i r (A, b) h a s b e e n 
t r a n s f o r m e d t o (A, b) g i v e n by ( 6 . 1 . 1 4 ) , c o n s i d e r an a r b i t r a r y n -
~T 
v e c t o r v = ( v ^ , V 2 » * • •» v n ) • Us ing ( 6 . 1 . 1 4 ) , we o b t a i n 
A + bv = 
a +v a 0 + v 0 a 0 + v „ . . . a +v 1 1 2 2 3 3 n n 
( 6 . 1 . 5 6 ) 
The m a t r i x ( 6 . 1 . 5 6 ) h a s t h e f o l l o w i n g c h a r a c t e r i s t i c p o l y n o m i a l : 
n 
i - 1 n f(A) = (A) £ ( a . + v . ) ( A ) 
i = l 1 1 
( 6 . 1 . 5 7 ) 
Now i f a p o l y n o m i a l f^(A) of t h e form ( 6 . 1 . 2 0 ) i s s p e c i f i e d , t h e n we 
can choose 
v . = b . - a . , i e n 
i i i — 
so t h a t 
d e t [ A I n - (A + bv ) ] = f (A) ( 6 . 1 . 5 8 ) 
Us ing t h e r e l a t i o n s A = PAP 1 and b = P b , and ( 6 . 1 . 5 8 ) , we f i n d t h a t 
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f ( X j = d e t ( X I - P A P " 1 - P b v T ) 
1 n 
= d e t P(XI - A - b v ^ P " 1 n 
d e t ( X I - A - b v T P ) n 
OT 
d e t ( X I - A - bv ) n 
, OT _ ~T_ where v = v P . 
19° ==> 2 0 ° : We w i l l show t h a t 19° 4° = > 17° 2 0 ° . 
S i n c e t h e i m p l i c a t i o n 4° = > 17° h a s a l r e a d y b e e n p r o v e d , i t r e m a i n s 
t o p r o v e t h e i m p l i c a t i o n s 19° = = = > 4° and 17° ===^> 2 0 ° . To p r o v e 19° 
=^> 4 ° , assume t h a t p r o p e r t y 4° i s n o t s a t i s f i e d . Then t h e r e e x i s t s 
T T T 
a v e c t o r z such t h a t z A = , z b = 0 , and z * 0 . T h e r e f o r e , f o r 
T T T T any v e c t o r v we have z ( A + b v ) = z A = X^z . But t h i s c o n c l u s i o n 
T 
i m p l i e s t h a t X^ i s an e i g e n v a l u e of t h e m a t r i x ( A + b v ) f o r any v e c ­
t o r v . T h e r e f o r e , i f we choose a p o l y n o m i a l of t h e form ( 6 . 1 . 2 0 ) 
which does n o t v a n i s h f o r X = X^, t h e n ( 6 . 1 . 2 1 ) i s v i o l a t e d f o r e v e r y 
v e c t o r v . T h i s o b v i o u s l y c o n t r a d i c t s p r o p e r t y 1 9 ° . Hence 19° = > 4° , 
The i m p l i c a t i o n 17° = > 20° i s e a s i l y p r o v e d by u s i n g t h e r e l a t i o n s 
( 6 . 1 . 1 4 ) and d i r e c t l y e v a l u a t i n g ( M ~ A) H > t o o b t a i n 
(XI - h~h - A " j X ) r, 
n d e t ( X I - A) 
where w(X) i s d e f i n e d by ( 6 . 1 . 2 3 ) . Now i n v iew of t h e r e l a t i o n s 
A = PAP 1 and b E P b , i t f o l l o w s t h a t 
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n 
20° 2 1 ° : The p o l y n o m i a l f 2 ( X ) d e f i n e d by ( 6 . 1 . 2 4 ) can b e 
w r i t t e n i n t e r m s of w(A) a s 
f 2 ( X ) = dTw(A) ( 6 . 1 . 6 0 ) 
T where d = (d.. , d o s . . . , d ) . Using ( 6 . 1 . 5 9 ) and ( 6 . 1 . 6 0 ) , we can 1 z n 
e x p r e s s ( 6 . 1 . 2 5 ) e q u i v a l e n t l y a s 
v T P _ 1 w ( X ) = dTw(A) ( 6 . 1 . 6 1 ) 
T - 1 T 
From ( 6 . 1 . 6 1 ) i t f o l l o w s t h a t v P = d , and c o n s e q u e n t l y t h e r e q u i r e d 
T 
v e c t o r i s g i v e n by v = P d. 
21° = > 2 2 ° : T h i s i m p l i c a t i o n i s o b v i o u s s i n c e we can choose 
a p o l y n o m i a l f 2 ( X ) such t h a t f 2 ( X ) / d e t ( X I - A) i s i r r e d u c i b l e and 
t h e n a p p l y p r o p e r t y 21° t o d e t e r m i n e a v e c t o r v which s a t i s f i e s p r o p e r t y 
2 2 ° . 
22° = > 2 3 ° : Le t t h e p o l y n o m i a l s f(X) and g(X) i n ( 6 . 1 . 2 7 ) 
have t h e forms 
f(X) = b Q + b̂̂A + b 2 ( X ) + . . . + b (A)y ( 6 . 1 . 6 2 ) 
and 
;(A) = a Q + a x X + a2(A)2 + . . . + â (A)V ( 6 . 1 . 6 3 ) 
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Suppose t h a t f(X) and g(X) a r e n o t c o p r i m e . Then t h e r e e x i s t s a common 
r o o t a and c o n s e q u e n t l y f(X) and g(X) can be w r i t t e n a s f o l l o w s : 
f(X) = (X - a ) ( - b Q - b^X - . . . - b ^ _ 1 ( X ) y ~ 1 ) ( 6 . 1 . 6 4 ) 
g(X) = (X - a ) ( - I Q - - . . . - a v _ 1 ( A ) V ~ 1 ) ( 6 . 1 . 6 5 ) 
E l i m i n a t i n g t h e common f a c t o r (X - a) i n ( 6 . 1 . 6 4 ) and ( 6 . 1 . 6 5 ) , we g e t 
g (X) (b_ + b \ x + . . . + b . ( A ) * 1 " 1 ) + f ( X ) ( a _ + I . X + . . . + a - ( X ) ^ 1 ) = 0 
U 1 u - 1 0 1 v - 1 
( 6 . 1 . 6 6 ) 
S u b s t i t u t i n g f o r f(X) and g(X) from ( 6 . 1 . 6 2 ) and ( 6 . 1 . 6 3 ) i n t o ( 6 . 1 . 6 6 ) , 
and e q u a t i n g t h e c o e f f i c i e n t s of each power of X t o z e r o , we o b t a i n 
t h e f o l l o w i n g s e t of l i n e a r e q u a t i o n s : 
a b _ + b a = 0 v u - 1 y v - 1 
a _b . + a b 0 + b a 0 + b , a = 0 ( 6 . 1 . 6 7 ) v - 1 u - 1 v y -2 y v -2 y - 1 v - 1 
a o b o + b o a o " 0 
I t i s c l e a r t h a t t h e s e t of e q u a t i o n s ( 6 . 1 . 6 7 ) w i l l have a n o n z e r o 
s o l u t i o n a^ , a ^ , . . . , av_±> b 0 ' b l ' * * * ' b y - l ' i f a n d o n l y i f t h e 
d e t e r m i n a n t of t h e c o e f f i c i e n t m a t r i x which i s p r e c i s e l y t h e m a t r i x R 
of p r o p e r t y 2 3 ° , i s z e r o . T h e r e f o r e , 22° < = > 2 3 ° . 
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23° = > 2 4 ° : S i n c e 22° <=-=> 2 3 ° , we w i l l show t h a t 22° 24° 
by u s i n g t h e c h a i n of i m p l i c a t i o n s 22° = > 2° = > 21° =*=s> 24° of which 
o n l y t h e i m p l i c a t i o n s 22° = > 2° and 21° ==> 24° a r e n o t y e t p r o v e d . 
To p r o v e t h e i m p l i c a t i o n 22° =*=> 2 ° , s u p p o s e t h a t p r o p e r t y 2° i s n o t 
s a t i s f i e d . Then t h e p a i r can b e b r o u g h t i n t o t h e form ( 6 . 1 . 1 ) . I f we 
T 0 _ , v l x n . T , IT 2T, w r i t e t h e a r b i t r a r y v e c t o r v e GF(q) m t h e form v = (v , v ) , 
IT l x r 
where v e GF(q) , and u s e t h e r e l a t i o n s d e f i n e d by ( 6 . 1 . 1 ) , we 
o b t a i n 
r 
v T ( A I n - A ) _ 1 b = [ v l T , v 2 T ] 
( A I r - A ) ^ ( A I r - A n ) ( A V r - A 2 2 ) - 1 
( X I n - r - A 2 2 > _ 1 
b 1 
0 
v . j 
r v l T ( A I r - A 1 1 ) 1 b 1 ( 6 . 1 . 6 8 ) 
h(A) 
d e t ( A I - A n 1 ) r 11 
( 6 . 1 . 6 9 ) 
S i n c e i n ( 6 . 1 . 6 9 ) t h e d e g r e e of t h e p o l y n o m i a l d e t ( A l r - A ^ ) i s 
s t r i c t l y l e s s t h a n n , i t f o l l o w s t h a t any e x p r e s s i o n of t h e form 
v T ( A I - A ) _ 1 b i s r e d u c i b l e . But v T ( A I - A ) - 1 b = v T ( A I - P A P " 1 ) " ^ n n n 
T — 1 AT - 1 _ 
= v P(AI - A) "T>. Hence any e x p r e s s i o n of t h e form v (AI - A) nt>, n n 
AT _ T 
where v = v P , i s a l s o r e d u c i b l e . T h i s c o n c l u s i o n o b v i o u s l y c o n t r a ­
d i c t s p r o p e r t y 2 2 ° . To p r o v e t h e i m p l i c a t i o n 21° = > 2 4 ° , we o b s e r v e 
t h a t t h e i d e n t i t y 
v T ( A I n - A)b = 0 ( 6 . 1 . 7 0 ) 
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i s s a t i s f i e d f o r v = 0 . From t h e u n i q u e n e s s of t h e v e c t o r v which 
s a t i s f i e s t h e c o n d i t i o n s of p r o p e r t y 2 1 ° , i t f o l l o w s t h a t t h e v e c t o r 
v = 0 i s t h e o n l y v e c t o r which s a t i s f i e s ( 6 . 1 . 7 0 ) . 
24° 2 5 ° : Suppose t h a t p r o p e r t y 25° i s n o t s a t i s f i e d . 
Then t h e r e e x i s t s a v e c t o r v * 0 such t h a t 
v T ( A . I - A ) _ 1 b = 0 , i e n ; d e t ( X . I - A) * 0 ( 6 . 1 . 7 1 ) 
i n — i n 
S i n c e v ^ ( A . I - A) \> can b e w r i t t e n a s i n 
A 
v T ( X . I n - A)~h =. ( 6 . 1 . 7 2 ) 
n 
A 
where deg f(X) < n - l , i n v iew of ( 6 . 1 . 7 1 ) , i t f o l l o w s t h a t 
f ( X ± ) = 0 , i e n 
S i n c e deg f ( X ) < n - l and f v a n i s h e s a t n d i s t i n c t s c a l a r s X ^ , i t must 
be i d e n t i c a l l y z e r o . T h i s conclusion i m p l i e s t h a t i n ( 6 . 1 . 7 2 ) , 
T - L T v ( X . I - A ) " IJ = 0 . However, by h y p o t h e s i s v * 0 , and t h e r e f o r e i t i n 
c o n t r a d i c t s p r o p e r t y 2 4 ° . 
25° ==> 1 ° : We w i l l p r o v e t h a t 25° = > . 2 ° = > 6° 1 ° . 
Suppose t h a t p r o p e r t y 2° i s n o t s a t i s f i e d . Then t h e LSM ( A , b) can b e 
b r o u g h t i n t o t h e form ( 6 . 1 . 1 ) which c l e a r l y shows t h a t t h e l a s t n - r 
components of t h e v e c t o r ( A I - A ) "̂ b a r e z e r o . T h e r e f o r e , a l l v e c t o r s 
of t h i s form b e l o n g t o a s u b s p a c e of a d i m e n s i o n s m a l l e r t h a n n and 
c o n s e q u e n t l y we c a n n o t f i n d n l i n e a r l y i n d e p e n d e n t v e c t o r s of t h i s 
form. F u r t h e r m o r e , s i n c e ( X I - A)~K = ( X I - P A P " 1 ) " ^ = P ( X I - A ) " 
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i t f o l l o w s t h a t t h e r e do n o t e x i s t n l i n e a r l y i n d e p e n d e n t v e c t o r s of 
t h e form (AI - A) X b , which c o n t r a d i c t s p r o p e r t y 2 5 ° , and p r o v e s t h e n 
i m p l i c a t i o n 25° = > 2 ° . The i m p l i c a t i o n 6° = > 1° i s o b v i o u s s i n c e 
r a n k = n i m p l i e s t h a t t h e r a n g e R(K^) of t h e l i n e a r map : 
(j* —> X, which i s t h e s e t of a l l r e a c h a b l e s t a t e s of t h e LSM M^ = 
(A, b ) , i s e q u a l t o X. • 
6 . 2 . E q u i v a l e n c e C l a s s e s of S t a t e R e a c h a b l e S i n g l e - I n p u t LSMs 
I n S e c t i o n 5 . 1 we d i s c u s s e d t h e r o l e of a p a r t i c u l a r t r a n s f o r ­
m a t i o n g r o u p , namely t h e g roup G^ g i v e n by ( 5 . 1 . 3 5 ) , i n i d e n t i f y i n g 
c e r t a i n c a n o n i c a l forms f o r s t a t e r e a c h a b l e LSMs. I n t h i s s e c t i o n , 
we w i l l b r i e f l y d i s c u s s t h e e q u i v a l e n c e r e l a t i o n G ^ - e q u i v a l e n c e i n 
r e l a t i o n t o s t a t e r e a c h a b l e s i n g l e - i n p u t LSMs. 
C o n s i d e r t h e f o l l o w i n g r e l a t i o n on t h e s e t of a l l s i n g l e -
i n p u t LSMs (A, b) of t h e same o r d e r n : (A^, b ± ) p ^ ( A ^ , b ^ ) , t h a t i s , 
t h e LSM (A^, b 1 ) i s r e l a t e d t o t h e LSM ( A Q , b ° ) u n d e r t h e r e l a t i o n p ^ , 
i f and o n l y i f t h e r e e x i s t s an i somorph i sm P^ : X —> X, P e GF(n, q ) , 
and a v e c t o r v^ e G F ( q ) n such t h a t 
A x = P 0 ( A Q + b W " 1 ; b 1 = P Q b ° ( 6 . 2 . 1 ) 
We want t o show t h a t p ^ i s an e q u i v a l e n c e r e l a t i o n and h e n c e a l l o w s 
t h e p a r t i t i o n of t h e s e t of a l l r e a c h a b l e LSMs (A, b) i n t o e q u i v a l e n c e 
c l a s s e s . 
Theorem 6 . 2 . 1 . p ^ i s an e q u i v a l e n c e r e l a t i o n . 
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P r o o f . We need t o show t h a t t h e r e l a t i o n i s r e f l e x i v e , 
s y m m e t r i c , and t r a n s i t i v e . Tak ing P ^ = I and v^ = 0 , shows t h a t 
( A Q , D ^ ) P ^ ( A Q , b^) and h e n c e i s r e f l e x i v e . To show t h a t i s 
1 iT - 1 0 1 - 1 s y m m e t r i c , l e t A_. = P- , (A. . + b v ) P . and b = P . b , where P . = P-. J O i l l l l O 
and v 1 = -(p'Vv0. Then ( A ^ b 1 ) p I ( A ( ) , b 0 ) ( A Q , b f y p ^ A ^ b 1 ) . 
F i n a l l y , s u p p o s e t h a t ( A ^ , b ^ ) p (Ag,-"b^) and ( A 2 , b ^ ) p (A , b 1 ) . We 
2 0 2 want t o show t h a t ( A ^ , b ) p ^ ( A ^ , b ) . Le t ( A ^ , b ) b e r e l a t e d t o 
( A ^ , b 1 ) by t h e r e l a t i o n s 
A 2 = P (A + bWj 1; b 2 = P ^ 1 ( 6 . 2 . 2 ) 
S u b s t i t u t i n g i n t o ( 6 . 2 . 2 ) f o r A ^ and b 1 from ( 6 . 2 . 1 ) , we o b t a i n 
= ( P ^ Q H A Q + b ° ( v ° + P Q V 1 ) T ] ( P 1 P ( ) ) " 1 ( 6 . 2 . 3 ) 
S i m i l a r l y , 
b 2 = ( P 1 P 0 ) b ° ( 6 . 2 . 4 ) 
2 
From ( 6 . 2 . 3 ) and ( 6 . 2 . 4 ) we s e e t h a t t h e L S M ( A 2 , b ) i s r e l a t e d t o 
t h e L S M ( A Q , b^ ) by t h e r e l a t i o n s 
0 2T -1 ? 0 
A 2 = P 2 ( A Q + b v ) P 2 ; b Z = P 2 b U 
2 0 T 1 where P 2 E P ^ and v = v + P Q v . • 
C o r o l l a r y 6 . 2 . 1 . The r e l a t i o n ( A ^ b 1 ) p ^ ( A Q , b ° ) , where 
A ^ = P Q A P Q 1 and b 1 = P g b ^ , i s an e q u i v a l e n c e r e l a t i o n . 
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C o r o l l a r y 6 . 2 . 2 . The r e l a t i o n ( A ^ b 1 ) p ' ^ ( A , b ° ) , where 
A , , 0 OT j , 1 , 0 . , _ . A^ = A Q + b v and b = b , i s an e q u i v a l e n c e r e l a t i o n . 
The above r e s u l t p o i n t s o u t t h e e x i s t e n c e of a s t r o n g l i n k 
among s t a t e r e a c h a b l e s i n g l e - i n p u t LSMs a s shown i n t h e f o l l o w i n g 
t h e o r e m . 
Theorem 6 . 2 . 2 . A l l s t a t e r e a c h a b l e s i n g l e - i n p u t LSMs M = 
(A, b) of t h e same d i m e n s i o n n b e l o n g t o an e q u i v a l e n c e c l a s s of LSMs 
w i t h r e s p e c t t o t h e r e l a t i o n d e f i n e d by ( 6 . 2 . 1 ) . Tha t i s , i f M^ = 
(AQ , b^) i s a r e a c h a b l e LSM, t h e n a l l t h e LSMs M^ = ( A ^ , b 1 ) , o b t a i n e d 
by t h e r e l a t i o n s 
A l = V A 0 + b ° v ° T ) P o 1 > b l = P 0 b ° ( 6 . 2 . 5 ) 
a r e r e a c h a b l e ; c o n v e r s e l y , i f MQ = ( A ^ , b^) and M^ = ( A ^ , b^) a r e two 
r e a c h a b l e LSMs of t h e same d i m e n s i o n , t h e n t h e r e e x i s t s an i somorph i sm 
P Q : X — > X , P Q e GF(n, q ) , and a v e c t o r v ° e G F ( q ) n such t h a t t h e 
LSMs a r e r e l a t e d by ( 6 . 2 . 5 ) . 
P r o o f . From ( 6 . 2 . 5 ) i t i s e a s y t o s e e t h a t t h e f o l l o w i n g 
i d e n t i t y h o l d s : 
0 T - 1 I T OT - 1 A Q + b v = P Q 1 ^ + b ^ v 1 - v U i ) P 0 1 ] P ( ) 
which i m p l i e s t h a t 
0 T I T D T - l 
d e t ( X l n - A Q - b v ) = d e t [ A l n - A± - b ± ( v i - v U i ) P 
0 
( 6 . 2 . 6 ) 
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I f t h e L S M MQ = ( A Q , b ° ) i s r e a c h a b l e , t h e n by p r o p e r t y 1 9 ° of Theorem 
0 T 6 . 1 . 1 , d e t ( A I - A - b v ) can be made e q u a l t o any monic p o l y n o m i a l n 0 
of t h e form 
n . 
f(A) = ( A ) n - E a ( A ) 1 " 1 
i = l 
by an a p p r o p r i a t e c h o i c e of t h e v e c t o r v . In o t h e r w o r d s , by an 
IT T OT - 1 a p p r o p r i a t e c h o i c e of t h e v e c t o r v = (v - v ) P Q , t h e r i g h t - h a n d 
s i d e of ( 6 . 2 . 6 ) can be made e q u a l t o any monic p o l y n o m i a l of d e g r e e n . 
A p p l y i n g a g a i n p r o p e r t y 1 9 ° of Theorem 6 . 1 . 1 , i t f o l l o w s t h a t t h e LSM 
M^ = (A^, b 1 ) i s a l s o r e a c h a b l e . C o n v e r s e l y , i f t h e LSMs M^ = (A^, b^ ) 
and M^ = (A^, b^) a r e r e a c h a b l e and of t h e same d i m e n s i o n , t h e n by 
v i r t u e of p r o p e r t y 1 7 ° of Theorem 6 . 1 . 1 , t h e r e e x i s t i somorph i sms 
P Q , P ^ : X > X such t h a t t h e i s o m o r p h i c LSMs M^ = (A^, b^ ) E 
( P ^ P Q 1 , P Q b 0 ) and Mx = ( A ^ b 1 ) E ( P - ^ " 1 , P ^ 1 ) have t h e forms 
0 1 0 
0 0 1 
0 0 0 
a l A 2 A 3 
( 6 . 2 . 7 ) 
where a^ , i e n , a r e t h e c o e f f i c i e n t s of t h e c h a r a c t e r i s t i c p o l y n o m i a l 
i - 1 n f Q ( A ) = (A) - E a ± ( A ) 
i = l 
of t h e m a t r i x A Q ; and 
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'O 1 0 . . . 0 V 
0 0 1 . . . 0 0 





• » b 1 E • 
0 0 0 . . . 1 0 
b l b 2 b 3 . . . b n 
1 
( 6 . 2 . 8 ) 
where b_^, i e n , a r e t h e c o e f f i c i e n t s of t h e c h a r a c t e r i s t i c p o l y n o m i a l 
n 
f , ( X ) = ( X ) n - Z b ( A ) 1 1 
i = l 
of t h e m a t r i x A ^ . We o b s e r v e t h a t t h e m a t r i c e s A ^ and A ^ d i f f e r o n l y 
i n t h e l a s t row. Le t ( a . . , a _ , . . . , a ) d e n o t e t h e l a s t row of A . 
1 Z n U 
and ( b ^ , b 2 » . • • , b^ ) t h e l a s t row of A ^ . Then t h e f o l l o w i n g e q u a l i t y 
h o l d s : 
~q~t A, - A Q + b v ( 6 . 2 . 9 ) 
whe re t h e components of t h e v e c t o r v = ^ v l » v 2 » * * *» v n ^ a r e § i v e n 
by t h e e q u a l i t i e s 
v . = b . - a . , i e n i l l — 
R e p l a c i n g A ^ , Aq, and b i n ( 6 . 2 . 9 ) by t h e i r e q u i v a l e n t e x p r e s s i o n s i n 
t e r m s of A ^ , Aq, and b ^ , we o b t a i n t h e e q u a l i t y 
W i 1 " W o 1 + p o b ° ; T 
from which i t f o l l o w s t h a t 
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A i " p i V A o + b ° ; T p o ) p o 1 ? i ( 6 - 2 a 0 ) 
From ( 6 . 2 . 7 ) and ( 6 . 2 . 8 ) we have b 1 = b ^ . By e x p r e s s i n g b 1 and b ^ 
c , 1 , , 0 , . i n t e r m s of b and b , we o b t a i n 
b 1 = p i l p 0 b ° ( 6 . 2 . 1 1 ) 
E q u a t i o n s ( 6 . 2 . 1 0 ) and ( 6 . 2 . 1 1 ) imply t h a t t h e LSM M = (A , b 1 ) i s 
A A A 
0 0 T - 1 
r e l a t e d t o t h e LSM MQ = ( A Q , b ) by t h e r e l a t i o n s A 1 = P (A Q + b v )P 
and b 1 = P b ° , where P = P^Pq and v T = v T P 0 . T h e r e f o r e , ( A ^ b 1 ) p 1 
(Aq, b ^ ) , and t h e p r o o f i s c o m p l e t e . • 
C o r o l l a r y 6 . 2 . 3 . A l l s t a t e r e a c h a b l e s i n g l e - i n p u t LSMs M - (A, b) 
of t h e same d i m e n s i o n b e l o n g t o an e q u i v a l e n c e c l a s s of LSMs w i t h r e s p e c t 
t o t h e e q u i v a l e n c e r e l a t i o n of C o r o l l a r y 6 . 2 . 1 . 
C o r o l l a r y 6 . 2 . 4 . A l l s t a t e r e a c h a b l e s i n g l e - i n p u t LSMs M = 
(A, b) of t h e same d i m e n s i o n b e l o n g t o an e q u i v a l e n c e c l a s s of LSMs 
w i t h r e s p e c t t o t h e e q u i v a l e n c e r e l a t i o n p 1^ of C o r o l l a r y 6 . 2 . 2 . 
The e q u i v a l e n c e r e l a t i o n d e f i n e d by e q u a t i o n s ( 6 . 2 . 1 ) may b e 
i n t e r p r e t e d a s a r e l a t i o n r e s u l t i n g from t h e s e q u e n t i a l a p p l i c a t i o n of 
s t a t e f e e d b a c k and n o n s i n g u l a r s t a t e t r a n s f o r m a t i o n . I n o r d e r t o 
f u r t h e r e x p l a i n t h i s p o i n t of v i e w , c o n s i d e r t h e s t a t e e q u a t i o n of 
t h e LSM Mq = (Aq, b ° ) 
x ( k + l ) = A Q x ( k ) + b ° u ( k ) ( 6 . 2 . 1 2 ) 
OT 
I n t r o d u c i n g t h e s t a t e f e e d b a c k law u ( k ) = v x ( k ) + w ( k ) , where w(k) 
i s a new e x t e r n a l i n p u t and v^ e G F ( q ) n i s a v e c t o r , ( 6 . 2 . 1 2 ) becomes 
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( 6 . 2 . 1 3 ) 
Now i f we c o n s i d e r a s t a t e i somorph i sm P 
0 
: X —> X, x ( k ) | > P x ( k ) 
= x ( k ) , t h e n t h e L S M ( 6 . 2 . 1 3 ) i s t r a n s f o r m e d t o t h e f o l l o w i n g i s o m o r p h i c 
L S M : 
I n v iew of t h e i n v a r i a n c e p r o p e r t y of r e a c h a b i l i t y unde r s t a t e f e e d ­
back homomorphism and s t a t e i s o m o r p h i s m , p roved i n Theorem 5 . 3 . 1 and 
Theorem 5 . 1 . 7 , r e s p e c t i v e l y , i t f o l l o w s t h a t t h e L S M M ^ = ( A Q , b^) i s 
1 0 OT - 1 r e a c h a b l e i f and o n l y i f t h e L S M M = ( A ^ b ) = ( P Q ( A 0 + b v )P , 
P^b^) i s r e a c h a b l e . 
Theorem 6 . 2 . 2 can b e used t o s t a t e t h e c r i t e r i o n of r e a c h a b i l i t y 
i n a l t e r n a t i v e forms e q u i v a l e n t t o t h e p r o p e r t i e s of Theorem 6 . 1 . 1 . To 
a c c o m p l i s h t h i s , i t i s s u f f i c i e n t t o r e p l a c e t h e L S M ( A Q , b^ ) by t h e 
L S M ( A , b 1 ) = ( P Q ( A q + b ° v ° T ) P 0 1 , p 0 B ° ) I N A N Y o f t n e p r o p e r t i e s of 
Theorem 6 . 1 . 1 . For e x a m p l e s , p r o p e r t y 2 ° of Theorem 6 . 1 . 1 can b e 
e q u i v a l e n t l y r e s t a t e d a s f o l l o w s : 
For any i somorph i sm P^ : X —> X, P^ e GF(n, q ) , and any v e c t o r 
v^ e G F ( q ) n , t h e L S M ( A , b ) i s r e a c h a b l e i f and o n l y i f t h e r e does n o t 
e x i s t any i somorph ism P : X —> X, P e GF(n, q ) , such t h a t t h e i s o m o r p h i c 
x ( k + l ) = [ P 0 ( A Q + b 0 v 0 T ) P ( ) 1 ] x ( k ) + P 0 b ° w ( k ) 
L S M (A, b) OT - 1 (P[P (A + bv )p , P(P b ) ) w i l l h a v e t h e form 
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A l l A 1 2 
0 A 2 2 0 
u a nr?/ ^ x r 1 n-uf \ r x ( n - r ) 7 , . ( n - r ) x ( n - r ) where A, n e GF(q) , A, 0 e GF(q) , e GF(q) 11 12 
~1 r and b e GF(q) w i t h r < n . 
6 . 3 . E i g h t e e n E q u i v a l e n t C r i t e r i a f o r t h e S t a t e 
R e a c h a b i l i t y P r o p e r t y of M u l t i - I n p u t LSMs 
Theorem 6 . 3 . 1 . For t h e m u l t i v a r i a b l e LSM M = (A, B) t h e f o l ­
lowing s t a t e m e n t s a r e e q u i v a l e n t : 
1 . The LSM M = (A, B) i s s t a t e r e a c h a b l e . 
2 ° . T h e r e does n o t e x i s t an i somorph i sm P : X —> X, P e 
GF(n, q ) , such t h a t t h e c h a r a c t e r i z i n g m a t r i c e s of t h e i s o m o r p h i c 
mach ine M = (A, B) E ( P A P - 1 , PB) w i l l have t h e forms 
A l l A 1 2 B i 
> B = 
0 A 2 2 
j 
0 
( 6 . 3 . 1 ) 
where k±1 e G F ( q ) r x r ( r < n , p o s s i b l y r = 0 ) , k±2 e G F ( q ) r x ( n ~ r ) 
7 , x ( n - r ) x ( n - r ) ~ _ w . r xm A 2 2 e G F ( q ) v , and B e GF(q) 
Or 
- 1 The re does n o t e x i s t any LSM M = (PAP , P B ) , i s o m o r p h i c t o 
M = (A, B ) , whose s t a t e e q u a t i o n s w i l l h a v e t h e f o l l o w i n g form: 
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x I ( k + l ) = A 1 1 x I ( k ) + A 1 2 x I : C ( k ) + B u ( k ) 
T I I I ( k + 1 ) = A 2 2 x (k) 
( 6 . 3 . 2 a ) 
( 6 . 3 . 2 b ) 
where x I ( k ) e G F ( q ) r and x ^ k ) e G F ( q ) n r . 
3 ° . There e x i s t s no A - i n v a r i a n t s u b s p a c e of X of d i m e n s i o n 
s m a l l e r t h a n n , c o n t a i n i n g R ( B ) . 
4 ° . The re e x i s t s no n o n z e r o e i g e n v e c t o r v e G F ( q ) n of t h e 
T T m a t r i x A which s a t i s f i e s t h e r e l a t i o n v B = 0 . Tha t i s , t h e r e e x i s t s 
no v e c t o r v e G F ( q ) n which w i l l s i m u l t a n e o u s l y s a t i s f y t h e f o l l o w i n g 
r e l a t i o n s : 
v T ( A I - A) = 0 , v T B = 0 , v * 0 n ( 6 . 3 . 3 ) 
5 . A s u b s p a c e of X o r t h o g o n a l t o R(B) does n o t c o n t a i n an 
A - i n v a r i a n t s u b s p a c e . 
Or 
6 . The f o l l o w i n g m a t r i x K e GF(q) h a s r a n k n : 
K E [B, AB, A 2 B , . . . , A n 1 B ] 
The l i n e a r map 
K = [B, AB, A 2 B , . . . , A n \] : U* —> X 
i s an ep imorph i sm. 
7 . The r a n k of t h e m a t r i x 
( 6 . 3 . 4 ) 
n - l 
KK Z A ^ - W V ) 1 ^ " " 1 c GF(q) n X n 
j=0 
( 6 . 3 . 5 ) 
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where K i s d e f i n e d by ( 6 . 3 . 4 ) , i s e q u a l t o n . 
8 . The m a t r i x e q u a t i o n 
(A + BF) = 0 ( 6 . 3 . 6 ) 
mxn h a s a u n i q u e s o l u t i o n w i t h r e s p e c t t o F e GF(q) , and A i s n o n s i n g u l a r 
9 ° . The s e t of m a t r i x e q u a t i o n s 
F A _ 1 B = I 
m 
( 6 . 3 . 7 ) 
- l FA B = 0 , i = 2 , 3 , . . . , n 
h a s a u n i q u e s o l u t i o n w i t h r e s p e c t t o F e GF(q) mxn 
_o m 1 . . . n xn (n+m- l ) , , 2 10 . The f o l l o w i n g m a t r i x E e GF(q) h a s r a n k n : 
E = 
0 . . 0 0 0 . . . 0 0 B 
-A I . 
n 
. 0 0 0 . . 0 B 0 
0 -A . . 0 0 0 . . B 0 0 
0 0 . . . I O B . . . 0 0 0 
n 
0 0 . . . - A B O . . . 0 0 0 
( 6 . 3 . 8 ) 
1 1 ° . Given any p o l y n o m i a l v e c t o r z ( £ ) e G F ( q ) [ £ ] n x l w i t h e l e ­
men t s of d e g r e e n - l o r l e s s , t h e r e e x i s t a p o l y n o m i a l v e c t o r x ( £ ) e 
n x l 
GF(q) [E,] w i t h e l e m e n t s of d e g r e e n - 2 o r l e s s , and a p o l y n o m i a l v e c ­
t o r y ( 0 e GF(q) [ e ; ] m x l w i t h e l e m e n t s of d e g r e e n - l o r l e s s , such t h a t 
( a n " A ) x ( 0 + B y ( 0 = z(0 ( 6 . 3 . 9 ) 
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1 2 ° . T h e r e e x i s t a p o l y n o m i a l m a t r i x X(£) e GF(q) [ £ ] n X n w i t h 
e l e m e n t s of d e g r e e n - 2 or l e s s , and a p o l y n o m i a l m a t r i x Y(^) z G F ( q ) [ £ j 
w i t h e l e m e n t s of d e g r e e n - l o r l e s s , such t h a t 
mxn 
ain " A)X(0 + BY(0 = in 
( 6 . 3 . 1 0 ) 
a l l £. 
1 3 ° . The m a t r i x [ £ I - A, B] e G F ( q ) [ £ ] n x ( n + m ) h a s r a n k n f o r 
n 
14 . The p o l y n o m i a l m a t r i c e s £ 1 ^ - A, B a r e c o p r i m e , t h a t i s , 
[£1 - A, B] h a s t h e Smith c a n o n i c a l form [ I , 0 1 . n n 
15 . The re e x i s t s an i somorph i sm P : X —> X, P e GF(n, q ) , 
such t h a t t h e c h a r a c t e r i z i n g m a t r i c e s of t h e i s o m o r p h i c LSM M = (A, B) 
e (PAP \ PB) have t h e f o l l o w i n g f o r m s : 




. A LL 
. A 21 
LL 
0 1 
0 0 . . . 0 
02 0 . . . 0 
0 0 0 . . . B 
V 
( 6 . 3 . 1 1 ) 
A ° . 
11 
0 0 
0 0 0 
a... a a i i i 2 i 3 
in 
Oi 
( 6 . 3 . 1 2 ) 
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i e m; i n t h e m a t r i c e s A , i < t , o n l y t h e e n t r i e s i n t h e 
f i r s t column may be n o n z e r o , a l l o t h e r e n t r i e s b e i n g z e r o ; A ^ e 
GF(q) 
n . xn 
1 i 
, n + n 2 + . . . + n ^ = n , A i t e GF(q) 
n . x ( m - t ) 
and B. e GF(q) 1 
n . x n ^ . n . 1 t , Ol , s. 1 , b e GF(q) 
16 . Suppose t h a t P : X —> X i s an i somorph i sm such t h a t t h e 
c h a r a c t e r i z i n g m a t r i c e s of t h e i s o m o r p h i c LSM M = (A, B) h a v e t h e f o l ­





; b = 
J B 
( 6 . 3 . 1 3 ) 
where 
A. = l 
X. 1 l 
X. 1 1 
X. 1 1 
, i e v ( 6 . 3 . 1 4 ) 
n . x n , , 
t h a t i s , A i s i n t h e J o r d a n c a n o n i c a l form; A. e GF(q) , B. e l l n . xm 
GF(q) , and n^ + + • • • + n v = n * Then a l l rows of t h e m a t r i x B 
c o r r e s p o n d i n g t o t h e l a s t rows of t h e J o r d a n b l o c k s c o n t a i n i n g t h e same 
e i g e n v a l u e a r e l i n e a r l y i n d e p e n d e n t . 
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1 7 ° . For any g i v e n monic p o l y n o m i a l of d e g r e e n of t h e form 
f(A) = ( X ) n - E a . ( A ) 1 1 ( 6 . 3 . 1 5 ) 
i = l 1 
t h e r e e x i s t s a m a t r i x F e G F ( q ) m x n such t h a t t h e c h a r a c t e r i s t i c p o l y ­
n o m i a l of t h e m a t r i x A + BF e G F ( q ) n x n i s e q u a l t o f ( A ) , t h a t i s , 
d e t [ A I - (A + BF)] = f(A) ( 6 . 3 . 1 6 ) 
1 8 ° . The re does n o t e x i s t a n o n z e r o v e c t o r v e G F ( q ) n such t h a t 
t h e e x p r e s s i o n 
v T ( A I - A ) _ 1 B ( 6 . 3 . 1 7 ) n 
i s i d e n t i c a l l y e q u a l t o z e r o . Tha t i s , t h e rows of t h e p o l y n o m i a l 
m a t r i x (AI - A) "hs e G F ( q ) [ A ] n X m a r e l i n e a r l y i n d e p e n d e n t ove r G F ( q ) . 
1 9 ° . For e v e r y s e t of d i s t i n c t s c a l a r s A^, i e n , d i f f e r e n t 
from t h e e i g e n v a l u e s of t h e m a t r i x A, t h e f o l l o w i n g m a t r i x T e G F ( q ) n X m n 
h a s r a n k n : 
T = [ ( A T - A ) - 1 B , (AJE - A ) - 1 B , . . . , (A I - A ) _ 1 B ] i n z n n n 
( 6 . 3 . 1 8 ) 
P r o o f . We want t o show t h a t t h e f o l l o w i n g c h a i n of s e q u e n t i a l 
. . , j , o O o ^ „o _ . o ^ _o , o _o 
i m p l i c a t i o n s i s c l o s e d : 1 = > 2 ==> 3 4 = > 5 6 7 
8 ° —> 9 ° — 10° —> 11° = > 12° —> 13° =— 14° = > 15° =-» 16° 
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r r v . , r - . -. . . -. O ~ Q O . O ,_ O r O 
T h e c h a i n of i m p l i c a t i o n s 1 = > 2 — > 3 = > 4 "=̂ > 5 * > 6 
— > 7 ° 8 ° = ^ 9 ° =^> 1 0 ° 1 1 ° 1 2 ° 1 3 ° — > 1 4 ° c a n b e p r o v e d , 
w i t h d u e c o n s i d e r a t i o n o f t h e s l i g h t m o d i f i c a t i o n s r e s u l t i n g f r o m t h e 
r e p l a c e m e n t o f t h e i n p u t v e c t o r b b y t h e i n p u t m a t r i x B , i n p r e c i s e l y 
t h e s ame m a n n e r a s i n t h e p r o o f o f t h e c o r r e s p o n d i n g c h a i n o f i m p l i c a ­
t i o n s i n T h e o r e m 6 . 1 . 1 . To d e m o n s t r a t e t h i s , we w i l l p r o v i d e t h e p r o o f 
o f t h e c h a i n o f i m p l i c a t i o n s 1 ° = > 2 ° = > 3 ° 4 ° = > 5 ° b y i m i t a t i n g 
t h e p r o o f o f t h e c o r r e s p o n d i n g c h a i n o f i m p l i c a t i o n s i n T h e o r e m 6 . 1 . 1 , 
a n d i n c o r p o r a t i n g t h e a p p r o p r i a t e c h a n g e s . T h e r e f o r e , t o a v o i d e x c e s ­
s i v e r e p e t i t i o n , t h e p r o o f o f t h e c h a i n 5 ° 6 ° 7 ° = > 8 ° = > 9 ° 
1 0 ° =^> 1 1 ° > 1 2 ° ==> 1 3 ° -> 1 4 ° w i l l n o t b e r e p r o d u c e d . S i m i ­
l a r c o m m e n t s a p p l y t o t h e c h a i n 1 8 ° 1 9 ° =^> 1 ° w h i c h c o r r e s p o n d s 
t o t h e c h a i n 2 4 ° = > 2 5 ° = > 1 ° i n T h e o r e m 6 . 1 . 1 . H o w e v e r , p r o p e r t i e s 
1 5 ° a n d 1 6 ° a r e c o n s i d e r a b l y d i f f e r e n t i n t h e m u l t i - i n p u t c a s e f r o m 
t h e c o r r e s p o n d i n g p r o p e r t i e s 1 7 ° a n d 1 8 ° i n T h e o r e m 6 . 1 . 1 , a n d , t h e r e ­
f o r e , we n e e d t o p r o v e t h e c h a i n o f i m p l i c a t i o n s 1 4 ° = > 1 5 ° 1 6 ° 
— > 1 7 ° 1 8 ° . 
o _o o 
1 = > 2 : S u p p o s e t h a t p r o p e r t y 2 i s n o t s a t i s f i e d . T h e n 
t h e r e e x i s t s a n i s o m o r p h i s m P : X —> X s u c h t h a t t h e i s o m o r p h i c LSM 
M = ( A , B) = ( P A P _ 1 , PB) h a s t h e f o r m ( 6 . 3 . 2 ) . F rom e q u a t i o n ( 6 . 3 . 2 b ) 
i t f o l l o w s t h a t x I I ( k ' ) = 0 , f o r a n y c l o c k p e r i o d k ? , i m p l i e s t h e 
e q u a l i t y x I I ( k " ) = 0 f o r a n y o t h e r c l o c k p e r i o d k " . T h e r e f o r e , M = 
(A , B) a n d c o n s e q u e n t l y M = ( A , B) c a n n o t b e r e a c h a b l e . H e n c e 1 ° ==> 2 ° . 
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2° =^> 3 ° : Suppose t h a t p r o p e r t y 3° i s n o t s a t i s f i e d . Then 
R(B) i s c o n t a i n e d i n an A - i n v a r i a n t s u b s p a c e S c X of d i e m s n i o n r < n . 
Le t 
{ s 1 , s 2 , . . . , s r , s r + 1 , . . . , s 1 1 } ( 6 . 3 . 1 9 ) 
1 2 r 
be a b a s i s f o r X such t h a t {s , s , . . . , s } forms a b a s i s f o r S . 
Then any v e c t o r x e S can b e u n i q u e l y e x p r e s s e d a s 
1 2 r x = a , s + a „ s + . . . + a s ( 6 . 3 . 2 0 ) 1 2 r 
f o r a p p r o p r i a t e s c a l a r s a^ e G F ( q ) . S i n c e S c X i s A - i n v a r i a n t 
t h e v e c t o r Ax i s i n S and h a s t h e form 
1 2 r Ax = b..As + b„As + . . . + b As 1 2 r 
= b . A s 1 + b 0 A s 2 + . . . + b A s r + 0 S r + 1 + . . . + Os 1 1 1 2 r 
( 6 . 3 . 2 1 ) 
f o r a p p r o p r i a t e b ^ e G F ( q ) . From ( 6 . 3 . 2 1 ) i t f o l l o w s t h a t t h e m a t r i x 
r e p r e s e n t a t i o n s A and B of A and B w i t h r e s p e c t t o t h e b a s i s ( 6 . 3 . 1 9 ) 
h a v e t h e forms g i v e n by ( 6 . 3 . 1 ) , and h e n c e p r o p e r t y 2° i s n o t s a t i s f i e d 
T h e r e f o r e , 2° = > 3 ° . C l e a r l y P - 1 = [ s 1 , s 2 , . . . , s 1 1 ] . 
3° 4 ° : I f p r o p e r t y 4° i s n o t s a t i s f i e d , t h e n t h e r e e x i s t s 
a n o n z e r o v e c t o r v e G F ( q ) n such t h a t 
v T A = Av T ( 6 . 3 . 2 2 ) 
v T B = 0 ( 6 . 3 . 2 3 ) 
188 
T 
Suppose t h a t W £ X i s o r t h o g o n a l t o v so t h a t v w = 0 f o r a l l w e W. 
T T 
Now from e q u a t i o n ( 6 . 3 . 2 2 ) i t f o l l o w s t h a t v Aw = Av w = 0 and h e n c e 
W i s A - i n v a r i a n t . S i n c e v * 0 , dim W < n . Moreove r , e q u a t i o n ( 6 . 3 . 2 3 ) 
shows t h a t R(B) <= W. T h e r e f o r e , t h e r e e x i s t s an A - i n v a r i a n t s u b s p a c e 
of d i m e n s i o n s m a l l e r t h a n n c o n t a i n i n g R ( B ) . T h i s c o n c l u s i o n c o n t r a ­
d i c t s p r o p e r t y 3 ° , and h e n c e 3° = > 4 ° . 
4° ==> 5 ° : Suppose t h a t p r o p e r t y 5° i s n o t s a t i s f i e d . Then 
T 
t h e r e e x i s t s a s u b s p a c e 1/ £ X such t h a t v B = 0 f o r a l l v e I/. F u r t h e r -
T 
more , t h e r e e x i s t s an A - i n v a r i a n t s u b s p a c e W c_ V. T h e r e f o r e , f o r any 
T 
v e W, we have A v e W. Now we need t o show t h a t W c o n t a i n s an e i g e n -
T 
v e c t o r of A . T h i s can be a c c o m p l i s h e d i n p r e c i s e l y t h e same way a s 
i n t h e p r o o f of t h e i m p l i c a t i o n 4° ==> 5° i n Theorem 6 . 1 . 1 . 
14° =^> 1 5 ° : We p r o v e t h i s i m p l i c a t i o n i n d i r e c t l y by c o n s i d e r ­
i n g t h e c h a i n of i m p l i c a t i o n s 14° =^> 4° = > 5° = > 6° = > 15° of which 
t h e i m p l i c a t i o n s 14° ==> 4° and 6 ° =^> 15° a r e n o t y e t p r o v e d . The 
i m p l i c a t i o n 14° =̂ => 4° f o l l o w s e a s i l y from t h e f a c t t h a t i f t h e p o l y ­
n o m i a l m a t r i c e s AI - A and B a r e c o p r i m e , t h e n t h e m a t r i x [AI - A, B] 
n r » L n 
h a s r a n k n f o r a l l A, and h e n c e no v e c t o r v S G F ( q ) n e x i s t s such t h a t 
t h e r e l a t i o n s ( 6 . 3 . 3 ) a r e s i m u l t a n e o u s l y s a t i s f i e d . To p r o v e t h e 
i m p l i c a t i o n 6° ==> 1 5 ° , l e t b 1 , i e m , d e n o t e t h e columns of t h e i n p u t 
m a t r i x B. I f p r o p e r t y 6° i s s a t i s f i e d , t h e n t h e r e e x i s t i n t e g e r s 
0 = r ^ < r ^ < . . . < r ^ = n , T < m, and a s e t of l i n e a r l y i n d e p e n d e n t 
v e c t o r s v 1 , i e Z> such t h a t 
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r . 
v = b 
r . - l 
v = Ab - c . b i n . l 
r . - 2 l .2 , l A , i , i v = A b - . c . A b - c . .. b i n . i , n . - l l l 
( 6 . 3 . 2 4 ) 
r . - ( n . - l ) n . . n . - l . n . - 2 . 
i i a 1 , 1 * l , i . 1 , 1 , i 
r = A D - c . A b - c . .A b - . . . - c . 0 b ; 
i n . i , n . - l i z 
n . = r . - r . _ , i e I 
l l l - l — 
n . n . - l n . - 2 . . r i - l 
A b - c A - c . ..A b - . . . - c . „ b = E d . v i n . i , n . - l i z ^ , i t l l t=T 
( 6 . 2 . 2 5 ) 
Assume t h a t ( 6 . 3 . 2 4 ) and ( 6 . 3 . 2 5 ) a r e s a t i s f i e d f o r any i < v - 1 , 
v e n + 1 . We want t o show t h a t t h e y a l s o h o l d f o r i = v , and t h a t t h e 
i n e q u a l i t y r < n i s a l s o s a t i s f i e d . F u r t h e r m o r e , we d e f i n e t h e 
V r , + 1 r ,+2 r i ̂  v - 1 v - 1 V - ^ i n t e g e r r > r and t h e v e c t o r s v , v , . . . v , so t h a t v v - 1 
( 6 . 3 . 2 4 ) and ( 6 . 3 . 2 5 ) b e s a t i s f i e d f o r i = 1 . C l e a r l y we must h a v e 
2 
v - 1 < m. From t h e o r i g i n a l h y p o t h e s i s , t h a t i s , r a n k [B, AB, A B , . . . , 
A n "*"B] = n , and t h e form of t h e r e l a t i o n s ( 6 . 3 . 2 4 ) and ( 6 . 3 . 2 5 ) , i t 
f o l l o w s t h a t among t h e m - ( v - 1 ) columns of t h e B m a t r i x t h e r e e x i s t s 
a column which c o n t a i n s a t l e a s t one n o n z e r o e l e m e n t , t h a t i s , t h i s 
column c a n n o t b e e x p r e s s e d a s a l i n e a r c o m b i n a t i o n of t h e v e c t o r s 
v 1", t = 1 , 2 , . . . , r v _ j * To s e e t h i s , assume t h e c o n t r a r y , t h a t i s , 
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t h a t a l l columns of t h e m a t r i x B a r e l i n e a r c o m b i n a t i o n s of t h e p r e ­
v i o u s l y s e l e c t e d v e c t o r s v*", t = 1 , 2 , . . . , r v _ ^ « Then from ( 6 . 3 . 2 4 ) 
g 
and ( 6 . 3 . 2 5 ) i t i s c l e a r t h a t a l l columns of t h e m a t r i c e s A B, where 
s i s any p o s i t i v e i n t e g e r , would a l s o be e x p r e s s e d a s l i n e a r combina ­
t i o n s of t h e v e c t o r s v t , t = 1 , 2 , . . . , However, from t h e 
2 2̂  
a s s u m p t i o n r v _ ^ < n > ^ t f o l l o w s t h a t r a n k [B, AB, A B , . . . , A B] 
< n which o b v i o u s l y c o n t r a d i c t s t h e o r i g i n a l a s s u m p t i o n . T h e r e f o r e , 
by p e r m u t i n g , i f n e c e s s a r y , t h e o r d e r of t h e l a s t m - ( v - 1 ) columns 
of B, we can o b t a i n a v e c t o r b V which i s n o t a l i n e a r c o m b i n a t i o n of 
t h e v e c t o r s v*", t = 1 , 2 , . . . , r I n v i ew of t h i s o b s e r v a t i o n , 
v - 1 
we can f i n d an i n t e g e r n such t h a t t h e v e c t o r s 
v i o r i i n - l 1 1 v - 1 v A l v A 2 , v . v , v ( , „ n C s v , v , . . . , v , b , A b , A b , . . . , A b ( 6 . 3 . 2 6 ) 
n 
a r e l i n e a r l y i n d e p e n d e n t and t h e v e c t o r A b i s a l i n e a r c o m b i n a t i o n 
of t h e v e c t o r s ( 6 . 3 . 2 6 ) of t h e form ( 6 . 3 . 2 5 ) f o r v = i . Now i f we use 1 
t h e c o e f f i c i e n t s of t h i s l i n e a r c o m b i n a t i o n , and r e l a t i o n s ( 6 . 3 . 2 4 ) 
t o d e f i n e t h e new s e t of v e c t o r s 
r .+1 r ,+2 r v - 1 v - 1 v _ 0 _ . v , v , . . . , v ( 6 . 3 . 2 7 ) 
whe re r = r - + n , t h e n i t can b e e a s i l y s e e n t h a t t h e s e v e c t o r s v v - 1 V J 
a r e l i n e a r l y i n d e p e n d e n t . To s e e t h i s , assume t h a t t h e v e c t o r s ( 6 . 3 . 2 7 ) 
a r e l i n e a r l y d e p e n d e n t . Tha t i s , a l i n e a r c o m b i n a t i o n of t h e s e v e c t o r s 
i s e q u a l t o z e r o and t h e r e e x i s t s a t l e a s t one n o n z e r o c o e f f i c i e n t . 
S u b s t i t u t i n g f o r vt, t = r , + 1 , r . . + 2 , . . . , r , i n t h i s l i n e a r com-
v - 1 v - 1 v 
b i n a t i o n t h e i r e q u i v a l e n t e x p r e s s i o n s from ( 6 . 3 . 2 4 ) f o r i = v , we w i l l 
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o b t a i n a l i n e a r c o m b i n a t i o n of t h e v e c t o r s ( 6 . 3 . 2 6 ) which i s e q u a l 
t o z e r o and h a s a t l e a s t one n o n z e r o c o e f f i c i e n t , t h u s c o n t r a d i c t i n g 
t h e i n d e p e n d e n c e of t h e v e c t o r s ( 6 . 3 . 2 6 ) . App ly ing t h e p r e c e d i n g 
scheme i t e r a t i v e l y , we can s e e t h a t t h e number of t h e v e c t o r s v*" i n ­
c r e a s e s a t each i t e r a t i o n by a t l e a s t one and t h u s a f t e r a f i n i t e 
number of i t e r a t i o n s we w i l l o b t a i n t h e g r e a t e s t p o s s i b l e number of 
l i n e a r l y i n d e p e n d e n t v e c t o r s v*~ a f t e r which t h e p r o c e d u r e can no 
l o n g e r be a p p l i e d . C l e a r l y i n t h e f i n a l s t e p we w i l l have r ^ = n . 
From ( 6 . 3 . 2 4 ) and ( 6 . 3 . 2 5 ) we o b t a i n t h e f o l l o w i n g r e l a t i o n s : 
r . 
v 1 = b 1 ( 6 . 3 . 2 8 ) 
r . r . - 1 r . A 1 1 1 Av = v + c . v 
l 
r . - 1 r . - 2 r . A 1 1 . 1 Av = v + c . v 
l 
( 6 . 3 . 2 9 ) 
r . - ( n - 1 ) r . r i - l 
Av = c . - v + E d . v , i e £ 
1 1
 t - i x t 
From ( 6 . 3 . 2 8 ) and ( 6 . 3 . 2 9 ) i t f o l l o w s t h a t t h e r e p r e s e n t a t i o n s A and B 
of t h e m a t r i c e s A and B w i t h r e s p e c t t o t h e b a s i s { v \ v ^ , . . . , v*1} 
- 1 1 2 
have t h e form g i v e n by ( 6 . 3 . 1 1 ) and ( 6 . 3 . 1 2 ) , and P = [v , v , . . . , v 
15° = > 1 6 ° : We w i l l p r o v e t h e c h a i n of i m p l i c a t i o n s 15° =*=> 4° 
16 . To show t h a t 15 4 , s u p p o s e t h a t p r o p e r t y 4 i s n o t 
s a t i s f i e d . Then t h e r e e x i s t s a v e c t o r v e G F ( q ) n s uch t h a t 
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v T A = Av T ; v T B = 0 ; v * 0 ( 6 . 3 . 3 0 ) 
T I T 2 T T i I f we r e w r i t e v a s (v , v , . . . , v ) , w h e r e v h a s t h e same number 
of components a s b ^ , l e t , t h e n i n v i ew of t h e s p e c i a l form of t h e 
v e c t o r s b ^ 1 , d e f i n e d by ( 6 . 3 . 1 1 ) , i t f o l l o w s t h a t t h e e q u a l i t y 
T : R I T ; o i 2 T ~ 0 2 IT~OI f I T _ 
v B = [ v b , v b , . . . , v b , Z v B.J = 0 
1=1 1 
w i l l h o l d i f and o n l y i f t h e l a s t component of each of t h e s u b v e c t o r s 
v 1 i s e q u a l t o z e r o . Us ing t h i s c o n c l u s i o n and o b s e r v i n g t h e form of 
t h e m a t r i c e s g i v e n by ( 6 . 3 . 1 1 ) , i t f o l l o w s t h a t t h e e q u a l i t y 
T~ T 
v A = Av i s p o s s i b l e o n l y i f v = 0 , which c o n t r a d i c t s t h e o r i g i n a l 
h y p o t h e s i s , and h e n c e 15° =r=^> 4 ° . In o r d e r t o p r o v e t h e i m p l i c a t i o n 
4° = > 1 6 ° , s u p p o s e t h a t s J o r d a n b l o c k s of A , g i v e n by ( 6 . 3 . 1 3 ) , a r e 
a s s o c i a t e d w i t h t h e same e i g e n v a l u e A^. F u r t h e r m o r e , l e t t h e l a s t 
~1T ~2T 
rows of t h e m a t r i c e s B^ , B ^ , . . . , B g be d e n o t e d by , . . , 
~sT o ~1T ~2T 
b ^ . Now i f p r o p e r t y 16 i s n o t s a t i s f i e d , t h e n r a n k [ b ^ , b ^ , . . . , 
~sT 
b t ] < s, that is, there exist scalars c ± e GF(q), i e s, not all 
z e r o , such t h a t 
s 
Z c ± b ^ = 0 ( 6 . 3 . 3 1 ) 
i = l 
R e c a l l i n g t h a t t h e s q u a r e m a t r i c e s A . h a v e d i m e n s i o n s n . , i E S , i t 
l l — 
can be e a s i l y checked t h a t t h e v e c t o r 
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v T = [ 0 , 0 , . . . , c±; 0 , 0 , . . . , c 2 ; . . . J O , 0 , . . . , c g ; 0 , 0 , . . . , 0 ] 
n 1 n n s 1 2 s „ 
n - L n . 
i - 1 1 
( 6 . 3 . 3 2 ) 
s a t i s f i e s t h e e q u a l i t i e s 
v T A = XQvT ( 6 . 3 . 3 3 ) 
and 
s 
v T B = Z c b ^ 1 ( 6 . 3 . 3 4 ) 
i = l 
I n v iew of ( 6 . 3 . 3 1 ) and ( 6 . 3 . 3 4 ) , we o b t a i n 
v T B = 0 ( 6 . 3 . 3 5 ) 
However , s i n c e v * 0 , r e l a t i o n s ( 6 . 3 . 3 3 ) and ( 6 . 3 . 3 5 ) show t h a t p r o p e r t y 
4° i s n o t s a t i s f i e d . T h e r e f o r e , 4° =^> 1 6 ° . 
16° ==> 1 7 ° : We w i l l p r o v e t h e c h a i n of i m p l i c a t i o n s 16° = > 
,o -_o ^ -_o r , . , - . . - RQ ,o , __o 
4 =^> 15 = > 17 of which o n l y t h e i m p l i c a t i o n s 16 = > 4 and 15 
17° a r e n o t y e t p r o v e d . I n o r d e r t o p r o v e t h a t 16° = > 4 ° , we 
T 
w i l l show t h a t f o r any n o n z e r o e i g e n v e c t o r v of t h e m a t r i x A we h a v e 
v^B * 0 . Assume, a s i n t h e p r o o f of t h e i m p l i c a t i o n 15° 1 6 ° , 
t h a t o n l y t h e f i r s t s J o r d a n b l o c k s of t h e m a t r i x A, g i v e n by ( 6 . 3 . 1 3 ) 
a r e a s s o c i a t e d w i t h t h e same e i g e n v a l u e X̂. Then i t f o l l o w s t h a t any 
e i g e n v e c t o r of t h e m a t r i x A c o r r e s p o n d i n g t o t h e e i g e n v a l u e X̂  h a s t h e 
T~ S ~iT ~iT 
form ( 6 . 3 . 3 2 ) , and h e n c e v B = E C±°Z ' w n e r e b £ a r e t h e l a s t rows 
i = l 
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of t h e m a t r i c e s B^ , i e j 3 . Now i f p r o p e r t y 16 i s s a t i s f i e d , t h e n 
~IT ~IT ~sT T~ 
r a n k [b^ , b ^ , . . . , b ^ ] = s and c o n s e q u e n t l y v B * 0 . By a p p r o ­
p r i a t e l y p e r m u t i n g t h e o r d e r of t h e b l o c k s , i f n e c e s s a r y , i t i s s e e n 
t h a t t h i s c o n c l u s i o n i s v a l i d f o r any s e t of J o r d a n b l o c k s a s s o c i a t e d 
T~ 
w i t h t h e same e i g e n v a l u e . T h e r e f o r e , i t f o l l o w s t h a t v B * 0 f o r a l l 
T ~T - 1 
e i g e n v e c t o r s v of t h e m a t r i x A . I n v iew of t h e r e l a t i o n s A = PAP 
T T and B = PB, i t f o l l o w s t h a t v B * 0 f o r any e i g e n v e c t o r of A . Hence 
16° = > 4 ° . I t r e m a i n s t o be shown t h a t 15° 17 . C o n s i d e r t h e 
m a t r i x 
W 
' w 1 0 0 . . . 0 0 
0 w 0 . . . 0 0 
0 0 0 . . . w^ 0 
( 6 . 3 . 3 6 ) 
where w 1 e GF(q) 1 , i e £ ; and t h e l a s t column of ( 6 . 3 . 3 6 ) whose e l e ­
ments a r e z e r o h a s t h e same d i m e n s i o n s a s t h e l a s t column of t h e 
m a t r i x B g i v e n by ( 6 . 3 . 1 1 ) . S i n c e t h e m a t r i x 
11 W 
A + BW = 
12 
TO ^ ~02~2T A 2 2 + b w '21 
~0 ~0L~LT 
AU + B w 
( 6 . 3 . 3 7 ) 
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i s b l o c k t r i a n g u l a r , i t can b e e a s i l y shown by i n d u c t i o n t h a t i t s c h a r ­
a c t e r i s t i c p o l y n o m i a l i s e q u a l t o t h e p r o d u c t of t h e c h a r a c t e r i s t i c 
~0 ~0 i~ iT o p o l y n o m i a l s of t h e m a t r i c e s A__ + b w . By p r o p e r t y 19 of Theorem 
6 . 1 . 1 , t h e v e c t o r s w 1 can be c h o s e n such t h a t t h e c h a r a c t e r i s t i c p o l y -
. , £ , . :o , : o n T , 
nomia l of t h e m a t r i x A + b w b e e q u a l t o any g i v e n monic p o l y n o m i a l 
of d e g r e e n_^, i e Z. T h e r e f o r e , a l l t h e r o o t s of t h e c h a r a c t e r i s t i c 
p o l y n o m i a l of t h e m a t r i x ( 6 . 3 . 3 7 ) can b e a r b i t r a r i l y f i x e d . Us ing t h e 
r e l a t i o n s A = PAP 1 and B = PB, we s e e t h a t t h e c h a r a c t e r i s t i c p o l y ­
n o m i a l of A + BF becomes e q u a l t o an a r b i t r a r y monic p o l y n o m i a l of 
~T ~ ~~T - 1 d e g r e e n i f we choose F = W P s i n c e A + BW = P(A + BF)P . Hence 
15° —> 1 7 ° . 
17° = > 1 8 ° : We w i l l p r o v e t h e c h a i n of i m p l i c a t i o n s 1 7 ° = > 
4° 15° ==> 18° of which o n l y t h e i m p l i c a t i o n s 17° = > 4° and 15° 
= > 18° a r e n o t y e t p r o v e d . To p r o v e t h e i m p l i c a t i o n 17° = > 4 ° , s u p ­
p o s e p r o p e r t y 4° i s n o t s a t i s f i e d . Then t h e r e e x i s t s a n o n z e r o v e c t o r 
n T T v e GF(q) such t h a t v (AI - A) = 0 and v B = 0 , wh ich imply t h a t 
T T T mxn 
v (A + BF) = v A = Av f o r any m a t r i x F e GF(q) . T h e r e f o r e , r e g a r d ­
l e s s of t h e p r o p e r t i e s of t h e m a t r i x F , t h e s c a l a r A w i l l b e a r o o t of 
t h e c h a r a c t e r i s t i c p o l y n o m i a l of t h e m a t r i x A + BF, and h e n c e p r o p e r t y 
17° c a n n o t b e s a t i s f i e d . Thus 17° 4 ° . To p r o v e t h e i m p l i c a t i o n 
15° =^> 1 8 ° , suppose t h a t p r o p e r t y 18° i s n o t s a t i s f i e d so t h a t t h e r e 
e x i s t s a v e c t o r v e G F ( q ) n such t h a t 
v T ( A I n - A ) _ 1 B = 0 ( 6 . 3 . 3 8 ) 
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However, u s i n g p r o p e r t y 15 , we can b r i n g t h e LSM (A, B) t o t h e form 
(A, B) E ( P A P - 1 , P B ) , d e f i n e d by ( 6 . 3 . 1 1 ) and ( 6 . 3 . 1 2 ) . From ( 6 . 3 . 3 8 ) 
i t f o l l o w s t h a t t h e v e c t o r 
- 1 T v = (P ) v * 0 ( 6 . 3 . 3 9 ) 
s a t i s f i e s t h e i d e n t i t y 
v T ( A I - A ) " ^ = 0 n ( 6 . 3 . 4 0 ) 
S i n c e t h e m a t r i x AÎ  - A i s b l o c k t r i a n g u l a r , i t s i n v e r s e (AI - A) 1 
i s a l s o b l o c k t r i a n g u l a r h a v i n g t h e m a t r i c e s (AI - A? . ) 1 a s i t s 
n . n 
~T ""IT 1 ~2T ~£T d i a g o n a l e l e m e n t s . W r i t i n g t h e v e c t o r v a s [v , v , . . . , v ] , 
where v 1 h a s t h e same number of components a s t h e v e c t o r b ^ 1 g i v e n by 
( 6 . 3 . 1 1 ) , t h e m a t r i x p r o d u c t i n ( 6 . 3 . 4 0 ) becomes 
f(AI - A ° ) 1 n^ 11 
~1T ~2T ~£T• [v , v , . . . , v ] 
R 12 R 13 





f b 0 1 0 0 . 
b 0 2 0 . 
0 B. 
0 B. 





( 6 . 3 . 4 1 ) 
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where R . . i n (AI - A) i n d i c a t e t h e o f f - d i a g o n a l s u b m a t r i c e s whose i j n 
e x p l i c i t forms a r e n o t needed f o r our p u r p o s e s . M u l t i p l y i n g t h e 
m a t r i c e s (AI - A) 1 and B, ( 6 . 3 . 4 1 ) r e d u c e s t o 
n 
1 T _ 2 T 
[v ,v , . . . , v ] 
(AI -A ) b n^ 11 12 . . . S ll 
(AI -A° rH02 
n 2 22 
'21 
' l , £ + l 
' 2 , £ + l 
MT _A° ~̂1K0 C 
U n £ AIZ} b b1,1+1 
( 6 . 3 . 4 2 ) 
Again t h e e x p l i c i t forms of S a r e n o t needed f o r our p u r p o s e s . From 
( 6 . 3 . 4 2 ) we o b t a i n t h e f o l l o w i n g s e t of i d e n t i t i e s : 
~ 1 T M T TO , - l ~ 0 1 n v (AI - A . . ) b = 0 n^ 11 ( 6 . 3 . 4 3 ) 
~1T C ~ 2 T / . T 70 v S . 0 + v (AI - A . . ) b = 0 12 n 2 22 
~1T_ ~2T_ ~ 3 T , . T 70 , - l ~ 0 3 v S 1 0 + v S 0 0 + v (AI - A .„ ) b = 0 13 zJ n̂  JJ ( 6 . 3 . 4 4 ) 
~1T ~2T 
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Now e x a m i n i n g t h e form of t h e submachine ( A ^ > b^~) g i v e n by ( 6 . 3 . 1 2 ) , 
we s e e t h a t i t i s e x a c t l y t h e same a s ( 6 . 1 . 1 4 ) . T h i s i m p l i e s t h a t t h e 
submachine ( A ^ > b ^ 1 ) s a t i s f i e s p r o p e r t y 17° a n d , t h e r e f o r e , a l s o t h e 
e q u i v a l e n t p r o p e r t y 24° of Theorem 6 . 1 . 1 , w h i c h , i n t u r n , i m p l i e s t h a t 
""IT 
t h e s u b v e c t o r v i n ( 6 . 3 . 4 3 ) i s e q u a l t o z e r o . T h i s c o n c l u s i o n r e ­
duces t h e f i r s t e q u a t i o n of ( 6 . 3 . 4 4 ) t o 
~2T ~0 -1~02 v (XI - A_ 9 ) V = 0 ( 6 . 3 . 4 5 ) n 2 22 
Again s i n c e t h e submachine ( A ^ » b ^ 2 ) h a s t h e e x a c t form ( 6 . 1 . 1 4 ) , i t 
f o l l o w s t h a t i t s a t i s f i e s p r o p e r t y 17° a n d , t h e r e f o r e , t h e e q u i v a l e n t 
p r o p e r t y 24° of Theorem 6 . 1 . 1 , which i m p l i e s t h a t v 2 ^ = 0 i n ( 6 . 3 . 4 5 ) . 
A p p l y i n g t h e above a rgument t o t h e r e m a i n i n g e q u a t i o n s of ( 6 . 3 . 4 4 ) , 
~1T ~2T ~£T we a r r i v e a t t h e c o n c l u s i o n t h a t v = v = . . . = v = 0 , t h a t i s , 
v = 0 which o b v i o u s l y c o n t r a d i c t s ( 6 . 3 . 3 9 ) . Hence 15° = > 1 8 ° . 
As p o i n t e d o u t e a r l i e r , t h e c h a i n of i m p l i c a t i o n s 18° 19° 
= > 1° can be p roved i n p r e c i s e l y t h e same manner a s i n t h e p r o o f of 
t h e c o r r e s p o n d i n g c h a i n of i m p l i c a t i o n s 24° = > 25° = > 1° i n Theorem 
6 . 1 . 1 . • 
6 . 4 . E q u i v a l e n c e C l a s s e s of S t a t e R e a c h a b l e 
M u l t i - I n p u t LSMs 
As i n t h e c a s e of s i n g l e - i n p u t LSMs, we w i l l b r i e f l y d i s c u s s 
t h e e q u i v a l e n c e r e l a t i o n G ^ - e q u i v a l e n c e i n r e l a t i o n t o t h e c l a s s of 
s t a t e r e a c h a b l e m u l t i - i n p u t LSMs, where 6^ i s a t r a n s f o r m a t i o n g roup 
d e f i n e d by ( 5 . 1 . 3 5 ) . 
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C o n s i d e r t h e f o l l o w i n g r e l a t i o n p on t h e s e t of a l l LSMs ( A , B ) 
of t h e same d i m e n s i o n n : ( A ^ , B ^ ) P ( A Q , BQ) , t h a t i s , t h e LSM ( A ^ , B^ ) 
i s r e l a t e d t o t h e LSM ( A Q , BQ ) u n d e r t h e r e l a t i o n p , i f and o n l y i f 
t h e r e e x i s t i somorph i sms PQ : X —> X, GQ : U —> U, PQ e G F ( n , q ) , 
GQ e GF ( m , q ) , and a c o n s t a n t l i n e a r map FQ : X —> U such t h a t 
A i " V A + B V p o 1 ; B i = p o B G o ( 6 - 4 - 1 ) 
In t h e f o l l o w i n g theo rem we w i l l show t h a t p i s an e q u i v a l e n c e r e l a t i o n 
a n d , t h e r e f o r e , a l l o w s t h e p a r t i t i o n of t h e s e t of a l l s t a t e r e a c h a b l e 
LSMs (A, B ) i n t o e q u i v a l e n c e c l a s s e s . 
Theorem 6 . 4 . 1 . p i s an e q u i v a l e n c e r e l a t i o n . 
P r o o f . We need t o show t h a t t h e r e l a t i o n p d e f i n e d by ( 6 . 4 . 1 ) 
i s r e f l e x i v e , s y m m e t r i c , and t r a n s i t i v e . L e t t i n g PQ = GQ = 1^ and 
F Q = 0 , i t f o l l o w s t h a t ( A Q , B Q ) P ( A Q , BQ) and h e n c e p i s r e f l e x i v e . 
To show t h a t p i s s y m m e t r i c , l e t A Q = P-^CA^ + B-jF-^P-^ a n d B 0 = P l B l G l , 
where P = P Q 1 , Y E G Q ^ O 1 ^ 1 ' a n d G i E GQ^ • T h e n i t : i s s t r a i 8 n t -
fo rward t o show t h a t (A , B ) p ( A , B ) < = > (A , B )p(A , B ) . F i n a l l y , 
t o show t h a t p i s t r a n s i t i v e , t h a t i s , (A^, B ) p ( A g , B Q ) , (A^, B ^ ) p 
( A x , B ) = > ( A 2 , B 2 ) P ( A Q , B Q ) , s u p p o s e t h a t (A±, B )p (A , B ) and 
( A 2 , B 2 ) P ( A Q , B Q ) , t h a t i s , 
A i = p o ( A o + V o ) p o 1 ; B i = p o B o G o ( 6 * 4 - 1 ) 
A 2 = P 1 ( A 1 + B ^ p " 1 ; B 2 = P ^ - ^ ( 6 . 4 . 2 ) 
2 0 0 
S u b s t i t u t i n g f o r and B ^ from ( 6 . 4 . 1 ) i n t o ( 6 . 4 . 2 ) , we o b t a i n 
A 2 - P 1 [ P 0 ( A 0 + B ^ ) ? ' 1 + P B G F^P" 1; B 2 - P ^ G ^ 
p i p o ( A o + 'oV'SV + V o V o V i * 
p i p o ( A o + W*!)1*? + p i p o B o G o F i p o p o l p i 1 
< p i p o ) [ ( A o + B o V + B o V i p o 1 ( p i p o ) " 1 
< p i V [ A o + B o ( F o + G o F i V ] ( p i p o ) _ 1 ; B 2 " ( p i p o ) B o ( G o G i ) 
( 6 . 4 . 3 ) 
From ( 6 . 4 . 3 ) i t f o l l o w s t h a t t h e LSM ( A 2 > B ) i s r e l a t e d t o t h e LSM 
(AQ, B ) by t h e r e l a t i o n s 
A 2 = P 2 ( A 0 + W*~2LM> B 2 " P 2 B 0 G 2 
where P £ = P ^ , G 2 = G ^ , and F £ = F Q + G ^ P Q . D 
C o r o l l a r y 6 . 4 . 1 . The r e l a t i o n ( A ^ , B ^ ) P " ( A Q , B Q ) > where A ^ = 
P Q A P Q 1 and B ^ = PQBQ> i s an e q u i v a l e n c e r e l a t i o n . 
C o r o l l a r y 6 . 4 . 2 . The r e l a t i o n ( A ^ B 1 ) p " ( A ( ) , B ) , where A 1 = 
A Q + ^o^O a n ^ B l = ^ 0 ' l s a n e c l u ^ v a - , - e n c e r e l a t i o n . 
C o r o l l a r y 6 . 4 . 3 . The r e l a t i o n ( A ^ B 1 ) p 1 1 1 ( A , B ) , where 
A^ = AQ and B ^ = B G ^ , i s an e q u i v a l e n c e r e l a t i o n . 
2 0 1 
Theorem 6 . 4 . 2 . A l l s t a t e r e a c h a b l e m u l t i - i n p u t LSMs M = (A, B ) 
of t h e same d i m e n s i o n n b e l o n g t o an e q u i v a l e n c e c l a s s of LSMs w i t h 
r e s p e c t t o t h e r e l a t i o n d e f i n e d by ( 6 . 4 . 1 ) . Tha t i s , i f MQ = ( A Q , BQ) 
i s a r e a c h a b l e LSM, t h e n a l l t h e LSMs M^ = (A^, B^ ) o b t a i n e d by t h e 
r e l a t i o n s 
A i " V A o + B o V p o 1 ; B i - W o ( 6 - 4 - 4 ) 
a r e r e a c h a b l e ; c o n v e r s e l y , i f MQ = ( A Q , BQ) and M^ = (A^, B^ ) a r e any 
two r e a c h a b l e LSMs of t h e same d i m e n s i o n , t h e n t h e r e e x i s t i s o m o r p h i s m s 
PQ : X — > X , GQ : U —> U, P Q e G F ( n , q ) , G Q e GF ( m , q ) , and a l i n e a r 
map FQ : X — > U such t h a t t h e LSMs a r e r e l a t e d by t h e r e l a t i o n s ( 6 . 4 . 4 ) 
P r o o f . R e l a t i o n s ( 6 . 4 . 4 ) can b e v iewed a s r e l a t i o n s r e s u l t i n g 
from t h e s e q u e n t i a l a p p l i c a t i o n of s t a t e f e e d b a c k homomorphism and 
s t a t e i somorph i sm s i n c e u n d e r t h e a c t i o n of t h e f e e d b a c k law u ( k ) = 
F Q X ( K ) + G Q w ( k ) , t h e LSM ( A Q , B Q ) i s t r a n s f o r m e d t o ( A + B Q F Q , B Q G Q ) ; 
a p p l y i n g a s t a t e i somorph i sm PQ : X — > X , x ( k ) | > P Q x ( k ) , t o t h e 
LSM (AQ + B Q F Q , BQGQ) t r a n s f o r m s i t t o t h e i s o m o r p h i c LSM ( P Q ( A Q + 
B Q F Q ) P Q \ P Q B Q G Q ) . Now t h e r e s u l t f o l l o w s i m m e d i a t e l y from Theorem 
5 . 3 . 1 and Theorem 5 . 1 . 7 . • 
C o r o l l a r y 6 . 4 . 4 . A l l s t a t e r e a c h a b l e m u l t i v a r i a b l e LSMs M = 
(A, B ) of t h e same d i m e n s i o n n b e l o n g t o an e q u i v a l e n c e c l a s s of LSMs 
w i t h r e s p e c t t o t h e r e l a t i o n of C o r o l l a r y 6 . 4 . 1 . 
C o r o l l a r y 6 . 4 . 5 . A l l s t a t e r e a c h a b l e m u l t i v a r i a b l e LSMs M = 
(A, B ) of t h e same d i m e n s i o n n b e l o n g t o an e q u i v a l e n c e c l a s s of LSMs 
w i t h r e s p e c t t o t h e r e l a t i o n p " of C o r o l l a r y 6 . 4 . 2 . 
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C o r o l l a r y 6 . 4 . 6 . A l l s t a t e r e a c h a b l e m u l t i v a r i a b l e LSMs M = 
(A, B) of t h e same d i m e n s i o n n b e l o n g t o an e q u i v a l e n c e c l a s s of LSMs 
w i t h r e s p e c t t o t h e r e l a t i o n p ' " of C o r o l l a r y 6 . 4 . 3 . 
From Theorem 6 . 4 . 2 . i t f o l l o w s t h a t we can s t a t e t h e c r i t e r i o n 
of s t a t e r e a c h a b i l i t y f o r m u l t i v a r i a b l e LSMs i n a l t e r n a t i v e f o r m s , 
e q u i v a l e n t t o t h e p r o p e r t i e s of Theorem 6 . 3 . 1 , by s i m p l y r e p l a c i n g 
t h e LSM ( A Q , B Q ) by t h e LSM (A^, B ^ = ( P Q ( A + B F ^ P " 1 , PQBGQ) i n any 
of t h e p r o p e r t i e s of Theorem 6 . 3 . 1 . For e x a m p l e , p r o p e r t y 2 ° of t h i s 
t heo rem can be e q u i v a l e n t l y r e s t a t e d a s f o l l o w s : 
For any i somorph i sms P ^ : X —> X, : U —> U, P ^ e GF(n, q) 
GQ E GF(m, q ) , and any l i n e a r map F^ : X —> U, t h e LSM (A, B) i s 
s t a t e r e a c h a b l e i f and o n l y i f t h e r e does n o t e x i s t any i somorph i sm 
P : X —> X, P e GF(n, q ) , such t h a t t h e i s o m o r p h i c LSM (A, B) = 
( P [ P Q ( A + B F ^ P " 1 ] ? " 1 , P ( P 0 B G Q ) ) w i l l h a v e t h e form 
A l l A 1 2 
' 2 2 
0 
v . J 
where A u £ G F ( q ) r x r ( r < n , p o s s i b l y r = 0 ) , A 2 E G F ( q ) r x ( n r ) 
~ „ „ , v ( n - r ) x ( n - r ) ~ „ _ , . rxm 
2 2 e G F ^ ^ » a n d B i £ 
Summary and C o n c l u s i o n s 
T h i s c h a p t e r was d e v o t e d t o a r e e x a m i n a t i o n of s t a t e r e a c h ­
a b i l i t y of LSMs. P a r t i c u l a r e m p h a s i s was d i r e c t e d t o w a r d s r e f o r m u l a t i n g 
t h i s p r o p e r t y i n v a r i o u s o t h e r f o r m s . C o n s e q u e n t l y , t w e n t y - f o u r e q u i v a ­
l e n t c r i t e r i a f o r t h e s t a t e r e a c h a b i l i t y p r o p e r t y of s i n g l e - i n p u t LSMs 
and e i g h t e e n e q u i v a l e n t c r i t e r i a f o r t h e s t a t e r e a c h a b i l i t y p r o p e r t y 
of m u l t i - i n p u t LSMs were s t a t e d , and i n e a c h c a s e , e q u i v a l e n c e of t h e 
s t a t e d c r i t e r i a was p r o v e d . F u r t h e r m o r e , e q u i v a l e n c e c l a s s e s of s t a t e 
r e a c h a b l e s i n g l e - and m u l t i - i n p u t LSMs u n d e r c e r t a i n t r a n s f o r m a t i o n 
g r o u p s were i d e n t i f i e d ( c f . [ 1 ] , [ 2 ] , [ 3 ] , [ 1 5 ] , [ 1 7 ] , [ 1 8 ] , [ 2 1 ] , 
[ 3 7 ] , [ 5 8 ] , [ 6 1 ] , [ 8 8 ] , [ 9 1 ] , [ 9 7 ] , [ 9 9 ] , [ 1 0 5 ] , [ 1 0 7 ] , [ 1 0 9 ] , [ 1 1 0 ] ) . 
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CHAPTER VII 
THE JORDAN CANONICAL FORM AND SELECTIVE 
STATE REACHABILITY OF LSMS 
In t h i s c h a p t e r a t t e n t i o n w i l l be f o c u s e d on t h e e i g e n s t r u c t u r e s , 
t h a t i s , e i g e n v a l u e s , ( g e n e r a l i z e d ) e i g e n v e c t o r s , and ( g e n e r a l i z e d ) 
e i g e n s p a c e s a s s o c i a t e d w i t h t h e LSM M = (A, B ) , i n t h e framework of 
t h e J o r d a n c a n o n i c a l form. Using t h e e i g e n p r o p e r t i e s of M, some a d d i ­
t i o n a l s t a t e r e a c h a b i l i t y c r i t e r i a which e x p l i c i t l y i n v o l v e t h e J o r d a n 
c a n o n i c a l r e p r e s e n t a t i o n of M w i l l b e g i v e n . F u r t h e r m o r e , we w i l l 
i n t r o d u c e and d e v e l o p i n d e t a i l t h e c o n c e p t of s e l e c t i v e s t a t e r e a c h ­
a b i l i t y f o r LSMs, making heavy u s e of t h e e i g e n s t r u c t u r e s of M. 
7 . 1 . The J o r d a n C a n o n i c a l Form f o r LSMs 
T h i s i s one of t h e most w e l l known c a n o n i c a l forms t h a t can b e 
r i g o r o u s l y d i s c u s s e d i n t e r m s of t h e t h e o r y of c y c l i c d e c o m p o s i t i o n of 
X. However, s i n c e we w i l l make heavy u s e of t h e J o r d a n c a n o n i c a l 
form i n our deve lopment of t h e c o n c e p t of s e l e c t i v e s t a t e r e a c h a b i l i t y 
which i s p r i m a r i l y b a s e d on t h e e i g e n v a l u e - e i g e n v e c t o r s t r u c t u r e of 
t h e c h a r a c t e r i s t i c m a t r i x A of an LSM (A, B ) , we w i l l u s e t h e n o t i o n 
of g e n e r a l i z e d e i g e n v e c t o r s r a t h e r t h a n a t h o r o u g h and h i g h l y a l g e b r a i c 
v i e w p o i n t , t o b r i e f l y d e s c r i b e t h i s c a n o n i c a l form. I n o r d e r t o m o t i ­
v a t e t h e need f o r g e n e r a l i z e d e i g e n v e c t o r s , i n i t i a l l y we c o n s i d e r t h e 
c a s e where A e G F ( q ) n X n h a s n d i s t i n c t e i g e n v a l u e s , d e n o t e d by 
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A^, A^ , . . . , A . Le t v 1 , v 2 , . . . , v 1 1 d e n o t e t h e c o r r e s p o n d i n g 
e i g e n v e c t o r s , t h a t i s , A v 1 = A v 1 , i e n.. S i n c e t h e s e t of e i g e n ­
v e c t o r s a s s o c i a t e d w i t h d i s t i n c t e i g e n v a l u e s i s l i n e a r l y i n d e p e n d e n t , 
t h e s e t { v 1 : i e n.} forms a b a s i s f o r X w i t h r e s p e c t t o which A h a s 
t h e f o l l o w i n g s i m p l e r e p r e s e n t a t i o n : 
A = ( 7 . 1 . 1 ) 
S i n c e 
AV = A [ v \ v 2 , . . . , v 1 1 ] = [ A v 1 , A v 2 , . . . , Av 1 1] 
1 0 ~ 
= [\v , A 2 v , . . . , A n v n ] E VA 
we o b t a i n A = V ''"AV. T h e r e f o r e , i f A h a s n d i s t i n c t e i g e n v a l u e s , t h e r e 
e x i s t s an i somorph i sm V : X —> X, V e GF(n, q) , such t h a t A E V "'"AV 
h a s t h e d i a g o n a l form ( 7 . 1 . 1 ) . However, i f t h e e i g e n v a l u e s of A a r e 
n o t d i s t i n c t , t h e n t h e s e t of e i g e n v e c t o r s a s s o c i a t e d w i t h t h e s u b s e t 
of d i s t i n c t e i g e n v a l u e s w i l l n o t be s u f f i c i e n t i n number t o c o n s t i t u t e 
a b a s i s f o r X. I n o r d e r t o e x t e n d t h i s i n c o m p l e t e s e t of v e c t o r s t o 
a b a s i s w i t h r e s p e c t t o which A w i l l h a v e a new r e p r e s e n t a t i o n , we 
h a v e t o r e s o r t t o g e n e r a l i z e d e i g e n v e c t o r s . 
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D e f i n i t i o n 7 . 1 . 1 . A v e c t o r v e G F ( q ) n i s s a i d t o be a generalized 
eigenvector o r super eigenvector of index I (an i n t e g e r > 1 ) , a s s o c i a t e d 
w i t h t h e e i g e n v a l u e A of A, i f and o n l y i f (XI - A) v = 0 f o r a l l 
r > I, and (AI - A ) ^ " ^ * 0 . n 
C l e a r l y f o r £ = 1 , t h e above d e f i n i t i o n r e d u c e s t o t h e d e f i n i t i o n 
of an o r d i n a r y e i g e n v e c t o r . 
L e t v b e a g e n e r a l i z e d e i g e n v e c t o r of A a s s o c i a t e d w i t h t h e 
e i g e n v a l u e A, and d e f i n e 
I _ v = v 
l-l I v = (AI - A)v = (AI - A)v n n 
/ " 2 = (*In - A) 2v - (XI n - A ) / " 1 
1 l-l 2 
v E (AI - A)*" v = (AI - A)v n n 
I t can b e e a s i l y checked t h a t f o r each i e £ , v 1 i s a g e n e r a l i z e d 
e i g e n v e c t o r of i n d e x i . 
Theorem 7 . 1 . 1 . The g e n e r a l i z e d e i g e n v e c t o r s d e f i n e d by ( 7 . 1 . 2 ) 
a r e l i n e a r l y i n d e p e n d e n t . 
1 2 I 
P r o o f . Suppose t h a t v , v , . . . , v a r e l i n e a r l y d e p e n d e n t . 
Then t h e r e e x i s t a^ e G F ( q ) , l e t , n o t a l l z e r o , such t h a t 
I 
I a . v 1 = 0 ( 7 . 1 . 3 ) 
i = l 1 
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L-L 1 P r e m u l t i p l y i n g ( 7 . 1 . 3 ) by ( M - A) , and s u b s t i t u t i n g f o r v , i E I, 
from ( 7 . 1 . 2 ) , we o b t a i n 
^ /-I 2-1 ^ 2l-(L+L) 
Z a . ( X I - A) (XI - A ) ^ v = Z a . ( X I - A ) ^ K ± 1 ) v = 0 . -, l n n . , l n 1 = 1 i = l 
( 7 . 1 . 4 ) 
But (XI - A ) 2 ^ 1 + 1 ^ v = 0 f o r i e L-L. T h e r e f o r e , ( 7 . 1 . 4 ) r e d u c e s t o n 
L-L 
a ^ ( X I n - A) v = 0 
However, by t h e d e f i n i t i o n of a g e n e r a l i z e d e i g e n v e c t o r of i n d e x I, 
L-L 
a ^ ( X I n - A) v * 0 , h e n c e a^ = 0 . I f we m u l t i p l y ( 7 . 1 . 3 ) by 
L-\ 
(XI - A) , j = 2 , 3 , . . . , £ , and r e p e a t t h e above s e q u e n c e of 
s t e p s , we w i l l a r r i v e a t t h e c o n c l u s i o n t h a t A^ = 0 f o r i E wh ich 
i s o b v i o u s l y a c o n t r a d i c t i o n . • 
I f we c o n s i d e r t h e g e n e r a l i z e d e i g e n v e c t o r s d e f i n e d by ( 7 . 1 . 2 ) 
1 2 £ -i_ u . i i n t h e o r d e r v , v , . . . , v , t h e n we can e x p r e s s t h e v e c t o r s Av , 
i e I, AS f o l l o w s : 
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. 1 , 1 r 1 2 I Av = Av = [v , v , . . . , v J 
A 2 1 M A
 2 r 1 2 Av = v + Av = [v , v , . . , V j 
[0j 







Av = v + Av = [v , v , . . . , v J 
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T h e r e f o r e , t h e J o r d a n b l o c k of A, a s s o c i a t e d w i t h t h e e i g e n v a l u e X, 
h a s t h e f o l l o w i n g c a n o n i c a l r e p r e s e n t a t i o n w i t h r e s p e c t t o t h e new 
p a r t i a l b a s i s { v 1 , LET}: 






( 7 . 1 . 5 ) 
I t i s c l e a r t h a t d i f f e r e n t a r r a n g e m e n t s of v 1 , i e £ , r e s u l t i n t o d i f ­
f e r e n t forms f o r t h e b l o c k A^. 
Theorem 7 . 1 . 2 . The g e n e r a l i z e d e i g e n v e c t o r s of A e G F ( q ) n x n , 
a s s o c i a t e d w i t h d i f f e r e n t e i g e n v a l u e s , a r e l i n e a r l y i n d e p e n d e n t . 
P r o o f . Suppose t h a t X^ and X^, A^ * X^, a r e two e i g e n v a l u e s of 
A. Le t v and w be g e n e r a l i z e d e i g e n v e c t o r s of i n d i c e s I and m a s s o c i a t e d 
w i t h X.. and X~, r e s p e c t i v e l y . I f we d e f i n e v ^ = v , v* = ( X 1 I - A ) v ^ + 1 1 Z I n 
= ( X I - A)L~\, i e L-L; w m = w, w j = ( X 9 I - A ) w j + 1 = ( X 9 I - A ) m " j , 1 n z n z n 
j e m - 1 , t h e n from Theorem 7 . 1 . 1 i t f o l l o w s t h a t t h e s e t s { v 1 , LEI} 
and {w^, j e m} a r e s e p a r a t e l y l i n e a r l y i n d e p e n d e n t . We want t o show 
t h a t { v 1 , i e 1} u {w^, j E m} i s l i n e a r l y i n d e p e n d e n t . Suppos t t h a t 
{ v 1 , i E 1} i s l i n e a r l y d e p e n d e n t on { w J , j e m}. Then t h e r e e x i s t 
a i j G » * £ —> J £ —» n o t a 1 1 z e r o , such t h a t 
m 
v 1 = £ a . . w J , i e I 
3 - 1 1 3 
( 7 . 1 . 6 ) 
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P r e m u l t i p l y i n g ( 7 . 1 . 6 ) by ( ^ ^ n ~ » w e ° b t a i n 
(A, I - A ) ^ 1 = (A..I - A ) 1 ( A 1 I - A ) ^ _ 1 v = 0 1 n i n I n 
1 Z a . . w J ( 7 . 1 . 7 ) = (X- I - A) E i j I n . . J 
J = l 
m — 1 
P r e m u l t i p l y i n g ( 7 . 1 . 6 ) by ( A 2 I n ~ A ) » w e 8 e t 
m _ 
0 = E a . . ( A 0 I - A ) m 1 ( A 1 I - A ) V . -, i j 2 n 1 n 
J = l 
S i n c e f u n c t i o n s of t h e same m a t r i x a lw ays commute, we h a v e 
m . . 
0 = E a . . ( A . , I - A ) 1 ( A n I - A ) m V . , i i 1 n 2 n 
J = l 
= a . (A, I - A ) i ( A 0 I - A)M~KM lm 1 n I n 
= a . (A., I - A ) ^ 1 ( 7 . 1 . 8 ) lm 1 n 
b e c a u s e (A„I - A ) m " V = ( A . I - A ) 2 m " ( j + 1 ) = 0 , j e m - 1 . E q u a t i o n l n I n 
( 7 . 1 . 8 ) and (A„I - A)w~*~ = 0 y i e l d t h e f o l l o w i n g r e l a t i o n : z n 
a . (A 0 - A- J^w 1 = 0 lm 2 1 
w h i c h , i n v iew of t h e a s s u m p t i o n t h a t A., * A„, i m p l i e s t h a t a . = 0 , 
1 2 lm 
i e £ . R e p e a t i n g t h e above p r o c e d u r e , we w i l l f i n d t h a t a = 0 , i £ £ , 
j £ m, which c l e a r l y c o n t r a d i c t s t h e h y p o t h e s i s t h a t n o t a l l a = 0 , 
and h e n c e { v 1 , i e 1} i s l i n e a r l y i n d e p e n d e n t of {w~*, j £ m } . I n a 
a s i m i l a r manner , i f we assume t h a t t h e s e t (w^, j e m} i s l i n e a r l y 
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d e p e n d e n t on { v 1 , i e L). we w i l l a r r i v e a t a c o n t r a d i c t i o n . T h e r e f o r e , 
{ v \ v 2 , . . . , v ^ , w \ w 2 , . . . , w m } i s a l i n e a r l y i n d e p e n d e n t s e t . • 
Theorem 7 . 1 . 3 . Le t v and w be g e n e r a l i z e d e i g e n v e c t o r s of 
i n d i c e s I and m, r e s p e c t i v e l y , a s s o c i a t e d w i t h t h e same e i g e n v a l u e A 
of A E G F ( q ) n X n . D e f i n e v 1 = (XI - A ) ^ - 1 v , LEI, and w j = (AI - A ) m ~ j 
n — n 
j e m. I f v 1 and w^ a r e l i n e a r l y i n d e p e n d e n t , t h e n t h e s e t {v* , i E I) u 
{w^, j E m) i s l i n e a r l y i n d e p e n d e n t . 
P r o o f . From Theorem 7 . 1 . 1 i t f o l l o w s t h a t t h e s e t s { v 1 , LEI) 
and {w"1 , j e m) a r e s e p a r a t e l y l i n e a r l y i n d e p e n d e n t . T h e r e f o r e , we 
need o n l y show t h a t t h e s e s e t s a r e l i n e a r l y i n d e p e n d e n t of e ach o t h e r . 
T h i s can be e a s i l y a c c o m p l i s h e d by an a rgument s i m i l a r t o t h a t u s e d i n 
t h e p r o o f of Theorem 7 . 1 . 2 , and h e n c e w i l l n o t be r e p e a t e d h e r e . • 
The p r e c e d i n g r e s u l t s can b e i n c o r p o r a t e d i n an a l g o r i t h m f o r 
g e n e r a t i n g t h e J o r d a n c a n o n i c a l form of any m a t r i x A £ G F ( q ) n X n . 
For t h e p u r p o s e of f u t u r e r e f e r e n c e , we w i l l summarize t h e 
above r e s u l t s i n t h e most g e n e r a l and d e t a i l e d form i n t e r m s of LSMs. 
Theorem 7 . 1 . 4 . For any a r b i t r a r y LSM M = (A, B) t h e r e e x i s t s 
an i somorph i sm V : X —> X, V £ GF(n, q ) , such t h a t t h e i s o m o r p h i c LSM 
M = (A, B) = (V _ 1 AV, V _ 1 B ) h a s t h e f o l l o w i n g form: 
(-1 
X ( k + 1 ) 
~2 
x ( k + 1 ) 
x V ( k + l ) 
A1(A1) 
A2(A0) 
A (A ) 
v v 
xV) 
x 2 ( k ) 
xV) 
+ 
u 1 ( k ) 
u 2 ( k ) 
U J K ) m 
( 7 . 1 . 9 ) 
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where 
f . ̂  A i l ( X . ) 
A . 2 ( X . ) 
B 1 = 
*2 
A . U . ) = 
A. 
i y ( i ) i j 
» 
B 1 
( 7 . 1 . 1 0 ) 
n . x n . ^ . n.xm 
A (A ) z GF(q) 1 1 , B 1 e GF(q) 1 ; i e V 
A . . ( A . ) = 
A. 1 l 
\ 1 
A ± 1 
B ! 
3 
( i ) 
' l j 
(1) 
"2j 
b ( i ) . 
i 3ir 3 
( 7 . 1 . 1 1 ) 
n . . x n . . 
! J i J T . 1 
n . .xm 
, Bj e GF(q) 1 J , j e y ( i ) , 1 £ v 
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( i ) ~ ( i ) 
' i j l b l i 2 
( i ) r ( D 
' 2 j l b 2 j 2 
( i ) 
n . . , j l n . . , j 2 
' l jm 
; ( D 
2jm 
. b ( i ) n . . , jm 
( 7 . 1 . 1 2 ) 
v 
n = E n . = 
1=1 1 
v y ( i ) £ E 
1=1 j = l 
n . . 
Sometimes we w i l l u s e t h e d i r e c t sum n o t a t i o n and w r i t e A a s 
A E A ( n i x , \^) 9 A ( n 1 2 , Â) $ . . . $ A t n ^ ^ , Â) 
A ( n 2 1 > A2) $ A ( n 2 2 , A2) © . . . © A ^ n 2 y ( 2 ) ' *2^ 
. . . e A(n n , A ) ® A(n „ , A ) 
v l v v2 v 
. . . $ A(n ( . , A ) 
v y ( v ) v 
T h e r e f o r e , i n t e r m s of t h e above n o t a t i o n , t h e o r i g i n a l LSM i s i s o ­
m o r p h i c t o t h e f o l l o w i n g n c o u p l e d l i n e a r s u b m a c h i n e s : 
m 
x ^ d c + 1 ) = A.x^U) + ;<« > s(k) + ^ u t(k) 
x ( l ) (k+1) = A.x(l) (k) + E b ( ± ) _ u (k) n . , s I n . , s v ^ _ n . , s t t i s i s t = l i s 
( 7 . 1 . 1 3 ) 
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In order to see how the state equations (7.1.13) are identified with 
respect to the block and sub-block structure of the Jordan canonical 
form (7.1.9), we will write out the Z n state equations corres-
t=l 
ponding to the Jordan block A(n^, A ) as follows: 
I e n ^-1' 
x ( 1 ) (k+1) = AlX(1) (k) + Z b ( 1 ) ,,u (k) n u , l 1 n u , l t = 1 n n,lt t 
A(n 1 2, X±) : x ^ k + l ) = X ^ ^ (k) + ^ ^ ( k ) + Z b ^ u ^ k ) 
x ( 1 ) ?(k+l) = X~X(1) _(k) + Z b ( 1 ) _ u,(k) n 1 2,2 1 n 1 2,2 ^ N^T t 
A ( % ( i ) ' v : * I ] l a ) ( k + i ) " A i ^ ( i ) ( k ) + ^ L d ) ( k ) + j ^ U v 1 
1 e "lyd)" 1 
^ = A i x ( 1 ) <^< k> + E n u u f 
n l p ( l ) ^ ( 1 ) 1 % ( 1 ) ^ ( 1 ) t-1 n l y ( l ) ^ ( 1 ) t t 
(7.1.14) 
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S i m i l a r s c a l a r s t a t e e q u a t i o n s can be e x p l i c i t l y w r i t t e n f o r t h e r e ­
m a i n i n g J o r d a n b l o c k s A ( n , . , A . ) , i = 2 , 3 , . . . , v ; j = 2 , 3 , . . . , 
y ( i ) . 
Now we would l i k e t o p r e s e n t some f u r t h e r s t a t e r e a c h a b i l i t y 
c r i t e r i a t h a t e x p l i c i t l y i n v o l v e t h e J o r d a n c a n o n i c a l form of LSMs. 
Theorem 7 . 1 . 5 . The LSM M = (A, B) i s s t a t e r e a c h a b l e i f and 
o n l y i f a l l rows of t h e m a t r i x B = V c o r r e s p o n d i n g t o t h e l a s t rows 
of t h e J o r d a n b l o c k s a s s o c i a t e d w i t h t h e same e i g e n v a l u e a r e l i n e a r l y 
i n d e p e n d e n t . Tha t i s , 
r a n k 
\ r i i 
( i ) 
•n ± 2.21 
;(« 
n i l ' 1 2 
n i 2 > 2 2 
. . . b ( i ) n . , , 1 m 
i i 
( i ) 
n . « , 2m 
i 2 
b ( i ) £ ( i ) 
n . , , u ( i ) l n . * v , u ( i ) 2 
i y ( i ) i y ( i ) 
. b ( i ) n . / . . , y ( i ) m i y ( i ) 
= y ( i ) , i e v 
( 7 . 1 . 1 5 ) 
P r o o f . T h i s t heo rem was p r o v e d a s p a r t of Theorem 6 . 3 . 1 . Here 
we w i l l p r e s e n t a c o m p l e t e l y d i f f e r e n t p r o o f ( c f . [ 2 7 ] ) . I n Theorem 
6 . 3 . 1 i t was shown t h a t t h e LSM (A, B) i s s t a t e r e a c h a b l e i f and o n l y 
i f r a n k [ X I n - A, B] = n f o r a l l A e G F ( q ) . I f V i s t h e m a t r i x of t h e 
i somorph i sm y i e l d i n g t h e J o r d a n c a n o n i c a l fo rm, t h a t i s , t h e m a t r i x 
of g e n e r a l i z e d e i g e n v e c t o r s of A, t h e n A = V "*"AV or VA = AV. L e t 
and 
R(X) E [XI - A, B] = V[(XI - A)V 1 , V 1 B ] 
A ( n . . , X . , X) E [XI - A ( n . . , X . ) ] 
i j 1 n i j 1 
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X-X. - 1 l 
X-X. - 1 1 
X-X. - 1 1 
X-X. 1 
Therefore, 
XI - A = A(n , X . , X) 9 A(n , X . , X) n 11 1 12 1 
9 A ( n x X ^ X) 9 A ^ n 2 i ' ^ 2 ' ^ 9 A ( n 2 2 ' X2' ^ 
. . . 9 A(n_ , . , X_, X) 9 . . . © A(n , X , X) 
2y (2 ) 2 v l v 
A(n , X , X) 9 . . . © A(n , X , X) 
v2 v v y ( v ) v 
r a n k A ( n _ , X^, X) = n „ , X * X_̂ , i e j e y ( 1 ) 
r a n k A ( n . . , X . , X . ) = n . . - 1 = £ . . , i e v , 1 e y ( i ) i j l l i j i i 
r a n k A ( n . . , X . , X )= n . . = I. , i * s ; i , s e v , i e y ( i ) i j l s i j i s -t^_^_ 
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r a n k [ A I - A] n 
v y ( i ) 
Z Z r a n k A ( n . . , A . , A) 
1=1 J = l J 
v u ( i ) 
= Z 
i = l j - l 
n . . , A * A . , i e v . 
i j l -
v y ( i ) 
r a n k [ A I - A] = Z Z r a n k A ( n . . , A . , A ) s n . _ . _ i j l s 
1=1 j = l 
v y ( i ) 
Z Z n 
1=1 j = l 
i * s 
y ( s ) + z 
j = l 
( n s j - 1 } 
= n - y ( s ) , s e v. 
The r a n k d e f i c i e n c y y ( s ) of t h e m a t r i x [AI - A ] , A = A g , s e 
o c c u r s b e c a u s e t h e l a s t row of each of t h e y ( s ) m a t r i c e s A(n . , A , A ) 
s j s s 
i s c l e a r l y n u l l . S i n c e t h e m a t r i x R(A) i s of d i m e n s i o n s n x ( n + m ) , 
t h e o n l y p o s s i b l e way i n wh ich r a n k R(A) = n f o r a l l A e G F ( q ) , i s 
t h a t a l l t h e rows of t h e m a t r i x B c o r r e s p o n d i n g t o t h e l a s t rows of 
t h e J o r d a n b l o c k s a s s o c i a t e d w i t h t h e same e i g e n v a l u e a r e l i n e a r l y 
i n d e p e n d e n t . • 
C o r o l l a r y 7 . 1 . 1 . The s i n g l e - i n p u t LSM M^ = (A, b) i s s t a t e 
r e a c h a b l e i f and o n l y i f no two J o r d a n b l o c k s of A a r e a s s o c i a t e d w i t h 
t h e same e i g e n v a l u e . 
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C o r o l l a r y 7 . 1 . 2 . I f t h e c h a r a c t e r i s t i c m a t r i x A of t h e LSM 
M = (A, B) h a s n d i s t i n c t e i g e n v a l u e s , t h e n M i s s t a t e r e a c h a b l e i f 
~ _ - 1 
and o n l y i f a l l t h e rows of B = V B a r e n o n z e r o . 
C o r o l l a r y 7 . 1 . 3 . The minimum number of i n p u t s r e q u i r e d f o r 
s t a t e r e a c h a b i l i t y of t h e LSM M = (A, B) i s e q u a l t o t h e g r e a t e s t 
number of J o r d a n b l o c k s a s s o c i a t e d w i t h t h e same e i g e n v a l u e . 
We w i l l u s e t h e r e s u l t of Theorem 7 . 1 . 5 a l o n g w i t h some a d d i ­
t i o n a l p r o p e r t i e s of t h e J o r d a n c a n o n i c a l form ( 7 . 1 . 9 ) - ( 7 . 1 . 1 2 ) , t o 
d e r i v e a s i m p l e u n r e a c h a b i l i t y c r i t e r i o n f o r t h e LSM (A, B ) . 
The i n d e x of t h e e i g e n v a l u e X^ i s d e f i n e d a s f o l l o w s : 
v . = m±n{l : W[(A - X . I ) ] = W[(A - X . I ) ] } , i E v l i n i n — 
I t i s known [118] t h a t t h e m u l t i p l i c i t y of X^ i n t h e m i n i m a l p o l y n o m i a l 
of A i s e q u a l t o v ^ , f o r a l l i , and 
n < v ^ , i E v., j E u ( i ) ( 7 . 1 . 1 6 ) 
I f we l e t [ [ d ] ] d e n o t e t h e g r e a t e s t i n t e g e r < d, t h e n by v i r t u e of 
( 7 . 1 . 1 6 ) we have t h e i n e q u a l i t y 
n . 
u ( i ) > [ [ ~ ] ] , i e v ( 7 . 1 . 1 7 ) 
i 
Tha t i s , 
n . n . 
u ( i ) > — i f — i s an i n t e g e r 
v . v . 
I I 
n . n . 
u ( i ) > [ [ — ] ] + 1 i f — i s a f r a c t i o n 
v . v . 
I l 
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I t i s e a s y t o check t h a t t h e s e two i n e q u a l i t i e s imply t h e f o l l o w i n g 
e q u a l i t y : 
y ( i ) = 
. - 1 . 
n . + v . - 1 
, i e v 
S i n c e r a n k B = r a n k P B = r a n k B, i f t h e r e e x i s t i n t e g e r s i e such 
t h a t 
r r n . + v . - 1 
> r a n k B 
t h e n t h e rows of t h e m a t r i x ( 7 . 1 . 1 5 ) w i l l b e l i n e a r l y d e p e n d e n t and 
h e n c e by Theorem 7 . 1 . 5 , t h e LSM (A, B) c a n n o t be r e a c h a b l e . T h e r e f o r e , 
we h a v e p r o v e d t h e f o l l o w i n g s u f f i c i e n t c o n d i t i o n f o r t h e u n r e a c h a b i l i t y 
p r o p e r t y of t h e LSM (A, B ) . 
Theorem 7 . 1 . 6 . ( c f . [65 ] ) I f t h e r e e x i s t i n t e g e r s i e _y_ 
such t h a t 
n . + v . - 1 
l l > r a n k B 
t h e n t h e LSM (A, B) i s u n r e a c h a b l e . 
C o r o l l a r y 7 . 1 . 4 . I f t h e r e e x i s t i n t e g e r s i e such t h a t 
n . + v . - 1 
l l 
> m 
t h e n t h e LSM (A, B) i s u n r e a c h a b l e . 
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I t i s i n t e r e s t i n g t o n o t e t h a t f o r c h e c k i n g t h e u n r e a c h a b i l i t y 
of an LSM by t h e above c r i t e r i o n , i t i s s u f f i c i e n t t o know o n l y t h e 
numbers { n . , v . , i c v } which can be o b t a i n e d from t h e Smith c a n o n i c a l 
1 1 — 
form of t h e c h a r a c t e r i s t i c m a t r i x A. O b v i o u s l y , knowledge of t h e i s o ­
morphism P and t h e e i g e n v a l u e s A^ i s n o t needed f o r t h e a p p l i c a t i o n of 
t h e c r i t e r i o n . 
Theorem 7 . 1 . 7 . The LSM M = (A, B) i s s t a t e r e a c h a b l e i f and 
o n l y i f t h e r e does n o t e x i s t an i somorph i sm P : X —> X, P e GF(n, q ) , 
such t h a t t h e i s o m o r p h i c LSM M = (A, B) = ( P - 1 A P , P _ 1 B ) w i l l have 
x_^(k+l) = A x ^ ( k ) , A e GF(q) , a s one of i t s s t a t e e q u a t i o n s . 
P r o o f . The n e c e s s i t y p a r t of t h e t heo rem i s o b v i o u s ; t o p r o v e 
s u f f i c i e n c y , assume t h a t M i s n o t s t a t e r e a c h a b l e . Then by Theorem 
4 . 2 . 1 t h e r e e x i s t s an i somorph i sm P : X —> X, P e GF(n, q ) , such t h a t 
t h e i s o m o r p h i c LSM M = (A, B) e ( P - 1 A P , P _ 1 B ) h a s t h e form 
( ~ ~ 1 
f ~ 1 
B A, A 11 12 1 




Now c o n s i d e r a f u r t h e r i somorph i sm P : X —> X, P e GF(n, q ) , of t h e 
A A A A A _ ] ~ A 
form P = P $ P o n , and choose P 0 0 such t h a t t h e s u b m a t r i x P _ A „ 0 P , 22 22 22 22 22 
w i l l have t h e J o r d a n c a n o n i c a l form, d e n o t e d by 3\k2y\. Tha t i s , t h e 
= z ~ A _ i ~ A A _ 1 ~ 
new i s o m o r p h i c LSM M = (A, B) e (P AP, P B) i s g i v e n by 
X (k+1) 
f A _ i ~ A 
P A P 
x I I ( k + l ) > 0 
11 22 22 x
1 (k) 
+ 
F A - 1 ~ ^ 
P B 
11 1 
u ( k ) 
[x ( k ) J 
221 
From t h i s r e p r e s e n t a t i o n and t h e s t r u c t u r e of J o r d a n b l o c k s , i t i s c l e a r 
t h a t t h e r e i s a t l e a s t one component of t h e s t a t e e q u a t i o n s which i s of 
t h e form x ^ ( k + l ) = A x ^ ( k ) . T h e r e f o r e , M c a n n o t be s t a t e r e a c h a b l e . 
But t h i s i m p l i e s t h a t M and c o n s e q u e n t l y M c a n n o t be s t a t e r e a c h a b l e . • 
The r e a c h a b i l i t y p r o p e r t y of an LSM M = (A, B) can o f t e n b e 
e f f e c t i v e l y m a i n t a i n e d by means of a s c a l a r i n p u t s e q u e n c e , t h a t i s , 
by means of w ( 0 ) w ( l ) . . . w(l-l) e G F ( q ) * , w(k) e G F ( q ) , i n s t e a d of a 
v e c t o r s e q u e n c e u ( 0 ) u ( l ) . . . u(Z-l) e U*, u ( k ) e U, where u ( k ) = vw(k) 
f o r a c o n s t a n t v e c t o r v e G F ( q ) m . D e f i n i n g b E Bv, M r e d u c e s t o t h e 
s i n g l e - i n p u t LSM M^ = (A, b ) . T h i s p o s s i b i l i t y of r e d u c i n g t h e i n p u t 
s e q u e n c e s p a c e U* t o GF(q)* can be c h a r a c t e r i z e d i n t e r m s of t h e s t r u c ­
t u r e of t h e J o r d a n c a n o n i c a l LSM M = (A, B) a s shown i n t h e f o l l o w i n g 
t h e o r e m . 
Theorem 7 . 1 . 8 . I f t h e LSM M = (A, B) i s s t a t e r e a c h a b l e , t h e n 
t h e r e e x i s t s a c o n s t a n t v e c t o r v e G F ( q ) m such t h a t t h e s i n g l e - i n p u t 
LSM M^ = (A, Bv) i s s t a t e r e a c h a b l e i f and o n l y i f any two b l o c k s i n 
t h e J o r d a n c a n o n i c a l form of A a r e a s s o c i a t e d w i t h u n e q u a l e i g e n v a l u e s 
of A. 
P r o o f . Le t V : X —> X, V e GF(n, q ) , be t h e i somorph i sm t h a t 
y i e l d s t h e i s o m o r p h i c LSM M = (A, B) = (V _ 1 AV, V _ 1 B ) h a v i n g t h e J o r d a n 
c a n o n i c a l form 
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f x . 1 
1 X. 1 l 
X. 1 l 
X. 1 
n.xn. 
e GF(q) 1 1 , i e v 
B 1 E 
1> 
n . xm 





S i n c e M i s assumed t o be s t a t e r e a c h a b l e , by Theorem 7 . 1 . 5 we h a v e 
b * 0 , l e v n . — l 
Suppose t h a t two b l o c k s , say and A^, a r e a s s o c i a t e d w i t h t h e same 
e i g e n v a l u e X^ = X^9 and l e t b e G F ( q ) n and w(k) e G F ( q ) . Then i t i s 
e a s y t o s e e t h a t t h e s i n g l e - i n p u t LSM M^ = (A, b) i s n o t s t a t e r e a c h -
A ~A 
a b l e , t h a t i s , r a n k E [ b , A b , . . . , A n H > ] < n s i n c e t h e n ^ t h and 
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n—1 
p o s e t h a t t h e b l o c k s a r e a s s o c i a t e d w i t h t h e d i s t i n c t e i g e n v a l u e s 
m A^, i e v_. Choose a v e c t o r v e GF(q) such t h a t 
b i ! L 
b 2 b i 2 
BV = b = 
b b. 
i n . 
I 
, i e v 
h a s b . * 0 , i e v.* T h i s can b e d o n e , f o r i n s t a n c e , by c h o o s i n g t h e 
i 
e n t r i e s of v t o be a l g e b r a i c a l l y i n d e p e n d e n t of a l l t h e e n t r i e s of B. 
We w i l l show t h a t r a n k [ b , Ab, . . . , A n \ ] = n . I t i s c l e a r t h a t 
R ( [ b , ( A - A I ) b , (A-A I ) b , . . . , ( A - A I ) V b ] ) = K( [b ,Ab ,A b , . . . ,A b ] ) 
v n v n v n 
Le t 
z = ( A - X I ) V b = v n 
V 
z 2 
' z i E 
Z i 2 




i n . 
l 
( n , + n „ ) t h rows of K_ a r e j u s t [ b , , A b , . . . , (A.,) bn ] and 1 2 1 I n 1 I n 1 i n 
A A n 1 A 
[ b 0 , A„b n , . . . , (X.) b 0 ] , which a r e l i n e a r l y d e p e n d e n t i f 2n^ 2 2n^ 2 zn^ 
A l = A 2 " T h e r e f o r e , i n t h i s c a s e , t h e s t a t e r e a c h a b i l i t y p r o p e r t y of 
M c a n n o t b e m a i n t a i n e d by a s c a l a r i n p u t . To p r o v e t h e c o n v e r s e , s u p ­
so t h a t 
n - 1 
„n v . _ 
z = A + E a . A ^ , a . e GF(q) 1 1 i=0 
Then 
j ~ n - 1 
R ( [ z , ( A - A , 1 ) z , ( A - A , 1 ) z , . . . , ( A - A I ) V 1 z ] ) v - 1 n v - 1 n v - 1 n 
~2 ~ n v - 1 
= R ( [ z , Az, A z , . . . , A z ] ) 
R e p e a t i n g t h e above p r o c e d u r e , we can show t h a t 
_ - _ ~ 2 _ ~ n - 1 _ 
R ( [ b , ( A - A I ) b , ( A - A I ) b , . . . , ( A - A I ) V b , 
v n v n v n 
n n 
( A - A v I n ) ^ ( A - A ^ X A - A ^ ) *b,..., 
^ V i 1 / " ' 1 " 1 ' * - ^ ) ^ - -
n _ n _ n _ 
( A - A 0 I ) 2 . . . ( A - A I ) ^b", ( A - A 1 1 ) ( A - A 0 I ) . . . ( A - A I ) Z n v n i n z n v n 
n - l ,. n 9 ~ n 
. . . . ( A - X - I ) ( A - A 9 I ) \ . . ( A - A I ) \ ] ) 
I n z n v n 
= R ( [ b , Ab, A 2 b , . . . , A n _ 1 b ] ) 
The l a s t n rows of t h e v e c t o r s 
v 
n - 1 _ •» o - ~ 
( A - A I ) b , . . . , ( A - A I ) b , ( A - A I ) b , b 
v n v n v n 
form t h e t r i a n g u l a r m a t r i x 
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b * * . . . * * 
vn 
v 
b * vn v 
vn 
b * vn v 
vn 
where b * 0 and * s d e n o t e t h e p o s s i b l y n o n z e r o e n t r i e s , vn v 
t h e v e c t o r z h a s z e r o s a s t h e l a s t n e n t r i e s , and t h a t 
Note t h a t 
n = (A - A ) % . v - l , n v - 1 v v - l , n .. v - 1 v - 1 # 0 
Now by d i r e c t c o m p u t a t i o n i t can be shown t h a t t h e m a t r i x 
n - l n n ,, 
T = [(A-A,I ) (A-A0I ) ...(A-A I ) % , ...,(A-A I ) b , b ] l n 2 n v n v n 
h a s a t r i a n g u l a r form w i t h d i a g o n a l e l e m e n t s 
( A 1 " • • ( X 1 '
 X/\n, * '• • •' Km * 0 
1 V 
S i n c e R(T) = R ( [ b , A b , . . . , A n _ 1 b ] ) and d e t T * 0 , i t f o l l o w s t h a t 
d e t f b , A b , . . . , A n ^b] * 0 which i m p l i e s t h a t d e t [ B v , ABv, . . . , 
A n "'"Bv] = d e t [ B v , ABv,. . . , A*1 "'"Bv] * 0 . T h e r e f o r e , t h e s i n g l e - i n p u t 
LSM (A, Bv) = (A, b) i s s t a t e r e a c h a b l e . • 
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7 . 2 . S e l e c t i v e S t a t e R e a c h a b i l i t y of LSMs 
So f a r , we have c o n s i d e r e d t h e i n f l u e n c i b i l i t y of t h e e n t i r e 
s t a t e v e c t o r x ( k ) a s a p o i n t i n t h e s t a t e s p a c e X of t h e LSM M = (A, B) 
by i n p u t v e c t o r s e q u e n c e s u ( 0 ) u ( l ) . . . u{l-l) e ii*. However , i f we 
t a k e a " m i c r o s c o p i c " v i e w p o i n t by c o n s i d e r i n g t h e r e a c h a b i l i t y of s t a t e 
components x ^ ( k ) , i e n , by i n p u t components u .̂ (k) , j E m, t h e n many 
a d d i t i o n a l t y p e s of r e a c h a b i l i t y become a v a i l a b l e . Some of t h e s e a r e 
f o r m a l i z e d i n t h e f o l l o w i n g d e f i n i t i o n s . 
D e f i n i t i o n 7 . 2 . 1 . The i t h component x j ( k ) of t h e s t a t e 
x"*"(k) E X i s s a i d t o be selectively l-reachable by t h e j t h component 
u .̂ (k) of t h e i n p u t u ( k ) £ CI i f t h e r e e x i s t s a s c a l a r s e q u e n c e 
u . ( 0 ) u . ( l ) . . . u . U - l ) £ GF(q)* which t r a n s f e r s x 1 ( k ) t o x 2 ( k ) f o r 
1 1 J i i 
2 
any x £ X, where u g ( k ) = 0 f o r a l l s * j . I f e v e r y component 
x ^ ( k ) , i e n , of x^ (k ) £ X i s s e l e c t i v e l y ^ - r e a c h a b l e , t h e n t h e LSM i s 
s a i d t o b e selectively l-state reachable. 
D e f i n i t i o n 7 . 2 . 2 . I f e v e r y component x ^ ( k ) , i e n , of t h e 
s t a t e x ( k ) E X i s s e l e c t i v e l y ^ - r e a c h a b l e a t e v e r y c l o c k p e r i o d k £ 
K1 £ K, whe re K1 i s t h e a d m i s s i b l e c l o c k p e r i o d s e t , t h e n t h e LSM i s 
s a i d t o b e selectively completely l-state reachable. 
D e f i n i t i o n 7 . 2 . 3 . I f t h e i t h component x ^ ( k ) of t h e s t a t e 
x ( k ) £ X i s s e l e c t i v e l y ^ - r e a c h a b l e by a l l i n p u t component s e q u e n c e s 
Uj(0)u^.(l). . . w {l-l) y j £ m, s e p a r a t e l y , t h e n i t i s s a i d t o b e 
strongly l-reachable. If e v e r y component x ^ ( k ) , i e n , of t h e s t a t e 
x ( k ) e X i s s t r o n g l y £ - r e a c h a b l e , t h e n t h e LSM i s s a i d t o b e strongly 
l-state reachable. 
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D e f i n i t i o n 7 . 2 . 4 . I f an LSM i s s t r o n g l y £ - s t a t e r e a c h a b l e a t 
e v e r y c l o c k p e r i o d k e K' £ K, where K1 i s t h e a d m i s s i b l e c l o c k p e r i o d 
s e t , t h e n i t i s s a i d t o be strongly completely I-state reachable. 
D e f i n i t i o n 7 . 2 . 5 . I f an LSM i s £ . - s t a t e r e a c h a b l e by each of 
t h e i n p u t s e q u e n c e s Uj(0)u^(l). . . u ^ ( £ - 1 ) , j e m, s e p a r a t e l y , t h e n 
i t i s s a i d t o b e state normal. 
From D e f i n i t i o n 7 . 2 . 5 , i t f o l l o w s t h a t an LSM M = (A, B) i s 
j c m, whe re b J d e n o t e s t h e j t h column of t h e i n p u t m a t r i x B, t h a t i s , 
i f and o n l y i f t h e m s i n g l e - i n p u t LSMs x ( k + l ) = Ax(k) + b u . ( k ) , j £ m, 
J _ 
a r e s t a t e r e a c h a b l e . T h e r e f o r e , i n v i ew of Theorem 6 . 1 . 1 , t h e r e e x i s t s 
a l a r g e number of s t a t e r e a c h a b i l i t y c r i t e r i a f o r c h a r a c t e r i z i n g t h e 
n o r m a l i t y p r o p e r t y of LSMs. 
t h e s t a t e components and i n p u t component s e q u e n c e s c l e a r l y i n d i c a t e 
t h e p o s s i b l i t y f o r d e f i n i n g a d d i t i o n a l t y p e s of r e a c h a b i l i t y and h e n c e 
t h e i r e x p l i c i t f o r m a l i z a t i o n s w i l l n o t b e p u r s u e d any f u r t h e r . In 
o r d e r t o a v o i d e x c e s s i v e d e t a i l , we w i l l a d o p t a s i m i l a r p o i n t of v i ew 
w i t h r e s p e c t t o t h e t h e o r e t i c a l deve lopmen t of t h e c o n c e p t s i n t r o d u c e d 
i n t h e above d e f i n i t i o n s i n t h e s e n s e t h a t we w i l l c o n c e n t r a t e o n l y 
on t h e p r o p e r t y of s e l e c t i v e s t a t e r e a c h a b i l i t y and assume t h a t our 
r e s u l t s , i f n e e d e d , can b e e a s i l y s t a t e d f o r o t h e r t y p e s of s t a t e 
r e a c h a b i l i t y . 
I n Theorem 6 . 3 . 1 we p r o v i d e d a l a r g e number of c r i t e r i a f o r 
a s c e r t a i n i n g t h e s t a t e r e a c h a b i l i t y p r o p e r t y of t h e LSM M = (A, B ) . 
s t a t e n o r m a l i f and o n l y i f r a n k 
We assume t h a t t h e above d e f i n i t i o n s of r e a c h a b i l i t y b a s e d on 
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However, i t i s c l e a r t h a t none of t h e s e c r i t e r i a p r o v i d e s any i n f o r m a ­
t i o n a b o u t t h e s e l e c t i v e r e a c h a b i l i t y of a p a r t i c u l a r component of t h e 
s t a t e v e c t o r . I n o r d e r t o i n v e s t i g a t e t h e p o s s i b l i t y f o r d e v e l o p i n g 
n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r s e l e c t i v e s t a t e r e a c h a b i l i t y , 
c o n s i d e r t h e LSM M i n t h e form 
m 
x ( k + l ) = Ax(k) + £ b J u . ( k ) ( 7 . 2 . 1 ) 
where b , j e m, d e n o t e t h e columns of B and u_. (k) , j e m, a r e t h e 
components of t h e i n p u t v e c t o r u ( k ) e ii. Assuming t h a t u_. (k) = 0 
f o r a l l j * s , t h e z e r o - s t a t e s o l u t i o n of t h e s t a t e e q u a t i o n ( 7 . 2 . 1 ) 
can b e w r i t t e n a s 
k ~ 1 k - i - 1 s x (k ) = I A V u ( i ) 
i=0 
[ b 2 , A b 2 , . . . , A k _ 1 b S ] 
u ( k - 1 ) s 
u s ( k - 2 ) 
» 8(0) 
b? ° a n ( 1 )b s. 
1 1=1 1 1 1 
,s ( U . s b I a b. 2 . , 2i i 1=1 
b s I a ( 1 ) b s . n . . n i i i = l 
. I a ( k - « b S 
i=l 1 1 1 
I a, b. 
1=1 2 1 1 
£ a . b . . , n i i i = l 




( 7 . 2 . 2 ) 
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(I) I where a a r e t h e e n t r i e s i n t h e m a t r i x A . From ( 7 . 2 . 2 ) i t i s c l e a r uv 
t h a t t h e i t h component x_^(k) of t h e s t a t e x ( k ) can b e i n f l u e n c e d by 
t h e s t h component s e q u e n c e u g ( 0 ) u s ( l ) . . . u g ( k - l ) i f and o n l y i f 
t h e r e i s a t l e a s t one n o n z e r o e l e m e n t i n t h e i t h row of t h e m a t r i x 
2 s k - 1 s K E [b , Ab , . . . , A b ] . T h i s o b s e r v a t i o n c l e a r l y i n d i c a t e s t h e 
key r o l e t h a t w i l l b e p l a y e d by t h e m a t r i c e s K_. = [b3 , Ab"̂  , . . . , 
A n ] , j e m, i n t h e i n v e s t i g a t i o n of t h e c o n c e p t of s e l e c t i v e 
s t a t e r e a c h a b i l i t y . For t h i s r e a s o n , K_. w i l l b e c a l l e d t h e selective 
state reacJiability matrix. I n t h e e n s u i n g d i s c u s s i o n , we w i l l e x ­
p l o r e f u r t h e r p r o p e r t i e s of t h i s m a t r i x i n c o n j u n c t i o n w i t h t h e J o r d a n 
c a n o n i c a l form of t h e c h a r a c t e r i s t i c m a t r i x A t o d e v e l o p s e l e c t i v e 
s t a t e r e a c h a b i l i t y c r i t e r i a f o r t h e LSM M = (A, B ) . We w i l l b r e a k 
down our d i s c u s s i o n i n t o a number of c a s e s . 
Case 1 . A h a s n d i s t i n c t e i g e n v a l u e s . 
I f we d e n o t e t h e n d i s t i n c t e i g e n v a l u e s of A by X^ , X ^ , . . 
X , and l e t t h e m a t r i x of t h e i somorph i sm V- : X —> X c o n s i s t of t h e n 1 
c o r r e s p o n d i n g n l i n e a r l y i n d e p e n d e n t e i g e n v e c t o r s v \ v 2 , . . . , v R , 
t h a t i s , = [ v 1 , v 2 , . . . , v n ] , t h e n t h e i s o m o r p h i c LSM M = (A, B) 
= (V~ 1 AV 1 , V ^ B ) w i l l have t h e form 
x 1 ( k + l ) 
F 
x 2 ( k + l ) 
x (k+1) 
I N J 
(~ ^ X ] _(K) B L L b 1 2 -
X 2 ( K ) 
+ 
K L B 2 2 . 
X ( K ) n 
v . J 




u x ( k ) 
U 2 ( K ) 
u (k) m 
( 7 . 2 . 3 ) 
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which i s e q u i v a l e n t t o t h e f o l l o w i n g n u n c o u p l e d s u b m a c h i n e s : 
m 
x . ( k + l ) = X . x . ( k ) + E b . . u . ( k ) , i e n 
i 1 i , , ii i — 
j = l J 
( 7 . 2 . 4 ) 
From ( 7 . 2 . 4 ) i t i s c l e a r t h a t t h e j t h component of t h e i n p u t v e c t o r 
can a f f e c t t h e i t h component x ^ ( k ) of t h e s t a t e v e c t o r i f and o n l y i f 
b . . * 0 , i e n , j e m ( 7 . 2 . 5 ) 
We summarize t h e above o b s e r v a t i o n i n t h e f o l l o w i n g t h e o r e m . 
Theorem 7 . 2 . 1 . I f t h e c h a r a c t e r i s t i c m a t r i x A of t h e LSM 
M = (A, B) i s c y c l i c , t h e n t h e i t h component x^ (k ) of t h e s t a t e x ( k ) 
of M i s s e l e c t i v e l y r e a c h a b l e by t h e j t h component u_. (k) of t h e i n p u t 
u ( k ) i f and o n l y i f b . . * 0 , where b . . i s d e f i n e d by ( 7 . 2 . 3 ) . 
S i n c e B = V ^ B , we can w r i t e 
b l l b 1 2 * * ' b l m 
b 2 1 b 2 2 * * ' b 2m 
B = [ b 1 , b 2 , . . . , b m ] = V l B = [ v \ v 2 , . . . , v n ] 
b n l b n 2 nm 
so t h a t 
n 




Ab J = E b . . A v 1 , j e m ( 7 . 2 . 7 ) 
1=1 1 J 
In v iew of t h e e i g e n v a l u e - e i g e n v e c t o r r e l a t i o n s h i p s A v 1 = A v 1 , i e n , 
( 7 . 2 . 7 ) becomes 
n 
Ab J = E b . . A . v 1 , j e m 
1=1 1 J 1 ~ 
S i m i l a r l y , 
0 . . n „ n „ 
A 2 b J = A(Ab J ) = E D . .A .AV 1 = E b . . (A . ) v 1 , j e m 
i = l i = l J 
A n V = E b . . ( A . ) n v 1 , j e m 
1=1
 1 J 1 
T h e r e f o r e , t h e s e l e c t i v e s t a t e r e a c h a b i l i t y m a t r i x can b e e x p r e s s e d 
a s 
K = [ b j , A b j , . . . , A n V] 
n . n „ n ^ _ 
= [ E b . - v 1 , E b . . ( A . ) v 1 , . . . , E b . . ( A . ) n v 1 ] , j e m 
i = l 1 J i = l 1 J 1 i = l 1 J 1 ~ 
( 7 . 2 . 8 ) 
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S i n c e 
n i i r 1 2 n n b J = Z b . .v = [v , v , . . . , v ] 
1=1 1 J 
b 0 . 
b 
r 1 2 n 1 





( 7 . 2 . 9 ) 
A l ) = £ b . . ( A . ) v = [v , v , . . . , v ] 
1=1 1 J 1 
i j - r 
b 2 . ( A 2 ) 
I 
b . (A ) l f L n j n j 
r 1 2 n.. [v , V , . . . , v ] 
2 j 
( A 2 ) 
(A ) 
n 
I e n - l , 
J e m 
( 7 . 2 . 1 0 ) 
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I n v iew of ( 7 . 2 . 9 ) and ( 7 . 2 . 1 0 ) , K can be w r i t t e n a s a p r o d u c t of 
t h r e e m a t r i c e s a s f o l l o w s : 
K. = [b\ Ab\. . . , A n V] 
V l l V 1 2 * ' ' v m 
V 2 1 V 2 2 * * * V 2 n 
V V . . . V 




1 A 1 ( A x ) 2 . . . ( A ^ 1 1 " 1 
1 A 2 ( A 2 ) 2 . . . ( A 2 ) n 1 
1 A (A ) 2 . . . ( A n ) n 1 n n n J 
V 1 D l j W 1 , j e m ( 7 . 1 . 1 1 ) 
The m a t r i x e G F ( q ) n X n i s known a s t h e Vandermonde m a t r i x . I t can 
be shown t h a t t h e d e t e r m i n a n t of W i s e q u a l t o II (A. - A . ) , and 
l < i < j < n 1 J 
h e n c e W i s s i n g u l a r i f A. = A. f o r i * i . However, i n our c a s e A . , 
l j l 
i e n , a r e d i s t i n c t a n d , t h e r e f o r e , i s n o n s i n g u l a r . S i n c e i s 
t h e m a t r i x of l i n e a r l y i n d e p e n d e n t e i g e n v e c t o r s of A, from ( 7 . 2 . 1 1 ) 
i t f o l l o w s t h a t 
r a n k K. = r a n k D , . , j e m 
J l j ( 7 . 2 . 1 2 ) 
The r a n k of t h e d i a g o n a l m a t r i x i s c l e a r l y e q u a l t o t h e number of 
n o n z e r o e l e m e n t s b _ , i e n , j e m . S i n c e by Theorem 7 . 2 . 1 t h e i t h 
s t a t e component x ^ ( k ) of t h e s t a t e v e c t o r x ( k ) i s s e l e c t i v e l y r e a c h ­
a b l e by t h e j t h component u .̂ (k) of t h e i n p u t v e c t o r u ( k ) i f and o n l y 
i f b^.. * 0 , t h e n ( 7 . 2 . 1 2 ) i m p l i e s t h a t t h e r a n k of K.. i s e q u a l t o t h e 
234 
number n . of t h e s t a t e v e c t o r components t h a t can be s e l e c t i v e l y 
a f f e c t e d by u ^ ( k ) . We f o r m a l i z e t h i s r e s u l t i n t h e f o l l o w i n g t h e o r e m . 
Theorem 7 . 2 . 2 . I f A h a s n d i s t i n c t e i g e n v a l u e s , t h e n t h e r a n k 
of t h e s e l e c t i v e s t a t e r e a c h a b i l i t y m a t r i x K.. E [ b ^ , Ab3,. . . , A n h3] 
i s e q u a l t o t h e number of s t a t e v e c t o r components t h a t a r e s e l e c t i v e l y 
r e a c h a b l e by t h e j t h component u_. (k) of t h e i n p u t v e c t o r u ( k ) . 
We can a c t u a l l y i d e n t i f y t h e s t a t e components t h a t a r e r e a c h a b l e 
a s a r e s u l t of t h e r a n k c o n d i t i o n of t h e m a t r i x K. . To s e e t h i s , we 
J 
can u s e ( 7 . 2 . 8 ) t o w r i t e 
n 
2 \ 
A V = Z b.^A./v1, I e n.-l, j e m ( 7 . 2 . 1 3 ) 1=1 
S i n c e r a n k K. = n . , j e m, we can e x p r e s s A^b3 , 3 3 > n . , a s a l i n e a r 3 
c o m b i n a t i o n of t h e l i n e a r l y i n d e p e n d e n t columns of K. . I n p a r t i c u l a r , 
n . - l n- • 3 
A V = Z a . A S b J , a . E GF(q) ( 7 . 2 . 1 4 ) 
s=0 S3 
I n v i ew of ( 7 . 2 . 1 3 ) and ( 7 . 2 . 1 4 ) , we have t h e f o l l o w i n g e q u a l i t y : 
n . n - l 3 n . . j 
Z b . . (A.) J v 1 = Z a 
i = l i j i s=0 
2 b . ^ A j V 
• i i j i 1=1 
or 
n n j 
Z (b . . (A.) )v = Z . -i i j l . , 1=1 J 1=1 




a . b . . ( A . ) 
s j i j i 
v ( 7 . 2 . 1 5 ) 
E q u a t i n g t h e c o e f f i c i e n t s of v , i e n , i n ( 7 . 2 . 1 5 ) , we o b t a i n 
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n . - l 
n J 
b . . ( A . ) J E a . b . . ( A . ) 
s=0 S J 1 J 1 
n . - l 
= E a . ( A . ) , i e n . , j e m 
s=0 s j i 
( 7 . 2 . 1 6 ) 
s i n c e b * 0 . E q u a t i o n ( 7 . 2 . 1 6 ) i s an n j t n o r d e r monic p o l y n o m i a l 
whose r o o t s a r e t h e n^ e i g e n v a l u e s a s s o c i a t e d w i t h t h e s e l e c t i v e l y 
r e a c h a b l e s t a t e componen t s . T h e r e f o r e , i n o r d e r t o i d e n t i f y t h e s e 
c o m p o n e n t s , i t i s n e c e s s a r y t o d e t e r m i n e a . i n e q u a t i o n ( 7 . 2 . 1 4 ) , 
s j 
and t h e n s o l v e e q u a t i o n ( 7 . 2 . 1 6 ) . We w i l l i l l u s t r a t e t h i s p r o c e d u r e 
by an e x a m p l e . C o n s i d e r t h e f o l l o w i n g LSM o v e r G F ( 3 ) : 
f x 1 ( k + l ) 
x 2 ( k + l ) 
x 3 ( k + l ) 
f o 0 0 
1 2 0 
0 0 1 
' x ^ k ) ' 
x 2 ( k ) 
x (k) 
+ 




u 2 ( k ) 
' l 0 
1 1 2 1 K = [b , Ab , A b ] = 0 1 2 
0 0 
(o 0 0 
2 2 2 2 K 2 = [ b Z , Ab , A V ] = 0 0 0 
1 1 1 
S i n c e r a n k = 2 , t h a t i s n^ = 2 , and r a n k K 2 = 1 , t h a t i s n 2 = 1 , 
t h e r e a r e two s t a t e components which a r e s e l e c t i v e l y r e a c h a b l e by 
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u ^ ( k ) , and one s t a t e component t h a t i s s e l e c t i v e l y r e a c h a b l e by u^(k) 
I n o r d e r t o i d e n t i f y t h e s e s t a t e componen t s , we need t o s o l v e t h e fo l ­
lowing s e t s of e q u a t i o n s : 
2 1 1 1 A b = a 0 1 D + a n A b 
2 2 Ab = a Q 2 b 
which i n v i ew of t h e g i v e n d a t a , r e d u c e t o 
0 1 




0 = a 0 2 0 
A 
S o l v i n g t h e s e e q u a t i o n s , we o b t a i n a ^ = 0 , a ^ = 2 , and a ^ = ! • 
2 
S u b s t i t u t i n g i n ( 7 . 2 . 1 6 ) , we g e t (A) = 2A f o r j = 1 , and A = 1 f o r 
j = 2 . T h e r e f o r e , A = 0 , A 2 = 0 f o r j = 1 , and A 3 = 1 f o r j = 2 . 
Thus t h e s t a t e components x ^ ( k ) and x 2 ( k ) a r e s e l e c t i v e l y r e a c h a b l e 
o n l y by u ^ ( k ) , and x ^ ( k ) i s s e l e c t i v e l y r e a c h a b l e o n l y by u 2 ( k ) . 
Case 2 . A h a s n r e p e a t e d e i g e n v a l u e s . 
I f we l e t t h e m a t r i x of t h e i somorph i sm V 2 : X —> X c o n s i s t 
1 2 
of t h e n l i n e a r l y i n d e p e n d e n t g e n e r a l i z e d e i g e n v e c t o r s v , v , . . . , 
v 1 1 of t h e form ( 7 . 1 . 2 ) , t h e n t h e i s o m o r p h i c LSM M = (A, B) ~ ( V ^ A V ^ V 2 B) w i l l have t h e f o l l o w i g form: 
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x 1 ( k + l ) 
x2(k+l) 
x 1 ( k + 1 ) n - l 
x (k+1) n 





x Ak) n - l 
x (k) 
n 
b l l b 1 2 " - b l m 
b 2 1 b 2 2 " - b 2 m 
+ 
b _ b . . . b 
n l n2 nm 
u x(k) 
u 2(k) 
u (k) m 
( 7 . 2 . 1 7 ) 
which i s e q u i v a l e n t t o t h e f o l l o w i n g n c o u p l e d l i n e a r s u b m a c h i n e s : 
m 
x.(k+l) = A-x.Ck) + x. ,(k) + E b . . u.(k), i e n - l ( 7 . 2 . 1 8 a ) 
1 X 1 1"TX j = l 1 1 ^ m x (k+1) = A-x (k) + E b .u.(k) n 1 n . , n j j ( 7 . 2 . 1 8 b ) 
From ( 7 . 2 . 1 8 ) i t i s e v i d e n t t h a t t h e j t h i n p u t component u ^ ( k ) can 
s e l e c t i v e l y a f f e c t t h e £ t h s t a t e component x ^ ( k ) i f and o n l y i f 
and 
b £ j ^ 0y Z e n 
b . = 0 , s = Z+l, Z+2,. . . , n 
S3 
( 7 . 2 . 1 9 ) 
I t i s a l s o c l e a r t h a t t h e o v e r a l l LSM M = (A, B) u n d e r c o n s i d e r a t i o n 
i s s t a t e r e a c h a b l e by t h e j t h i n p u t component u_. (k) i f and o n l y i f 
b . * 0 s i n c e by Theorem 7 . 1 . 6 i f b . = 0 , t h e n M c a n n o t be s t a t e 
n j n j 
r e a c h a b l e . F u r t h e r m o r e , M i s n o t s t a t e r e a c h a b l e by u_. (k) i f and o n l y 
i f b . = 0 , s e n . We summarize t h e above o b s e r v a t i o n s i n t h e f o l l o w -
s j -
i n g t h e o r e m . 
238 
Theorem 7 . 2 . 3 . I f t h e c h a r a c t e r i s t i c m a t r i x of t h e LSM M = 
(A, B) h a s n r e p e a t e d e i g e n v a l u e s , t h e n x_^(k) , i E n , i s s e l e c t i v e l y 
r e a c h a b l e by u ^ ( k ) , j E m, i f and o n l y i f ( 7 . 2 . 1 9 ) h o l d s , where b _ 
i s d e f i n e d by ( 7 . 2 . 1 7 ) . F u r t h e r m o r e , M i s s t a t e r e a c h a b l e by u ^ ( k ) , 
1 E m, i f and o n l y i f b . * 0 , and M i s s t a t e u n r e a c h a b l e by u . ( k ) i f - n j j 
and o n l y i f b . . = 0 , i £ n . 
I n o r d e r t o f u r t h e r i n v e s t i g a t e t h e s e l e c t i v e r e a c h a b i l i t y 
p r o p e r t i e s of t h i s s p e c i a l c l a s s of LSMs, we need t o t a k e a c l o s e r 
l o o k a t t h e s e l e c t i v e s t a t e r e a c h a b i l i t y m a t r i x K . . From t h e r e l a t i o n 
J 
AV^ = V 2A and t h e s p e c i a l form of A g i v e n by ( 7 . 2 . 1 7 ) , we o b t a i n t h e 
f o l l o w i n g e i g e n v a l u e - e i g e n v e c t o r r e l a t i o n s : 
A v 1 = AjV 1 ( 7 . 2 . 2 0 a ) 
A v 1 = A v 1 " 1 , i = 2 , 3 , . . . , n ( 7 . 2 . 2 0 b ) 
T h e s e r e l a t i o n s w i l l be used t o d e r i v e g e n e r a l e x p r e s s i o n s f o r t h e 
columns A^b^ , I e n - l , of K_ i n t e r m s of A^ and v 1 , i e n , which w i l l 
c o n s e q u e n t l y r e s u l t i n t o a d e c o m p o s i t i o n of K_ i n t o a p r o d u c t of 
m a t r i c e s . 
S i n c e B = V^B, we can e x p r e s s t h e columns b"̂  , j E m, of B a s 
n 
b J = Z b . . v 1 , j E m ( 7 . 2 . 2 1 ) 
i = l 1 J 
Thus 
n 
Ab J = E b . . A v 1 , i E m 
i = l J 
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By v i r t u e of ( 7 . 2 . 2 0 ) , Ab can b e e x p r e s s e d a s f o l l o w s : 
A b j = b 4 ^ v 1 + b0.(X v 2 + v 1 ) + b0.(A.,v3 + v 2 ) + . . .+ b .(A..vn + v 1 1 " 1 ) 1] 1 2 j v 1 3] 1 n j 1 
n . n Z b . .A-.V1 + Z b . . v 1 
i = l 1 J 1 i=2 1 J 
r 1 2 n , 
[v , V , . . . , V J 
hi hi 
b 9 . b , . 
2j 3 j 
b . . b . 
n - l , j n j 
b . 0 
fAxl 
, 1 , 
( 7 . 2 . 2 2 ) 
S i m i l a r l y , 
A b J = A(Ab J ) = E b . .A 1 Av 1 + Z b . .Av 
i = l 1 J 1 i=2 ^ 
Again u s i n g ( 7 . 2 . 2 0 ) , we o b t a i n 
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n _ . n „, . _ n ±—2 
A 2 b j = E b . . ( X J v 1 + 2 Z b . ^ v 1 " + Z b . ^ V 
i = l ^ 1 i - 2 1 J 1 i = 3 1 J 1 
, 1 2 n 
[ v , V , . . . , v ] 
b 0 . b 
i j 2 j 3 j 
b 0 . b „ . b . . 
2j 3 j 4j 
b 0 . b . . b . n - 2 , j n - l , j n j 
b n . b . 0 
b . 0 
2 ' 
2X. ( 7 . 2 . 2 3 ) 
Combining ( 7 . 2 . 2 1 ) , ( 7 . 2 . 2 2 ) , and ( 7 . 2 . 2 3 ) , t h e f i r s t t h r e e columns of 
K. can b e w r i t t e n i n t h e f o l l o w i n g form: 
[ b j , A b J , A 2 b j ] = [ v 1 , v 2 , . 
b . . b 0 . b _ . 
I j 2 j 3 j 
b 0 . b _ . b . . 
2 j 3 j 4 j 
b . 0 
0 0 
1 A (X 2 ) 
0 1 2X. 
0 0 1 
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The l a s t e x p r e s s i o n e s s e n t i a l l y e x h i b i t s t h e p a t t e r n t h a t w i l l emerge 
i f we c o n t i n u e i n t h e p r e c e d i n g manner t o e x p r e s s A b , 1 = 3 , 4 , . . . , 
n , i n t e r m s of X, and v 1 , i e n . T h e r e f o r e , i t i s c l e a r t h a t K. can 
1 ~ J 
be w r i t t e n a s a p r o d u c t of t h r e e m a t r i c e s a s f o l l o w s : 
K = [ b j , A b J , . . . , A n V] = V 2 D 2 j W 2 ( 7 . 2 . 2 4 ) 
where 
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b- . b b . . . b . 
l j 2 j 3 j n j 
b 0 . b b . . . . . 0 
2 j 3 j 4j 
b . . . . 0 
b . 0 . . . 0 
b . 0 0 . . . 0 
n j 
j e m ( 7 . 2 . 2 5 ) 
W, 
(Ax) (Ax) 
, 2 , 
n - l 
0 
n - l 
1 
(n-l 
{ 2 J 
n - l * 
3 
n - l 
n - 2 
n - 3 
n - 4 
( 7 . 2 . 2 6 ) 
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where 
( t ] H l K ~ J T • s ! E 3 ( s - l ) ( s - 2 ) . . . 1 , 0! E 1 
S i n c e and a r e n o n s i n g u l a r , from ( 7 . 2 . 2 4 ) i t f o l l o w s t h a t 
where 
r a n k K. = r a n k D~ . = m . , j e m 
b . * 0 , m. e n 
b . . = 0 , i = m . + l , m . + 2 , . . . , n ; j e m 
i j 1 1 
( 7 . 2 . 2 7 ) 
From Theorem 7 . 2 . 3 i t f o l l o w s t h a t m. i s e q u a l t o t h e number of s t a t e 
J 
components t h a t a r e s e l e c t i v e l y r e a c h a b l e by u ^ ( k ) , j e m. 
Theorem 7 . 2 . 4 . I f t h e c h a r a c t e r i s t i c m a t r i x of t h e LSM M = 
(A, B) h a s n r e p e a t e d e i g e n v a l u e s , t h e n t h e r a n k of t h e s e l e c t i v e s t a t e 
r e a c h a b i l i t y m a t r i x K. = [ b J , Ab"̂  , . . . , A n V ] i s e q u a l t o t h e number 
of s t a t e components x ^ ( k ) t h a t a r e s e l e c t i v e l y r e a c h a b l e by t h e j t h 
component of t h e i n p u t v e c t o r u ( k ) . 
E q u a t i o n s ( 7 . 2 . 2 7 ) t o g e t h e r w i t h ( 7 . 2 . 6 ) y i e l d t h e f o l l o w i n g 
e x p r e s s i o n f o r b ^ : 
m. 
1 J ~ i b J = Z b . . v , j e m ( 7 . 2 . 2 8 ) 
1 = 1 
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Using ( 7 . 2 . 2 8 ) and ( 7 . 2 . 2 4 ) , i t i s s e e n t h a t columns of have t h e 
form 
m. m . - i 
1=1 s=0 
b . , . ( X J £ V , j E m ( 7 . 2 . 2 9 ) 
l + s , j 1 — 
I i 
S i n c e r a n k K. = m . , we can e x p r e s s t h e v e c t o r s A b a s l i n e a r combina -
J J 
t i o n s of t h e m. l i n e a r l y i n d e p e n d e n t columns of K. a s f o l l o w s : 
J J 
m j ~ 1 
E a „ . A ^ b j , j e m ( 7 . 2 . 3 0 ) 





1=0 Z 3 
= 0 , a . = - 1 
m >J 
( 7 . 2 . 3 1 ) 





m. m . - i 
i = l s=0 
r . £ - s I b . (X-) v i + s , j 1 = 0 
J 
E 
i = l 




b . , . ( X . ) i + s , j 1 = 0 
w i t h a . = - 1 . Now i n d e p e n d e n c e of v , i e m . , i m p l i e s t h a t 
m, 
b - y J < X l > ' = b j 
m . - l 
J £ 
E a» . (X. . ) m J , j x ' l l / ~ n u , j ^ Q " £ j v 1 
244 
o r 
m . - l 
( A j J = Z a „ . ( A j ( 7 . 2 . 3 2 ) 
£=0 
s i n c e b . * 0 , m. e n . The re a r e a l s o some o t h e r r e l a t i o n s t h a t r e ­
in, >J J -
i 
s u i t from t h e i n d e p e n d e n c e of v , b u t w i l l n o t be needed f o r our a n a l y s i s . 
T h e r e f o r e , i n o r d e r t o i d e n t i f y t h e nu s e l e c t i v e l y r e a c h a b l e s t a t e com­
p o n e n t s , we need t o d e t e r m i n e t h e s c a l a r s a ^ from ( 7 . 2 . 3 0 ) and t h e n 
f i n d t h e r o o t s of t h e p o l y n o m i a l ( 7 . 2 . 3 2 ) . O b v i o u s l y , i n t h i s s p e c i a l 
c a s e a l l t h e s e r o o t s w i l l b e e q u a l t o A^. 
Case 3 . C o n f l u e n t e i g e n v a l u e s of A a r e a s s o c i a t e d w i t h d i s t i n c t 
J o r d a n b l o c k s of A. 
I f we l e t t h e m a t r i x of t h e i somorph i sm : X —> X c o n s i s t 
of s e t s of g e n e r a l i z e d e i g e n v e c t o r s of t h e form ( 7 . 1 . 2 ) , one s e t f o r 
each e i g e n v a l u e A^, i e v_, t h e n t h e i s o m o r p h i c LSM M = (A, B) 
(V "'"AV,., VJ~B) w i l l have t h e form 
3 3 
B 2 
( ) ( 7 . 2 . 3 3 ) 





A . ( A . ) 







n . x n . 
e GF(q) 1 1 , i e v ( 7 . 2 . 3 4 ) 
A. * A. f o r i * i ; i , i e v . 
r ( i ) 
b l l b 1 2 
( i ) 
'21 b 2 2 
B 1 = 
b ( i \ i™, . n . , 1 n . , l 1 X 
( i ) 
'lm 
; ( D 
'2m 
n i ' m j 
n .xm 
e GF(q) 1 , i e v ( 7 . 2 . 3 5 ) 
C l e a r l y M i s e q u i v a l e n t t o t h e f o l l o w i n g v u n c o u p l e d s u b m a c h i n e s : 
x 1 ( k + l ) = A _ L ( A i ) x 1 ( k ) + B X u ( k ) , i e v ( 7 . 2 . 3 6 ) 
The i t h submach ine i s composed of t h e f o l l o w i n g s e t of c o u p l e d s u b -
m a c h i n e s : 
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m ~ ,. x 
x ^ k + l ) = A ^ k ) + x ^ + 1 ( k ) + Z b ^ V U ) ( 7 . 2 . 3 7 ) 
Z, s E n ^ - 1 , i e v_ 
m - ( « x < ,kl i -± ; = a . x ^ k ; -t- l d 
n . i n . . n . , j j 
i i J = l i 
(k+1) = A . x 1 (k) + Z b ( l ) . u . ( k ) , lev ( 7 . 2 . 3 8 ) 
From ( 7 . 2 . 3 7 ) and ( 7 . 2 . 3 8 ) i t i s c l e a r t h a t t h e j t h i n p u t component 
u .̂ (k) can i n f l u e n c e t h e Zth s t a t e component x ^ ( k ) i f and o n l y i f 
bl̂  * 0 , Z e n . 
Zj i ( 7 . 2 . 3 9 ) b̂"P = 0 , s = £ + 1 , Z+2,. . . , n. ; i e. v_, j e m 
sj 1 We f o r m a l i z e t h i s o b s e r v a t i o n i n t h e f o l l o w i n g t h e o r e m . 
Theorem 7 . 2 . 5 . I f i n t h e J o r d a n c a n o n i c a l form of t h e LSM 
M = (A, B) c o n f l u e n t e i g e n v a l u e s a r e a s s o c i a t e d w i t h d i s t i n c t b l o c k s , 
t h e n t h e Zth s t a t e component x~^(k) , Z e n ^ , i e i s s e l e c t i v e l y r e a c h ­
a b l e by t h e j t h i n p u t component u ^ ( k ) i f and o n l y i f ( 7 . 2 . 3 9 ) h o l d s , 
where D £ j ^ i s d e f i n e d by ( 7 . 2 . 3 5 ) . 
L e t t h e g e n e r a l i z e d e i g e n v e c t o r m a t r i x be p a r t i t i o n e d a s 
f o l l o w s : 
V 3 =. [V 3 1 V 3 2 . . . V ] (7.2.40) 
n x n . 
whe re e a c h e GF(q) J h a s t h e form 
V 3 j E [ V 1 J ) ' V 2 J ) " ' " V n 1 ) ] ; ± 9 j £ ± ( 7 . 2 . 4 1 ) 
i 
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I n v iew of t h e r e l a t i o n B = V^B, t h e f i r s t column b~* of t h e s e l e c t i v e 
s t a t e r e a c h a b i l i t y m a t r i x K. can b e e x p r e s s e d a s 
n . 
b j = Z Z1 b ( 1 ) v ( 1 ) , j e m 
i = l t = l t j t J -
( 7 . 2 . 4 2 ) 
By v i r t u e of t h e r e l a t i o n AV^ = V^A, f o r t h e p r e s e n t s i t u a t i o n t h e f o l ­
lowing e i g e n v a l u e - e i g e n v e c t o r e q u a t i o n s h o l d : 
Av< r> = X v<r> 1 r 1 
i r i l - l 
r e v 
( 7 . 2 . 4 3 ) 
i = 2 , 3 , . . . , v 
( r ) 
where v^ i s t h e g e n e r a l i z e d e i g e n v e c t o r a s s o c i a t e d w i t h t h e r t h 
e i g e n v a l u e A and t h e i t h s u b b l o c k A.(A ) . 
r l r 
Us ing ( 7 . 2 . 4 2 ) , we o b t a i n t h e f o l l o w i n g e x p r e s s i o n f o r t h e 
second column of K . : 
3 
n . 
A b j = Z Z b ^ ) A v p l ) 
i = l 1=1 *° JL 
Z b ^ A v ^ + Z 
1=1 l j 1 i = l 2 j 2 
+ Z b ^ A v ^ + 
i = l 3 J 3 
+ Z b ( i > . A v ( i > • -i n . , 3 n . i = l l l 
( 7 . 2 . 4 4 ) 
Us ing ( 7 . 2 . 4 3 ) , ( 7 . 2 . 4 4 ) becomes 
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Ab 3 = E b^Vv^Jz b < « X . v < i > + E WJ»\ 
1=1 1 3 1 1 [ i - 1
22 1 2
 i - 1 2 j 1 
+ JE tf 'u' 1 ' , E b ^ v ^ l 
l i - 1 3:1 1 3 i - 1 3 j 2 
+ . . . + < 1 b . A . v + Z b .v ,,> 
I . -, n . , j l n . . , n . , j n . - l 
^ i = l l l i = l l l J 
A b 3 = < \l b , ( i ) A v ( i ) + E b ^ A . v ^ + E b ^ A . v ^ 
i - 1 l j 1 1 i - 1 2 3 1 2 1=1 3 3 1 3 
+ . . . + E b ( 1 ).X.v ( 1 ) l 
i - 1 n i ' J 1 " i J 
^ f ! ~ ( i ) ( i ) x ^ r ( i ) ( i ) . . vy ( « I + < E b_. v, + £ b v „ + . . . + E b .v -U-i 2 J 1 i - i 3 J 2 i = i v3 v1] 
Ab 3 = E E b ( i ) A . v ( 1 ) + E E b ( 1 ) v ( I | (7.2.45) 
i = l t - o t J 1 1 i - 1 t - 2 t 3 t - 1 
In a s i m i l a r manne r , we can show t h a t 
n . n . 
A V - E E b ( 1 ) ( A . ) 2 v ( 1 ) + 2 E E b ( i ) A . v ( i > 
1=1 t - 1 t 3 1 1 i - 1 t - 2 t 3 1 t _ 1 
^ n . 
+ Z Z b̂MH ( 7 . 2 . 4 6 ) 
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Now we a r e r e a d y t o i n d i c a t e t h e form of t h e d e c o m p o s i t i o n f o r t h e 
f i r s t t h r e e columns of K, a s f o l l o w s : 
J 
f 
[ b j , A b j , A V ] = L L D . V 
i - i t - i t J ' 
n . n . 
Z Z b ( 1 ) A . v ( i ) + E Z b(±K(±\, 
i - 1 t - 1 t 3 1
 t
 i - 1 t - 2 t ] t _ 1 
i = l t = l b
( 1 ) (A.) 2 v ( i ) 





i = l t=2 
t j 1 t - 1 
+ 
i = l t = 3 
~ ( i ) ( i ) 
b t j V t - 2 
250 
v l 
Ab 3 , A V ] . 
(1) 
• V 2 , . . . , n l 
~(1) b ( 1 ) b ( 1 ) 
b l j b 2 j 3 j 
b ( 1 ) b ( 1 ) b ( 1 ) 
b 2 j b 3 j 4j 
b ( 1 ) . 0 
b ( 1 ) . 0 
4 





1 > v 2 " " v n 
b ( v ) b ( v ) b ( v ) 
b l j b 2 j b 3 j 
b ( v ) b ( v ) b ( v ) 
b 2 j b 3 j V j 
V 3 
(v) 
1 x 1 ( X ^ 
0 1 2X. 
0 0 0 
O X (X ) v v 
0 1 2X 
0 0 0 
) 
( 7 . 2 . 4 7 ) 
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P r o c e e d i n g a s a b o v e , we can show t h a t , i n g e n e r a l , t h e s e l e c t i v e s t a t e 
r e a c h a b i l i t y m a t r i x K. can b e w r i t t e n a s a p r o d u c t of t h r e e m a t r i c e s 
J 
a s f o l l o w s : 
where 
Kj " V3D3jV j £ = ( 7 . 2 . 4 8 ) 
D . , D a ) • D < 2 ) 
3j J J . 9 , i e m ( 7 . 2 . 4 9 ) 
D. 
J 
( i ) _ 
2j 3 j 
( i ) 
n . ,J 
l 
( i ) 
n .1 
b ( 1 ) . 














0 0 0 
( X . ) 
( X . ) 
n - l 
0 
n - l 
n - l 
2 
(A.) 
( X . ) 
( X . ) 
l 
n - l 
n - 2 
n - 3 
f n - 1 1 
n . - l 
l 
n - n 
n . x n 
£ GF(q) 1 , i • e v 
( 7 . 2 . 5 2 ) 
From t h e form of D„. i t i s c l e a r t h a t t h i s m a t r i x i s n o n s i n g u l a r . 
3 J 
S i n c e i s a l s o n o n s i n g u l a r , from ( 7 . 2 . 4 8 ) i t f o l l o w s t h a t 
r a n k K. = r a n k . , j £ m 
J 3 J -
I f we d e f i n e r a n k D ( i ) m. . , t h e n 
v 
r a n k K. = Z m . . 
J i = l ^ 
( 7 . 2 . 5 3 ) 
where 
. * 0 , m. . £ n . m _ , j i j _ i 
( i ) 
t j 
= 0 , t = m . + 1 , m . . + 2 , 
I J U 
( 7 . 2 . 5 4 ) 
, n_^; I £ j £ m 
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From t h e Theorem 7 . 2 . 5 i t f o l l o w s t h a t m . . i s e q u a l t o t h e number of 
s t a t e components t h a t a r e s e l e c t i v e l y r e a c h a b l e by u ^ ( k ) , j e m. 
T h e r e f o r e , we can s t a t e t h e f o l l o w i n g t h e o r e m . 
Theorem 7 . 2 . 6 . I f i n t h e J o r d a n c a n o n i c a l form of A c o n f l u e n t 
e i g e n v a l u e s a r e a s s o c i a t e d w i t h d i s t i n c t J o r d a n b l o c k s , t h e n t h e r a n k 
of t h e s e l e c t i v e s t a t e r e a c h a b i l i t y m a t r i x K_ = [ b ^ , A b ^ , . . . , A*1 ] 
i s e q u a l t o t h e number of s t a t e components t h a t a r e s e l e c t i v e l y r e a c h ­
a b l e by t h e j t h i n p u t component u ^ ( k ) , j e m. 
N e x t , we want t o show how t h e s e l e c t i v e l y r e a c h a b l e s t a t e com­
p o n e n t s can be i d e n t i f i e d . I n v i ew of ( 7 . 2 . 5 4 ) , ( 7 . 2 . 4 2 ) can b e 
e x p r e s s e d a s 
m 
i v 1 J ~ ( i ) ( i ) b J = Z Z b ^ T V , j e m ( 7 . 2 . 5 5 ) 
i - 1 t - 1 t J * ~ 
From t h e g e n e r a l form of t h e m a t r i x K_ g i v e n by ( 7 . 2 . 4 8 ) , i t f o l l o w s 
s i 
t h a t an a r b i t r a r y column A b can b e w r i t t e n a s 
A ' V = Z Z Z 
m . . m . . - i 
i=i 1=1 t = i 
s i , - (£) „ , s - t U) 
h i 
On t h e o t h e r h a n d , we o b s e r v e from ( 7 . 2 . 5 3 ) t h a t any column A b , 
h ^ m . , can be e x p r e s s e d a s a l i n e a r c o m b i n a t i o n of t h e m. l i n e a r l y 
s i 
i n d e p e n d e n t columns A b , s e m . - l , of t h e m a t r i x K . , where m. = 
r a n k K. = Z m . . . I n p a r t i c u l a r , we h a v e J i = l U 
m . - l 
m. . j 
A J b J = I a , A S b J , a . e GF(q) 
s=0 S J S J 
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o r e q u i v a l e n t l y , 
m 
E a . A b = 0 , a . = - 1 
s=0 J 
( 7 . 2 . 5 7 ) 
S u b s t i t u t i n g ( 7 . 2 . 5 6 ) i n t o ( 7 . 2 . 5 7 ) and i n t e r c h a n g i n g t h e o r d e r of 
s u m m a t i o n s , we o b t a i n 
E 
i = l 
m. m . . - i 
v J i j 
E E E 
1=1 s=0 t = l 
s 
a • , 
s j t 
b<« . ( A . ) S _ t 
1 + t , J 1 
v . = 0 
1 
(I) 
I n d e p e n d e n c e of t h e g e n e r a l i z e d e i g e n v e c t o r s v^ i m p l i e s t h a t 
( i ) m 
m . - l 
b v " . ( A . ) 3 = b ( i ) . E a . ( A . ) 
m. . , J l 
i j 
MIY3 s = o S J 1 
or 
m . - l 
m - J 
E a . ( A . ) 
s=0 3 3 1 
J _ i e v , j e m ( 7 . 2 . 5 8 ) 
s i n c e b ^ " ^ . * 0 . m. . ,J 
i j 
T h e r e f o r e , a s i n p r e v i o u s c a s e s , e q u a t i o n ( 7 . 2 . 5 7 ) can b e u s e d 
t o d e t e r m i n e t h e c o n s t a n t s a . , s e m . - l , j e m , and t h e p o l y n o m i a l 
^1 3. 
( 7 . 2 . 5 8 ) may be s o l v e d t o i d e n t i f y t h e s e l e c t i v e l y r e a c h a b l e s t a t e 
componen t s . 
Case 4 . C o n f l u e n t e i g e n v a l u e s of A a r e a s s o c i a t e d w i t h a num­
b e r of n o n d i s t i n c t J o r d a n b l o c k s of A. 
F i n a l l y , we w i l l c o n s i d e r t h e most g e n e r a l c a s e i n which t h e 
i s o m o r p h i c LSM M = (A, B) h a s t h e form g i v e n by ( 7 . 1 . 9 ) - ( 7 . 1 . 1 4 ) . 
The s t e p s r e q u i r e d f o r t h e a n a l y s i s of t h i s c a s e a r e , i n p r i n c i p l e , 
i d e n t i c a l t o t h o s e t a k e n i n t h e a n a l y s i s of t h e p r e v i o u s c a s e s . 
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However , t h e n o t a t i o n i s somewhat more i n v o l v e d i n t h e p r e s e n t s i t u a ­
t i o n . For t h e s a k e of c o m p l e t e n e s s , we w i l l , f o r t h e l a s t t i m e , r e p e a t 
our r o u t i n e a n a l y s i s . 
From t h e s e t of s c a l a r s t a t e - i n p u t e q u a t i o n s ( 7 . 1 . 1 3 ) i t i s 
e a s i l y s e e n t h a t t h e s t a t e components x ^ 1 ^ , Z e n . , s e y ( i ) . i E v , 
JLS I S 
can b e s e l e c t i v e l y a f f e c t e d by t h e j t h i n p u t component u^ (k) , j E m, 
i f and o n l y i f 
b l 1 } * 0 , Z e n . £ s j i s 
b ^ 1 } = 0 , t = £ + 1 , £ + 2 , . . . , n . ; s e i i ( i ) , i e v ^ , j e m t s j i s 
We f o r m a l i z e t h i s o b s e r v a t i o n i n t h e f o l l o w i n g t h e o r e m . 
Theorem 7 . 2 . 7 . I f i n t h e J o r d a n c a n o n i c a l form of A c o n f l u e n t 
e i g e n v a l u e s a r e a s s o c i a t e d w i t h a number of n o n d i s t i n c t J o r d a n b l o c k s , 
t h e n t h e £ t h s t a t e component i n t h e s t h s u b b l o c k of t h e i t h b l o c k , 
x £ g ^ (k) » Z e n ^ s > s £ ] i ( i ) , i e v ,̂ i s s e l e c t i v e l y r e a c h a b l e by t h e 
j t h i n p u t component u_. (k) , j e m, i f and o n l y i f ( 7 . 2 . 5 9 ) h o l d s , where 
b ^ i s d e f i n e d by ( 7 . 1 . 1 2 ) . 
I n o r d e r t o d e v e l o p a p r o c e d u r e f o r d e t e r m i n i n g t h e number of 
s e l e c t i v e l y r e a c h a b l e s t a t e components and a method f o r i d e n t i f y i n g 
t h e s e c o m p o n e n t s , we w i l l i m i t a t e t h e c o r r e s p o n d i n g s e q u e n c e of s t e p s 
u s e d i n t h e p r e v i o u s t h r e e c a s e s . 
Le t t h e m a t r i x of g e n e r a l i z e d e i g e n v e c t o r s b e p a r t i t i o n e d 
a s f o l l o w s : 
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V, V ( D v ( l ) 1 ' 2 
„ ( 1 ) . v ( 2 ) (2) 
y ( l ) ' 1 ' V 2 V 
(2) . 
y ( 2 ) ' 
v ( v ) (v) 
1 ' 2 V 
(v) 
y ( v ) 
( 7 . 2 . 6 0 ) 
where 
V ( i ) f-2> V 
( i ) 
s2 
( i ) 
sn i s 
s e y ( i ) , i £ v_ ( 7 . 2 . 6 1 ) 
In t e r m s of t h e above n o t a t i o n and i n v iew of t h e r e l a t i o n AV. = V.A, 
4 4 
we have t h e f o l l o w i n g s e t of e i g e n v a l u e - e i g e n v e c t o r e q u a t i o n s : 
s l 1 s i 
a W i . (D 
A v s £ = Wl + V s , M ( 7 . 2 . 6 2 ) 
I £ n . , s £ y ( i ) , i £ v 
i s — 
Using t h e r e l a t i o n B = V^B, we can e x p r e s s t h e columns A^b 3 , h £ n - l , 
j e m, of t h e s e l e c t i v e r e a c h a b i l i t y m a t r i x K_ a s f o l l o w s : 
v y ( i ) i s , 
Z Z b £ s i s l 1=1 s = l 1=1 3 S^ 
( 7 . 2 . 6 3 ) 
n v y ( i ) i s « ( . ( } 
Ab J = Z Z Z b ) {(AVKy) 
1=1 s=l 1=1 ^SJ sZ-
S u b s t i t u t i n g f o r A v ^ from ( 7 . 2 . 6 2 ) and s i m p l i f y i n g , we o b t a i n 
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v y ( i ) n i s ^(±s (.s 
Ab J = Z Z Z bp . X.vV 
1=1 s = l 1=1 
+ Z Z Z bp v » , j e m 
1=1 s = l 1=2 ^SJ S^ 1 
S i m i l a r l y , i t can b e shown : h a t 
( 7 . 2 . 6 4 ) 
A b = Z Z Z b o . (X. ) v o 
1=1 s = l 1=1 
v y ( i ) n i s _ ( 
+ 2 Z Z Z b U . v u ; , ( 7 . 2 . 6 5 ) 
U Li U U n . A . V p 
i - 1 s = l £=2 £ s J 1 S " e _ 1 
+ Z Z Z b„ .v - , j e m 
i = l s = l 1=3 ^SJ Z 
Now u s i n g ( 7 . 2 . 6 3 ) - ( 7 . 2 . 6 5 ) , t h e f i r s t t h r e e columns b J , A b J , and 
A 2 b^ of K can b e w r i t t e n i n m a t r i x n o t a t i o n a s f o l l o w s : 
j 
[ b J , A b j , A 2 b j ] = V 4D^W ( 7 . 2 . 6 6 ) 
whe re 
D. E Z Z ® D 7 ( 7 . 2 . 6 7 ) 
J i = l s-l S J 
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fb ( 1 ) ~(i) ~(i) 
blsj b2sj 3sj 
-<i) b ( i ) b\(1> 2sj 3sj 4sj 
(i) 
"is' 8 3 
b ( ± ) . 0 
n i s > S J 
b ( 1 ) . 
n i s ' S J 





W y ( D 




1 X. (X.) 1 l 
0 1 2X 
0 0 0 
0 0 0 
, s e u ( i ) , i e v ( 7 . 2 . 7 0 ) 
I f we c o n t i n u e t o g e n e r a t e t h e r e m a i n i n g columns , t = 3 , 4 , . . . , 
n - l , j e m, i n t h e above manner , i t w i l l b e s e e n t h a t f o r t h e m a t r i x 
K_. t h e p a t t e r n e x h i b i t e d by ( 7 . 2 . 6 6 ) - ( 7 . 2 . 7 0 ) can b e g e n e r a l i z e d and 
t h u s Kj can b e e x p r e s s e d a s a p r o d u c t of t h r e e m a t r i c e s a s f o l l o w s : 
K E [ b J , A b J , . . . , A n V ] = V.D ( i ) W 4 4 s j 4 ( 7 . 2 . 7 1 ) 
where 
*4sj © D 
(1) 
V d ) j 








2 j y ( v ) j m 
( 7 . 2 . 7 2 ) 
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D 
( i ) 
( i ) 
2 s j 
( i ) 
' 2 s j 
( i ) 
' 3 s j 
; ( D 
' n . , s j 
x s 
b ( i ) . o 
l n i s , S J 
n . , s j 
i s J 
, i e v , s e y ( i ) 
( 7 . 2 . 7 3 ) 






y ( l ) 
w ( v ) 
[ y ( v ) J 
( 7 . 2 . 7 4 ) 
261 


















f n - l l 
0 
f n - l l 
1 
n - l 
2 (A.) 
n - l 
n - 2 
n - 3 
n - l 
n . - 1 
i s 
n - n i s 
s e y ( i ) , i e v ( 7 . 2 . 7 5 ) 
From t h e form of t h e m a t r i x i t i s e v i d e n t t h a t i t i s n o n s i n g u l a r . 
S i n c e t h e m a t r i x of g e n e r a l i z e d e i g e n v e c t o r s i s a l s o n o n s i n g u l a r , 
from ( 7 . 2 . 7 1 ) i t f o l l o w s t h a t 
r a n k K. = r a n k D^ 1 } J 4 s j 
v y ( i ) 
= Z Z r a n k D 
i = l s = l 
( i ) 
s j 
v y ( i ) 
Z Z m. , , i £ m . i i i s j J — 1 = 1 s = l J ( 7 . 2 . 7 6 ) 
whe re 
b ( l ) . * 0 , m. . £ n . m. . , s j i s j i s 
( i ) 
t s j = 0 , t = m. . + 1 , m. . + 2 , i s j i s j 
. , n ; s e y ( i ) , i e v i s — 
The above c o n c l u s i o n t o g e t h e r w i t h Theorem 7 . 2 . 7 l e a d t o t h e f o l l o w i n g 
r e s u l t . 
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Theorem 7 . 2 . 8 . I f i n t h e J o r d a n c a n o n i c a l form A of A, 
c o n f l u e n t e i g e n v a l u e s a r e a s s o c i a t e d w i t h a number of n o n d i s t i n c t J o r ­
dan b l o c k s , t h e n t h e r a n k of t h e s e l e c t i v e s t a t e r e a c h a b i l i t y m a t r i x K. 
J 
of t h e LSM (A, B) i s e q u a l t o t h e number of s t a t e components t h a t a r e 
s e l e c t i v e l y r e a c h a b l e by t h e j t h i n p u t component u .̂ (k) , j e m. 
The p r o c e d u r e f o r t h e i d e n t i f i c a t i o n of s e l e c t i v e l y r e a c h a b l e 
s t a t e components c h a r a c t e r i z e d i n Theorem 7 . 2 . 8 can b e d e r i v e d i n p r e ­
c i s e l y t h e same manner a s i n t h e p r e v i o u s c a s e s . 
Summary and C o n c l u s i o n s 
Throughou t t h i s c h a p t e r , t h e J o r d a n c a n o n i c a l form of t h e 
c h a r a c t e r i s t i c m a t r i x of t h e LSM M = (A, B) p l a y e d a c e n t r a l r o l e i n 
t h e i n v e s t i g a t i o n of v a r i o u s a s p e c t s of t h e s t a t e r e a c h a b i l i t y p r o p e r t y 
of M. E x p l o i t i n g t h e g e n e r a l i z e d e i g e n p r o p e r t i e s of M, a d d i t i o n a l 
s t a t e r e a c h a b i l i t y c r i t e r i a i n t e r m s of t h e J o r d a n c a n o n i c a l r e p r e s e n ­
t a t i o n of M were f o r m u l a t e d . F u r t h e r m o r e , t h e p o s s i b l i t y of c o n t r o l l i n g 
a m u l t i - i n p u t LSM by a s c a l a r c o n t r o l s e q u e n c e was c h a r a c t e r i z e d i n 
t e r m s of i t s J o r d a n c a n o n i c a l form ( c f . [ 2 1 ] , [ 2 7 ] , [ 3 7 ] , [ 5 8 ] , [ 6 1 ] , 
[ 6 5 ] , [ 9 9 ] , [ 1 0 7 ] , [ 1 1 8 ] ) . 
A l s o i n t h i s c h a p t e r , t h e c o n c e p t of s e l e c t i v e s t a t e r e a c h ­
a b i l i t y f o r LSMs was i n t r o d u c e d . C o n s i d e r a t i o n of t h i s i d e a f o r LSMs 
was m o t i v a t e d i n p a r t by t h e somewhat a n a l o g o u s n o t i o n of modal a n a l y s i s 
i n c o n v e n t i o n a l l i n e a r c o n t r o l s y s t e m s [ 9 2 ] , [ 9 9 ] . S i n c e due t o l a c k 
of o r d e r i n GF(q) t h e e i g e n v a l u e s of an LSM, i n c o n t r a s t t o t h o s e of 
a c o n v e n t i o n a l l i n e a r s y s t e m , c a n n o t be r e l a t e d t o any p h y s i c a l q u a n t i ­
t i e s such a s power , s t a t e e v o l u t i o n modes , e t c . , t h e c o n c e p t of modal 
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c o n t r o l was r e i n t e r p r e t e d a s s e l e c t i v e s t a t e r e a c h a b i l i t y f o r LSMs. 
The g e n e r a l i z e d e i g e n p r o p e r t i e s of LSMs i n t h e framework of t h e i r 
J o r d a n c a n o n i c a l forms were u t i l i z e d i n t h e i n v e s t i g a t i o n of s e l e c ­
t i v e s t a t e r e a c h a b i l i t y p r o p e r t i e s of LSMs ( c f . [ 9 2 ] , [ 9 9 ] , [ 1 2 1 ] ) . 
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CHAPTER V I I I 
PROJECTIVE-GEOMETRIC STRUCTURES AND LSMS 
I n e a r l y 1970, Wonham and Morse [ 1 1 1 ] , [ 1 1 2 ] , and i n d e p e n d e n t l y 
B a s i l e and Marro [ 5 ] , [ 6 ] , [7] i n t r o d u c e d a new a p p r o a c h f o r t h e s t u d y 
of l i n e a r c o n t i n u o u s - t i m e s y s t e m s , which makes heavy u s e of t h e a b ­
s t r a c t g e o m e t r i c a l s t r u c t u r e s of f i n i t e - d i m e n s i o n a l v e c t o r s p a c e s o v e r 
t h e f i e l d s of r e a l and complex n u m b e r s . G e n e r a l l y s p e a k i n g , t h e 
e s s e n c e of t h e g e o m e t r i c a p p r o a c h i s t o f i r s t c h a r a c t e r i z e s o l v a b i l i t y 
of t h e p r o b l e m of i n t e r e s t a s a v e r i f i a b l e p r o p e r t y of some s u b s p a c e 
of t h e s t a t e o r o u t p u t s p a c e of t h e l i n e a r s y s t e m u n d e r c o n s i d e r a t i o n 
and t h e n t r a n s l a t e t h e s u b s p a c e s o l u t i o n i n t o m a t r i x o p e r a t i o n s [ 1 1 4 ] . 
Wonham and Morse e x p l o r e d t h e i r g e o m e t r i c t h e o r y e x t e n s i v e l y and w i t h 
c o n s i d e r a b l e s u c c e s s i n i t i a l l y i n t h e a r e a s of d e c o u p l i n g and p o l e 
a s s i g n m e n t which have b e e n p r o b l e m s of l o n g s t a n d i n g i n t e r e s t i n t h e 
a r e a of l i n e a r s y s t e m s . T h e i r f o r m u l a t i o n of t h e d e c o u p l i n g p r o b l e m s 
r e l i e d h e a v i l y on t h e c o n c e p t of a g e n e r a l i z e d c o n t r o l l a b i l i t y s u b s p a c e , 
which i s a s u b s p a c e t h a t s a t i s f i e s c e r t a i n r e s t r i c t i v e c o n d i t i o n s . 
S o l v a b i l i t y of d e c o u p l i n g p r o b l e m s t h e n became e q u i v a l e n t t o f i n d i n g 
s u i t a b l e s e t s of c o n t r o l l a b i l i t y s u b s p a c e s . They o b t a i n e d p o w e r f u l 
and g e n e r a l c r i t e r i a f o r d e c o u p l i n g by s t a t e v a r i a b l e f e e d b a c k t h a t 
subsumed most of t h e e a r l i e r r e s u l t s . L a t e r t h e s e a u t h o r s and o t h e r s 
a p p l i e d t h e Wonham-Morse-Bas i le -Marro g e o m e t r i c t h e o r y t o many o t h e r 
a s p e c t s of l i n e a r s y s t e m s such a s d i s t u r b a n c e l o c a l i z a t i o n , d e c o u p l i n g 
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by o u t p u t f e e d b a c k , s t a b i l i z a t i o n , t r a c k i n g and r e g u l a t i o n , f e e d b a c k 
i n v a r i a n t s and c a n o n i c a l f o r m s , dynamic o b s e r v e r d e s i g n , d e c e n t r a l i z e d 
c o n t r o l , and so f o r t h . 
A l t h o u g h t h e c o m p u t a t i o n a l e f f i c i e n c y of t h e g e o m e t r i c method 
i s d e b a t a b l e a t t h i s s t a g e of i t s d e v e l o p m e n t , i t s e l e g a n c e and 
g e n e r a l i t y a r e c e r t a i n l y v e r y a p p e a l i n g . 
Some a s p e c t s of t h e Wonham-Morse -Bas i l e -Mar ro g e o m e t r i c s y s t e m 
t h e o r y a r e e s s e n t i a l l y c o o r d i n a t e - f r e e and h e n c e c e r t a i n p o r t i o n s of 
i t r e m a i n v a l i d on a r b i t r a r y f i e l d s a n d , i n p a r t i c u l a r , o v e r t h e f i n i t e 
f i e l d G F ( q ) . T h e r e f o r e , a g e o m e t r i c t h e o r y can b e d e v e l o p e d f o r t h e 
i n v e s t i g a t i o n of c e r t a i n s t r u c t u r a l p r o p e r t i e s of LSMs. I n f a c t , such 
a t h e o r y i s m o t i v a t e d by many i m p o r t a n t i n t e r r e l a t i o n s h i p s e x i s t i n g 
b e t w e e n LSMs and c o d i n g t h e o r y . A l i n e a r code by d e f i n i t i o n i s a s u b -
s p a c e of G F ( q ) n . I n t h e a r e a of c o d i n g and d e c o d i n g t h e o r y h i g h l y 
g e o m e t r i c c o n c e p t s have a l r e a d y b e e n employed f o r t h e deve lopmen t of 
c e r t a i n c l a s s e s of codes which a r e p r i m a r i l y b a s e d on t h e p r o p e r t i e s 
of f i n i t e a f f i n e and p r o j e c t i v e g e o m e t r i e s and t h e i r a s s o c i a t e d com­
b i n a t o r i a l s t r u c t u r e s . On t h e o t h e r h a n d , c l o s e r e l a t i o n s h i p s h a v e 
b e e n d i s c o v e r e d b e t w e e n t h e b u r s t c o r r e c t i o n p r o p e r t i e s of c o n v o l u t i o n a l 
codes and t h e c o n t r o l l a b i l i t y and o b s e r v a b i l i t y p r o p e r t i e s of LSMs [ 7 7 ] . 
I n v i ew of t h e s e r e l a t i o n s h i p s and t h e c e n t r a l r o l e p l a y e d by LSMs i n 
c o d i n g , d e c o d i n g , and o t h e r s i g n i f i c a n t c o m p u t a t i o n a l t a s k s on f i n i t e 
f i e l d s , t h e r e seems t o b e ample j u s t i f i c a t i o n and i n c e n t i v e f o r e x ­
p l o r i n g t h e p o s s i b l i t y of d e v e l o p i n g a g e o m e t r i c t h e o r y of t h e Wonham-
M o r s e - B a s i l e - M a r r o t y p e f o r LSMs. T h e r e f o r e , we i n t e n d t o i n i t i a t e 
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t h e r e s e a r c h i n t h i s d i r e c t i o n by p r o v i d i n g t h e r u d i m e n t s of a p r o j e c t i v e -
g e o m e t r i c t h e o r y f o r LSMs i n t h e p r e s e n t c h a p t e r . The g u i d i n g s o u r c e 
f o r t h e m a t e r i a l i n t h i s c h a p t e r i s t h e r e s e a r c h monograph by Wonham 
[ 1 1 4 ] . However , i t s h o u l d b e b o r n e i n mind t h a t we a r e c o n c e r n e d w i t h 
a d i f f e r e n t m a t h e m a t i c a l f ramework. 
I n t h i s c h a p t e r f a m i l i a r i t y w i t h t h e b a s i c c o n c e p t s , t e r m i n o l o g y , 
and n o t a t i o n c o n c e r n i n g f i n i t e a f f i n e and p r o j e c t i v e g e o m e t r i e s , p r o ­
v i d e d i n t h e Append ix , i s n e e d e d . 
8 . 1 . Geomet r i c D e f i n i t i o n of S t a t e R e a c h a b i l i t y of LSMs 
Our p u r p o s e i n t h i s s e c t i o n i s t o p r e s e n t a g e o m e t r i c d e f i n i ­
t i o n of r e a c h a b i l i t y of an LSM M = (A, B) and t h e n d i s c u s s some r e l a t e d 
r e s u l t s t h a t a r e of a g e o m e t r i c n a t u r e . 
We r e c a l l from S e c t i o n 4 . 1 t h a t t h e r e a c h a b l e f l a t 
R(K) = R ( [ B , AB, A 2 B , . . . , A n _ 1 B ] ) 
= R(B) + AR(B) + A 2 R(B) + . . . + A ^ R C B ) 
= {A | R(B)} ( 8 . 1 . 1 ) 
of an LSM M = (A, B) i s t h e s m a l l e s t A - i n v a r i a n t f l a t i n P(X') t h a t 
c o n t a i n s R ( B ) . Now l e t P : P(X) —> A(x + R ( K ) ) , < x > | > P < x > = 
< x >, b e t h e c a n o n i c a l p r o j e c t i o n . S i n c e R(K) _ c W(P) , we o b t a i n t h e 
f o l l o w i n g autonomous r e p r e s e n t a t i o n f o r t h e o r i g i n a l l y nonautonomous 
LSM M = (A, B ) : 
x ( k + l ) = A x ( k ) ( 8 . 1 . 2 ) 
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where A i s t h e map i n d u c e d i n A(x + R(K)) by A. From ( 8 . 1 . 2 ) i t i s 
c l e a r t h a t t h e c o n t r o l s e q u e n c e u ( k ) e U* h a s no i n f l u e n c e on t h e c o s e t 
of x ( k ) mod R(K) . T h i s shows t h a t a n e c e s s a r y and s u f f i c i e n t c o n d i t i o n 
f o r t h e r e a c h a b i l i t y of a l l s t a t e s of an LSM from t h e z e r o s t a t e i s 
t h a t A(x + R(K)) = 0 , t h a t i s , P(X) = P ( R ( K ) ) . We w i l l u s e t h i s c h a r ­
a c t e r i z a t i o n a s t h e d e f i n i t i o n of s t a t e r e a c h a b i l i t y . 
Theorem 8 . 1 . 1 . The LSM M = (A, B) i s s t a t e r e a c h a b l e i f and 
o n l y i f f o r any g i v e n i r r e d u c i b l e p o l y n o m i a l g e GF(q)[A] of d e g r e e n , 
t h e r e e x i s t s a s t a t e f e e d b a c k homomorphism F : P(X) —> P((i) such t h a t 
t h e c h a r a c t e r i s t i c p o l y n o m i a l of A + BF i s p r e c i s e l y g . 
I n o r d e r t o b e a b l e t o p r o v e t h i s t h e o r e m , we w i l l need some 
a u x i l i a r y r e s u l t s . 
Lemma 8 . 1 . 1 . I f S e P . ( X ) , t h e n A i n d u c e s an a f f i n i t y A : 
A(x + S) —> A(x + S) d e f i n e d by A(x + S) E Ax + S . M o r e o v e r , i f A 
i s t h e z e r o of any p o l y n o m i a l , t h e n so i s A. Thus t h e m i n i m a l p o l y ­
n o m i a l of A d i v i d e s t h e m i n i m a l p o l y n o m i a l of A. 
P r o o f . F i r s t we need t o show t h a t A i s w e l l - d e f i n e d , t h a t 
i s , i f x ' + S = x" + 5 , t h e n A ( x ' + S) = A(x" + S ) . I f x ' + S = 
x" + S , t h e n x ' - x" e S a n d , s i n c e 5 e ? A ( X ) , A ( x ' - x" ) e S . Hence 
A ( x ' + S) = Ax' + S = Ax" + 5 . We n e x t show t h a t A i s l i n e a r . Le t 
x ' , x" e X and a e G F ( q ) . Then we h a v e 
A ( ( x ' + S) + (x" + 5 ) ) = A ( x ' + x" + S) = A ( x ' + x" ) + S 
= Ax' + Ax" + S 
= Ax' + S + Ax" + S 
= A ( x ' + S) + A(x" + S) 
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and 
A ( a ( x f + S ) ) = A ( a x 1 + S) = aAx' + S 
= a (Ax 1 + S) = aA(x ' + 5) 
Now f o r any c o s e t x f + S e A(x + S), 
A 2 ( x ' + 5 ) = A 2 x f + 5 = A(Ax ' ) + 5 
= A(Ax f + 5) = A 2 ( x ' + S) 
2 2 
Hence A = A . S i m i l a r l y , we can show t h a t A = A f o r any i n t e g e r n, 
n 
Thus f o r any p o l y n o m i a l f(A) = Z a . ( A ) , 
i=0 1 
n 
f ( A ) ( x ' + S) = f ( A ) x ' + S = Z a . A V + S 
i=0 1 
n . n —r 
= Z a ^ A ^ ' + 5) = Z a . A 1 ( x ' + S) 
i « 0 1 i - 0 1 
n n 
= E a . A 1 ( x t + S) = ( E a . A ^ X x ' + S) 
i=0 1 i=0 ± 
= f ( A ) ( x * + S) 
and so f(A) = f ( A ) . A c c o r d i n g l y , i f A i s a r o o t of f(A) t h e n f(A) = 
0 = S = f ( A ) , t h a t i s , A i s a l s o a r o o t of f ( A ) . • 
P roof of Theorem 8 . 1 . 1 . The n e c e s s i t y p a r t of t h e t heo rem was 
p r o v e d i n Theorem 5 . 3 . 4 ( i n f a c t , t h i s r e s u l t was p r o v e d a s p r o p e r t y 
17° of Theorem 6 . 3 . 1 ) . To p r o v e s u f f i c i e n c y , f i r s t of a l l n o t i c e t h a t 
we can c o n s t r u c t an i r r e d u c i b l e p o l y n o m i a l of d e g r e e n s i n c e i r r e d u c i b l e 
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p o l y n o m i a l s of a l l d e g r e e s > 2 e x i s t i n G F ( q ) [ A ] . I n v i ew of t h e i n ­
v a r i a n c e p r o p e r t y of s t a t e r e a c h a b i l i t y u n d e r t h e a c t i o n of a s t a t e 
f e e d b a c k homomorphism F : P(X) —> P(U) (Theorem 5 . 3 . 1 ) , i t i s c l e a r 
t h a t R(K) £ P . - n ^ C X ) . T h e r e f o r e , by Lemma 8 . 1 . 1 t h e map A + BF i n d u c e s 
A+Br 
an a f f i n i t y A + BF : A(x + R(K)) —> A(x + R(K)) d e f i n e d by A + BF 
( x ' + R(K)) = (A + BF)x ' + R(K) such t h a t (A + BF) = (A + BF) . Le t 
n 
f(A) = Z a . (A) be t h e i r r e d u c i b l e c h a r a c t e r i s t i c p o l y n o m i a l of 
i=0 1 
A + BF. Then by t h e C a y l e y - H a m i l t o n Theorem, f(A + BF) = 0 . Hence 
by Lemma 8 . 1 . 1 we a l s o h a v e f(A + BF) = 0 , t h a t i s , t h e z e r o map i n 
A 
A(x + R ( K ) ) . Le t f (A) be t h e m i n i m a l p o l y n o m i a l of A + BF. Then 
m 
A _ 
f d i v i d e s f s i n c e f(A + BF) = 0 . S i n c e by h y p o t h e s i s f i s i r r e d u c i b l e , m 
A A A A 
e i t h e r f = 1 o r f = ± f . S i n c e B * 0 , deg f < n = deg f, so f = 1 . 
m m m m 
A 
But f m ( A + B F ) = 0 which means t h a t t h e i d e n t i t y map on A(x + R(K)) i s 
e q u a l t o t h e z e r o map and h e n c e A(x + R(K)) = P ( R ( K ) ) . T h e r e f o r e , 
P(R(K)) = P(X) and M i s r e a c h a b l e . • 
The n e x t r e s u l t shows t h a t mach ine r e a c h a b i l i t y i n t h e p r o j e c ­
t i v e geomet ry P(X) i m p l i e s r e a c h a b i l i t y i n a c e r t a i n a f f i n e g e o m e t r y . 
Theorem 8 . 1 . 2 . Suppose t h a t P(R(K)) = P ( X ) , and l e t S £ P ( X ) . 
Then 
{A | R(B)} = A(x + 5 ) 
whe re A i s t h e map i n d u c e d by A i n A(x + S ) , and R(B) = A(z + S), 
z £ R(B) + S . 
P r o o f . Le t t h e homomorphism P : P(X) —> A(x + S) b e t h e cano­
n i c a l p r o j e c t i o n . Thus R(B) = PR(B) and AP = PA. Then 
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A(x + S) = P{A R(B)} = 
n - l . 
P( Z A ^ C B ) ) 
1=0 
n - l . 
= Z A^PRCB) 
1=0 
n - l . _ 
= Z P R C B ) 
1=0 
= {A R(B)} • 
The homomorphism r e l a t i o n s u sed i n t h e above theo rem a r e e x h i b i t e d i n 





F i g . 8 . 1 . 1 . Diagram of Homomorphisms f o r Theorem 8 . 1 . 2 . 
Theorem 8 . 1 . 3 . C o n s i d e r t h e LSM (A, B) and l e t P({A | R(B)}) 
= P ( X ) . F u r t h e r m o r e , assume t h a t S e P(X) decomposes t h e endomorphism 
A : P(X) —> P ( X ) , t h a t i s , S e P (X) and t h e r e e x i s t s a f l a t T e P . (X) 
such t h a t P(S) © P(T) = P ( X ) . Then 
P(S) = P({A I QP(B)}) 
whe re Q : P(X) —> P(S) i s t h e p r o j e c t i o n on P(S) a l o n g P(T) 
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P r o o f . S i n c e QA = AQ, we have 
n - l . 
P(S) = QP(X) = QP( E A X R(B)) 
i=0 
n - l 
= P( E QA 1 R(B)) 
i=0 
n - l . 
= P[ E A 1 ( Q R ( B ) ) ] 
i=0 
= P({A | QR(B)}) • 
8 . 2 . (A, B ) - I n v a r i a n t F l a t s 
I n t h i s s e c t i o n we w i l l i n t r o d u c e two i m p o r t a n t d u a l l y i s o ­
m o r p h i c s e t s of f l a t s of P(X) and P ° ( X ) , and d i s c u s s t h e i r p r o p e r t i e s . 
L a t e r i n t h i s c h a p t e r t h e s e s e t s w i l l be employed t o s o l v e an o u t p u t 
i n v a r i a n c e p r o b l e m and some d e c o u p l i n g p r o b l e m s i n LSMs. 
C o n s i d e r t h e f o l l o w i n g s e t 
I ( A , B; X) E {S e P(X) : AS £ S + R(B) } ( 8 . 2 . 1 ) 
The e l e m e n t s of I ( A , B; X ) , o r s i m p l y I ( X ) , w i l l b e c a l l e d (A, B ) -
invariant flats. I t i s c l e a r t h a t I (X) c o n t a i n s P . (X) a s a s u b s e t . 
F u r t h e r m o r e , we n o t i c e t h a t i f R(B) = 0 o r R(B) c S , t h e n I (X) = P . ( X ) ; 
and i f R(B) = X o r 5 + R(B) = X, t h e n I (X) = P ( X ) . 
The r e a l i m p o r t a n c e of I (X) l i e s i n t h e f a c t t h a t i t s e l e m e n t s 
can b e made (A + B F ) - i n v a r i a n t f o r a s u i t a b l e c h o i c e of a s t a t e f e e d ­
back homomorphism a s shown i n t h e f o l l o w i n g t h e o r e m . 
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Theorem 8 . 2 . 1 . L e t 5 e P ( X ) . Then t h e r e e x i s t s a s t a t e f e e d ­
b a c k homomorphism F : P(X) —> P(lf) such t h a t S E P A + B F ( * ) i f a n d o n l y 
i f 5 e I ( X ) . 
P r o o f . Suppose t h a t t h e r e e x i s t s a s t a t e f e e d b a c k homomorphism 
F : P(X) —> P(U) such t h a t S e ?AJ_^W> a n d l e t s e 5 . Then (A + BF)s 
A + B r 
= s ' f o r some s f E S , o r As = s ' - BFs E S + R ( B ) . To p r o v e t h e c o n -
1 2 I 
v e r s e , s u p p o s e t h a t 5 E I (X) h a v i n g t h e b a s i s {s , s , . . . , s } . 
Then t h e r e e x i s t zX E S and u 1 E K, LET, such t h a t A s 1 = z 1 - B u 1 , 
LEI. Now i f we d e f i n e F Q : P(S) —> P(U) by F Q s 1 E u 1 , i e £ , and 
l e t F b e any e x t e n s i o n of F^ t o P ( X ) , t h e n i t i s c l e a r t h a t (A + BF)5 
£ 5 . • 
I t i s e a s y t o s e e t h a t I (X) i s c l o s e d unde r t h e o p e r a t i o n of 
f l a t a d d i t i o n s i n c e S±, S2 E I (X) A ( S 1 + S 2 > = AS + A S 2 £ S + 
+ R(B) and h e n c e + S 2 E I ( X ) . However , i t can b e r e a d i l y v e r i f i e d 
t h a t S±, S2 E I (X) =fr> A(S n S2) £ (5 n S ) + R(B) , t h a t i s , I (X) i s 
n o t c l o s e d unde r t h e o p e r a t i o n of f l a t i n t e r s e c t i o n . T h e r e f o r e , i n 
s p i t e of t h e f a c t t h a t I (X) c o n t a i n s P^(X) a s a s u b s e t , t h e t o t a l i t y 
of e l e m e n t s of I (X) does n o t form a p r o j e c t i v e g e o m e t r y . L a t e r i t 
w i l l b e shown t h a t unde r a c e r t a i n r e s t r i c t i o n I (X) becomes c l o s e d 
u n d e r i n t e r s e c t i o n and h e n c e a f i n i t e p r o j e c t i v e g e o m e t r y . 
L e t 
I ° ( A , B; X) = {T e P°(X) : A(T n Z(B)) c T} ( 8 . 2 . 2 ) 
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where Z(B) i s a f l a t d e p e n d e n t on B. C l e a r l y I°(A, B; X) , o r s i m p l y 
I ° ( X ) , c o n t a i n s P?(X) a s a s u b s e t . Moreove r , we o b s e r v e t h a t i f 
Z(B) = X o r Z(B) £ T, t h e n I ° (X) = P ° ( X ) . I t i s a l s o e a s y t o s e e t h a t 
I ° (X) i s c l o s e d u n d e r t h e o p e r a t i o n of f l a t i n t e r s e c t i o n s i n c e 
T 1 , T 2 e I ° ( X ) =*=> k[(T1 n T 2> n Z(B)] 
= [A(TX n Z ( B ) ) ] n [A(T 2 n Z ( B ) ) ] 
£ ^ n T 2 
However, T , T 2 e I ° ( X ) ^ > A f O ^ + T ) n Z(B)] £ T + T , and h e n c e 
I ° (X) i s n o t a p r o j e c t i v e g e o m e t r y . 
I n o r d e r t o d i s c u s s t h e r e l a t i o n s h i p b e t w e e n t h e s e t s I (X) and 
I ° ( X ) , we need t h e f o l l o w i n g lemma whose s i m p l e p r o o f i s o m i t t e d . 
Lemma 8 . 2 . 1 . For any S, T e P ( X ) , AS £ T i f and o n l y i f 
AT £ o . 
Theorem 8 . 2 . 2 . Le t S e P ( X ) . I f AS £ S + R ( B ) , t h e n 
AT(SX n R ( B ) 1 ) £ S1. 
P r o o f . By Lemma 8 . 2 . 1 , AS £ S + R(B) i m p l i e s t h a t AT(S + R ( B ) ) 1 
£ S1. By t h e d u a l i t y of t h e p r o j e c t i v e g e o m e t r i e s P(X) and P ° ( X ) , 
(S + R ( B ) ) 1 = S1 n R ( B ) 1 . T h e r e f o r e , t h e t heo rem i s p r o v e d . • 
Theorem 8 . 2 . 3 . L e t T e P ( X ) . I f A(T n Z(B)) £ T, t h e n 
aV £ T 1 + Z ( B ) 1 . 
P r o o f . By Lemma 8 . 2 . 1 , A(T n Z(B)) £ T i m p l i e s t h a t aV" £ 
(T n Z ( B ) ) 1 . By t h e d u a l i t y of t h e p r o j e c t i v e g e o m e t r i e s P(X) and 
P ( X ) , (T n Z(B)) = T + Z(B) , and h e n c e t h e t heo rem i s p r o v e d . • 
Theorem 8 . 2 . 4 . The s e t s I (X) and 7°(X) a r e d u a l l y i s o m o r p h i c . 
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P r o o f . I t f o l l o w s from t h e p r e c e d i n g two theo rems . • 
I n many a p p l i c a t i o n s i t becomes n e c e s s a r y t o d e t e r m i n e t h e 
s u p r e m a l o r i n f i m a l e l e m e n t of a g i v e n c l a s s of f l a t s of P ( X ) . S i n c e 
t h e s e t of a l l f l a t s of P(X) a r e p a r t i a l l y o r d e r e d by t h e i n c l u s i o n 
r e l a t i o n , a s u p r e m a l e l e m e n t 5 of a g i v e n c l a s s of f l a t s , say I ( X ) , 
sup 
i s o b v i o u s l y t h a t e l e m e n t of I (X) which c o n t a i n s e v e r y o t h e r member 
of I ( X ) . Thus S e I (X) and i f 5 e I ( X ) , t h e n S c S . C l e a r l y sup — sup 
S i s u n i q u e , sup 
The e x i s t e n c e of S = sup I (X) i s r a t h e r o b v i o u s s i n c e I (X) 
sup ^ 
i s c l o s e d unde r a d d i t i o n a n d , t h e r e f o r e , due t o t h e f a c t t h a t I (X) 
c o n t a i n s a f i n i t e number of e l e m e n t s , a s t r i c t l y a s c e n d i n g c h a i n of 
e l e m e n t s of 7(X) of t h e form S^ c S^ + c S^ + + S^ c . . ., 
S^ e I ( X ) , w i l l t e r m i n a t e a f t e r a c e r t a i n number , s a y £ , of t e r m s . 
C l e a r l y t h e n S = S, + S_ + . . . + S0. By d u a l i t y i t i s c l e a r t h a t sup 1 2 I 
t h e s e t I ° ( X ) a lways h a s a u n i q u e i n f i m a l e l e m e n t "T̂  £> namely 
sup 1 2 £ 
Le t I ( A , B; I / ) , o r s i m p l y 1(1 / ) , d e n o t e t h e s u b c l a s s of (A, B ) -
i n v a r i a n t f l a t s c o n t a i n e d i n I/, t h a t i s , 
1(1/) = {S i S £ I (X) and Sci/} ( 8 . 2 . 3 ) 
The f o l l o w i n g i t e r a t i v e scheme g e n e r a t e s sup 1(1 / ) . 
Theorem 8 . 2 . 5 . Le t \) e P(X) and d e f i n e t h e s e q u e n c e { S J } 
a c c o r d i n g t o 
275 
5 j = 1/ n A X *(R(B) + 5 j 2 ) , j e n ( 8 . 2 . 4 ) 
where A 1 S E {s : As £ S } . Then S3 £ S"̂  1 and f o r some I < n , 
5 £ = s u p l ( l / ) . 
P r o o f . F i r s t we show by i n d u c t i o n t h a t {S3} i s a n o n i n c r e a s i n g 
s e q u e n c e . I t i s c l e a r t h a t S X £ . Suppose t h a t S3 £ S3 X . Then 
5 j + 1 = 1/ n A - 1 * ( R ( B ) + S j ) c 1/ n A _ 1 * ( R ( B ) + S j ~ x ) = S j 
T h e r e f o r e , f o r some I < dim I/, S = S , j > I. Now from t h e d e f i n i t i o n 
( 8 . 2 . 3 ) of 1(1 / ) , i t i s c l e a r t h a t an a r b i t r a r y S e 1(10 i f and o n l y i f 
S £ I/, S £ A " 1 * ( R ( B ) + S) ( 8 . 2 . 5 ) 
From ( 8 . 2 . 5 ) , 5 £ 5 ° , and i f 5 £ S ^ " 1 , 
5 £ 1/ n A~ X *(R(B) + 5 ) £ 1/ n A~ X *(R(B) + S j ~ x ) = S j 
T h e r e f o r e , S £ S e 1(1/) and c o n s e q u e n t l y S = s u p l ( l / ) . • 
I n a s i m i l a r manner , we can d e v i s e an a l g o r i t h m t o g e n e r a t e 
t h e i n f i m a l e l e m e n t of t h e s e t I ° ( A , B; W), o r s i m p l y I ° ( W ) , where 
I°(W) E {T : T e I ° ( X ) and T £ 0/} ( 8 . 2 . 6 ) 
T h i s i s a c c o m p l i s h e d i n t h e f o l l o w i n g t h e o r e m . 
Theorem 8 . 2 . 6 . L e t W e P°(X) and d e f i n e t h e s e q u e n c e {T3} 
a c c o r d i n g t o 
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T j E W + A(Z(B) n T 3 " 1 ) , j e n ( 8 . 2 . 7 ) 
Then T ^ 1 £ T 3 and f o r some r < n , T r = i n f I°(W) . 
P r o o f . To show t h a t t h e s e q u e n c e { T 3 } g i v e n by ( 8 . 2 . 7 ) i s 
n o n d e c r e a s i n g , we o b s e r v e t h a t £ T \ Suppose t h a t T 3 £ T 3 . Then 
T j + 1 = ft/ + A(Z(B) n T J ) £ ft/ + A(Z(B) n T 3 " 1 ) = T j 
i r 
T h e r e f o r e , t h e r e e x i s t s a p o s i t i v e i n t e g e r r such t h a t T = T fo r 
j > r . Le t T be an a r b i t r a r y e l e m e n t of I ° ( W ) . Thus 
W c T, A(Z(B) n T) £ T ( 8 . 2 . 8 ) 
From ( 8 . 2 . 8 ) i t i s c l e a r t h a t T° £ 7 , and i f T £ T 3 " 1 , t h e n 
T £ ft/ + A(Z(B) n T) £ W + A(Z(B) n T j _ 1 ) = T j 
S i n c e T i s an a r b i t r a r y e l e m e n t , i t f o l l o w s t h a t T £ T , and h e n c e 
T r = i n f I ° ( W ) . • 
I t i s a l s o e a s y t o s e e t h a t t h e a l g o r i t h m of Theorem 8 . 2 . 6 can 
be o b t a i n e d from t h e a l g o r i t h m of Theorem 8 . 2 . 5 by d u a l i z i n g t h e 
s e q u e n c e ( 8 . 2 . 4 ) . To i l l u s t r a t e t h i s a l t e r n a t i v e p r o c e d u r e we need 
some s i m p l e p r e l i m i n a r y r e s u l t s . 
Lemma 8 . 2 . 2 . Le t E : P(X) —> P(li) b e a l i n e a r map. Then 
R ( E ) 1 = A/(ET) 
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P r o o f . Le t z e R(E) . T h i s i m p l i e s t h a t z y = 0 f o r a l l 
y e R ( E ) . S i n c e y can b e e x p r e s s e d a s y = Eu f o r some u £ U, we have 
z T E u = 0 which i s t h e same a s ( E u ) T z = 0 o r u T E T z = 0 . Hence E T z = 0 
T I T 
and c o n s e q u e n t l y z £ W(E ) . Thus R(E) £ W(E ) . The r e v e r s e i n c l u s i o n 
can be e a s i l y e s t a b l i s h e d by e s s e n t i a l l y r e v e r s i n g t h e p r e c e d i n g s e q u e n c e 
of s t e p s . • 
Lemma 8 . 2 . 3 . For a l l S £ P(X) , ( A ' ^ S ) 1 = ( A T ) ~ 1 * S 1 , where 
- 1 * 
A S = {s : As £ S } . 
P r o o f . Le t S b e a b a s i s m a t r i x of S . Then i n v i ew of Lemma 
8 . 2 . 2 , we h a v e 
( A R ( S ) ) 1 = ( R ( A S ) ) 1 = N ( S T A T ) 
= ( A 7 ) " 1 * W(S T ) 
T - 1 * I 
= (A ) 1 R(S)1 • 
Now u s i n g Lemma 8 . 2 . 3 and d u a l i z i n g t h e s e q u e n c e ( 8 . 2 . 4 ) , we 
o b t a i n 
s 0 1 = I / 1 
S3± = I / 1 + A T ( R ( B ) 1 n S ( j _ 1 ) l ) , j £ n ( 8 . 2 . 9 ) 
R e p l a c i n g V1 by W, S°L by T ° , A T by A, R ( B ) 1 by Z(B) , and 5 j l by T J , 
j £ n , y i e l d s ( 8 . 2 . 7 ) . S i m i l a r l y , d u a l i z i n g ( 8 . 2 . 7 ) r e s u l t s i n t o 
( 8 . 2 . 4 ) . C o n s e q u e n t l y t h e f o l l o w i n g r e l a t i o n s h i p s h o l d : 
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[sup{S : AS c S + R ( B ) and S c I / } ] 1 
InfiS1 : A T ( S ± n R ( B ) 1 ) c S 1 and S 1 3 I / 1 } ( 8 . 2 . 1 0 ) 
and 
[ i n f { T : A(T n Z ( B ) ) c T and T -> W } ] 1 
s u p d 1 : A Y c T 1 + Z ( B ) 1 and T 1 c W 1} ( 8 . 2 . 1 1 ) 
I n g e n e r a l , t h e a l g o r i t h m of Theorem 8 . 2 . 5 does n o t l e a d t o a 
c l o s e d form e x p r e s s i o n f o r $ s = s u p ! ( ( / ) . However, i f 1/ i s a h y p e r -
p l a n e of P ( X ) , t h e n i t can be shown t h a t $Qup h a s a p a r t i c u l a r l y s i m p l e 
c l o s e d form. 
Le t \J be a h y p e r p l a n e and Z a p o i n t of P(X) such t h a t Z = 
< z >, 0 * z e G F ( q ) n , and W(z T ) = I/. F u r t h e r m o r e , l e t 
T i 
d = min { i : z A B * 0} i f i i s a p o s i t i v e i n t e g e r 
( 8 . 2 . 1 2 ) 
T I 
= n - l i f z A B = 0 f o r a l l p o s i t i v e i n t e g e r s I 
Theorem 8 . 2 . 7 . I f 1/ = W(z T ) , z * 0 , t h e n S E s u p l ( ( / ) i s sup 
g i v e n by 
S = (Z + A TZ + . . . + ( A T ) ^ Z ) 1 sup ' 
P r o o f . A p p l y i n g ( 8 . 2 . 4 ) t o t h i s s p e c i a l c a s e , we g e t 
S° - N ( Z T ) 
S J = N ( z T ) n A 1 * ( S j 1 + R ( B ) ) , j e n 
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Tak ing o r t h o g o n a l complements and u s i n g Lemma 8 . 2 . 2 and Lemma 8 . 2 . 3 , 
we have 
S j l = Z + A T ( S ( J ~ 1 ) J - n W ( B T ) ) , j e n 
By d e f i n i t i o n of d , 
and 
From ( 8 . 2 . 1 3 ) and ( 8 . 2 . 1 4 ) i t f o l l o w s t h a t 
s11 = Z 
S2± = 1 + A TZ 
Sd± = 1 + A TZ + . . . + ( A T ) d Z 
From ( 8 . 2 . 1 3 ) and ( 8 . 2 . 1 6 ) , 
( 8 . 2 . 1 3 ) 
l . , 
I ( A T ) J " Z c W ( B T ) , i e d ( 8 . 2 . 1 4 ) 
j = l 
( A T ) d Z n A/(BT) = 0 ( 8 . 2 . 1 5 ) 
( 8 . 2 . 1 6 ) 
s ( d + l ) i = z + A T ( W ( B T } n ^ ( A T ) j Z ) ( 8 . 2 . 1 7 ) 
j = 0 
280 
I n v iew of ( 8 . 2 . 1 4 ) and ( 8 . 2 . 1 5 ) , ( 8 . 2 . 1 7 ) r e d u c e s t o 
d - 1 
S ( d + 1 ) ± = Z + A T ( Z ( A T ) j Z ) 
j = 0 
d 
Z = Z +  ( A T ) j Z 
= s d l 
C o n t i n u i n g i n t h i s manner , we w i l l s e e t h a t S 3 1 = S ^ 1 f o r j > d . 
S i n c e dim V = n - l , we must have d < n - l . T h e r e f o r e , S = S ^ 1 . • 
sup 
C o r o l l a r y 8 . 2 . 1 . I f z e G F ( q ) n , z * 0 , < z > = Z , t h e n 
T . _ = i n f I ° ( Z ) i s g i v e n by i n f 
T . f = I (A T) jZ 
Now we w i l l show t h a t t h e above r e s u l t can b e u s e d t o d e r i v e a s u f f i ­
c i e n t c o n d i t i o n f o r t h e c l o s u r e of t h e s e t I ( A , B; X ) unde r t h e o p e r a ­
t i o n of i n t e r s e c t i o n . 
Theorem 8 . 2 . 8 . L e t 1/ e P ( X ) b e of d i m e n s i o n n-l and l e t 
{ z 1 , z 2 , . . . , z^} be a b a s i s f o r I / 1 . F u r t h e r , l e t 1/ = W ( z i T ) , w i t h 
"kit 
S. = sup I ( A , B; I / . ) , i e I. For V. l e t d . b e t h e f e e d b a c k i n v a r i a n t s l v I — l I 
d e f i n e d by ( 7 . 2 . 1 2 ) . I f 
r a n k 
z A B 
2 T / 2 „ 
z A B 
z A B 
= I ( 8 . 2 . 1 8 ) 
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t h e n 
I 
P r o o f . From ( 8 . 2 . 4 ) , S . can b e computed a s f o l l o w s 
S° = V. 1 1 
SI = V. n A X * ( S ^ 1 + R(B)), j e n ( 8 . 2 . 1 9 ) 
** n S. = S , 1 e I 
i i — 
I 
T h e r e f o r e , S £ S . , i e £> which i m p l i e s t h a t 5 £ n 5 . . To 
1 = 1 1 ** 
p r o v e t h e r e v e r s e i n c l u s i o n , i t s u f f i c e s , due t o m a x i m a l i t y of S , 
t o show t h a t n 5. e I(A, B; I/). To a c c o m p l i s h t h i s , l e t T = n 3. 
i = l 1 1=1 1 
so t h a t 
I ^ T = r S . ( 8 . 2 . 2 0 ) 
1-1 1 
— 
C l e a r l y T £ f, so i t r e m a i n s t o p r o v e t h a t T £ A (T + R (B)) o r 
e q u i v a l e n t l y , AT(T"L n R ( B ) ± ) £ T"1. From Theorem 8 . 2 . 7 i t f o l l o w s 
t h a t 
d i 
S. = ( Z ( A V Z . ) 1 , i e £ 
1 3=0 
where Z^ = < z 1 >, i e £ , so that 
d. 
S . = I (A ) Z . , i e £ ( 8 . 2 . 2 1 ) 
1 j - 0 1 
S = n 5. = sup I (A, B; I/) 
1=1 1 
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S u b s t i t u t i n g ( 8 . 2 . 2 1 ) i n t o ( 8 . 2 . 2 0 ) , we o b t a i n 
I d i 
T 1 = E E ( A T ) J Z . ( 8 . 2 . 2 2 ) 
i = l j=0 X 
I d . . 
r 1 * T 1 / a T \ 1 
= < u t z , A z (A ) z } > 
1=1 
T h e r e f o r e , i f x e T 1 , t h e n x can b e e x p r e s s e d a s 
i h 
x = E E a . . ( A ) J z , a . . e GF(q) ( 8 . 2 . 2 3 ) 
i - 1 j - 0 1 J 1 J 
Suppose t h a t x i s a l s o i n R ( B ) 1 = W ( B T ) . Then B T x = 0 . S i n c e by t h e 
d e f i n i t i o n of r e a c h a b i l i t y i n d i c e s d . , 
1 
Z. c W(B T) 
1 — 
Z. + A T Z . c W(B T) 
I l — 
d . - l 
Z + A T Z i + . . . + (A T ) 1 Z± c W ( B T ) , i e I 
i t f o l l o w s t h a t 
I . d. 
E a . , z 1 T A "̂B = 0 ( 8 . 2 . 2 4 ) . i d . 
1 = 1 l 
iT d-
S i n c e by h y p o t h e s i s ( 8 . 2 . 1 8 ) , t h e row m - v e c t o r s z A B, i e £ , a r e 
l i n e a r l y i n d e p e n d e n t , ( 8 . 2 . 2 4 ) i m p l i e s t h a t 
a . , = 0 , i e I ( 8 . 2 . 2 5 ) i d . — l 
283 
In v i ew of ( 8 . 2 . 2 5 ) , ( 8 . 2 . 2 3 ) r e d u c e s t o 
i V 1 
x = E E a . . ( A T ) J z X 
1=1 j = 0 1 J 
I d i T . . 
w h i c h , when p r e m u l t i p l i e d by A , y i e l d s A x = Z Z a . . ( A ) J z , t h a t 
i = l i = 0 1 J 
T J . j _ 
i s , A x E T . S i n c e i t was assumed t h a t x e R(B) , we c o n c l u d e t h a t 
A T ( T ± n R ( B ) 1 ) £ T 1 . • 
C o r o l l a r y 8 . 2 . 2 . L e t W e P(X) b e of d i m e n s i o n I w i t h a b a s i s 
{ z \ z 2 , . . . , z1}, W. = < z 1 > = Z . , and T ^ . E i n f I ° ( A , B; W.) , 
i E I. F u r t h e r , l e t d^ b e t h e f e e d b a c k i n v a r i a n t s a s s o c i a t e d w i t h 
and d e f i n e d by ( 8 . 2 . 1 2 ) . I f t h e c o n d i t i o n ( 8 . 2 . 1 8 ) h o l d s , t h e n 
I 
T * * = 2 = i n f B; W) 
i = l 
** 
T h e r e f o r e , t h e s e t of e l e m e n t s of t h e s e t I ( A , B; v) s a t i s ­
f y i n g t h e c o n d i t i o n s of Theorem 8 . 2 . 8 i s c l o s e d u n d e r i n t e r s e c t i o n . 
S i n c e t h e s e t I ( A , B; v) i s a lways c l o s e d u n d e r a d d i t o n , {S^ } forms 
a f i n i t e p r o j e c t i v e geomet ry P . S i m i l a r l y , { T ^ ^ } £ 7 ° ( A , B; W) , 
s p e c i f i e d i n C o r o l l a r y 8 . 2 . 2 , i s c l o s e d u n d e r t h e o p e r a t i o n s of a d d i ­
t i o n and i n t e r s e c t i o n , and h e n c e forms a f i n i t e p r o j e c t i v e geomet ry 
P ° . C l e a r l y t h e g e o m e t r i e s P and P° a r e d u a l l y i s o m o r p h i c . 
8 . 3 . (A, B ) - I n v a r i a n t F l a t s and Outpu t I n v a r i a n c e 
(A, B ) - i n v a r i a n t f l a t s can be u t i l i z e d t o d e r i v e n e c e s s a r y and 
s u f f i c i e n t c o n d i t i o n s f o r o u t p u t i n v a r i a n c e of LSMs w i t h r e s p e c t t o 
u n d e s i r a b l e d i s t u r b a n c e i n p u t s . C o n s i d e r t h e p e r t u r b e d LSM 
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x ( k + l ) = Ax(k) + b u ( k ) + Ev(k) 
y ( k ) = Cx(k) 
The t e r m Ev(k) r e p r e s e n t s an e x t e r n a l d i s t u r b a n c e which i s assumed 
n o t t o b e d i r e c t l y m e a s u r a b l e by t h e c o n t r o l l e r . The o u t p u t i n v a r i a n c e 
p rob l em i s t o f i n d , i f p o s s i b l e , a f e e d b a c k map F : P(X) —> P(U) such 
t h a t v ( k ) h a s no i n f l u e n c e on t h e c o n t r o l l e d o u t p u t y ( k ) . B e f o r e 
a t t e m p t i n g a s o l u t i o n t o t h i s p r o b l e m , we need t o make t h e n o t i o n of 
o u t p u t i n v a r i a n c e more p r e c i s e . 
An o u t p u t component y ^ ( k ) i s s a i d t o b e i n v a r i a n t w i t h r e s p e c t 
t o t h e j t h component (k) of d i s t u r b a n c e i n p u t i f t h e z e r o s t a t e o u t ­
p u t component y o ^ ( k ) w i t h r e s p e c t t o v ( k ) , t h a t i s , w i t h u ( k ) = 0 , i s 
i d e n t i c a l l y z e r o f o r a l l k . I f a l l components y ^ ( k ) , i e _r, of t h e 
o u t p u t v e c t o r y ( k ) a r e i n v a r i a n t w i t h r e s p e c t t o a l l t h e components 
v j ( k ) > j £ s , of t h e d i s t u r b a n c e i n p u t v e c t o r v ( k ) , t h e n t h e LSM 
(A, B, C) i s s a i d t o b e o u t p u t i n v a r i a n t w i t h r e s p e c t t o v ( k ) . T h a t 
i s , 
k - 1 
y (k) = C Z A J Ev(k) = 0 ( 8 . 3 . 2 ) 
j = 0 
f o r a l l c l o c k p e r i o d s k . E x p r e s s i o n ( 8 . 3 . 2 ) can b e e q u i v a l e n t l y w r i t t e n 
a s 
( 8 . 3 . 1 ) 
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f v ( k - l ) 
v ( k - 2 ) 
C[E, AE, A 2 E , . . . , A k - 1 E ] 
v (0 ) 
f o l 
0 
0 
( 8 . 3 . 3 ) 
From ( 8 . 3 . 3 ) i t f o l l o w s t h a t t h e LSM (A, B, C) i s o u t p u t i n v a r i a n t 
w i t h r e s p e c t t o v ( k ) i f and o n l y i f 
{A | R ( E ) } £ W ( c ) 
I n o r d e r t o i s o l a t e t h e e f f e c t of t h e d i s t u r b a n c e i n p u t , we 
need t o i n t r o d u c e t h e f e e d b a c k law u ( k ) = Fx(k) so t h a t ( 8 . 3 . 1 ) becomes 
x ( k + l ) = (A + BF)x(k) + Ev(k) 
y ( k ) = Cx(k) 
( 8 . 3 . 4 ) 
T h e r e f o r e , t h e o u t p u t i n v a r i a n c e p r o b l e m can b e f o r m u l a t e d a s a feed­
b a c k s y n t h e s i s p rob lem a s f o l l o w s : Given A : F ( X ) — > P ( X ) , 
B : P ( ( J ) — > P ( X ) , and R ( E ) , N(C) e P ( X ) , f i n d a s t a t e f e e d b a c k homo­
morphism F : P ( X ) — > P(U) such t h a t 
{A + BF | R(E)} £ W(C) 
C o n s e q u e n t l y t h i s p rob l em i s s o l v a b l e i f and o n l y i f t h e l a r g e s t 
(A + B F ) - i n v a r i a n t f l a t t h a t c o n t a i n s R ( E ) i s p a r t of W (C) . A g l a n c e 
a t t h e p r o p e r t i e s of (A, B ) - i n v a r i a n t f l a t s s u g g e s t s t h e f o l l o w i n g 
s o l v a b i l i t y c o n d i t i o n . 
286 
Theorem 8.3.1. The o u t p u t i n v a r i a n c e p rob l em i s s o l v a b l e 
i f and o n l y i f 
S = sup I ( A , B; W(C)) ^ R(E) sup — 
P r o o f . Suppose t h a t S => R ( E ) . Then by Theorem 8.2.1 we r r sup — J 
can choose F such t h a t S e P A I T,_(X). Hence 
sup A+BF 
{A + BF I R (E )} c {A + BF I S } = S c W(C) 1 — 1 sup sup — 
C o n v e r s e l y , i f F s o l v e s t h e o u t p u t i n v a r i a n c e p r o b l e m , t h e n { A + B F | 
R(E) } e I (A, B; M(C)) , and t h e r e f o r e S => {A + BF I R(E) } D R(E) . • 
sup — 1 — 
T h i s r e s u l t t o g e t h e r w i t h Theorem 8.2.5 c o n s t i t u t e s a c o n s t r u c ­
t i v e s o l u t i o n t o t h e o u t p u t i n v a r i a n c e p r o b l e m . 
8.4. R e a c h a b i l i t y F l a t s 
Le t A : P(X) — > P(X) and B : P(U) — > P(X) . A f l a t R e P(X) 
i s s a i d t o b e a reachability flat of t h e LSM (A, B) i f t h e r e e x i s t 
homomorphisms F : P(X) — > P(U) and G : P(U) — > P(U) such t h a t 
R = {A + BF | R(BG)} (8.4.1) 
Thus R i s p r e c i s e l y t h e r e a c h a b l e f l a t of t h e LSM (A + BF, BG). 
The s e t of r e a c h a b i l i t y f l a t s of a f i x e d LSM (A, B) i s , i n 
g e n e r a l , a p r o p e r s u b s e t of I ( A , B; X), and t h u s i s a l s o r e l a t e d t o 
t h e s e t I ° ( A , B; X). The i n t e r r e l a t i o n s h i p s among t h e s e s e t s w i l l b e 
d i s c u s s e d l a t e r i n t h i s s e c t i o n . The r e a l i m p o r t a n c e of r e a c h a b i l i t y 
f l a t s l i e s i n t h e f a c t t h a t t h e r e s t r i c t i o n of A + BF t o an (A + B F ) -
i n v a r i a n t r e a c h a b i l i t y f l a t can be a s s i g n e d an a r b i t r a r y p o l y n o m i a l 
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by a s u i t a b l e c h o i c e of F ( s e e Theorem 5 . 3 . 4 and Theorem 8 . 1 . 1 ) . 
I n t h i s c h a p t e r we w i l l f i r s t d i s c u s s t h e b a s i c p r o p e r t i e s of 
r e a c h a b i l i t y f l a t s and t h e n d e m o n s t r a t e t h e i r a p p l i c a t i o n t o some d e ­
c o u p l i n g p r o b l e m s . 
F i r s t of a l l , we w i l l r e p l a c e ( 8 . 4 . 1 ) by an e q u i v a l e n t e x p r e s s i o n 
w i t h o u t t h e e x p l i c i t a p p e a r a n c e of G. 
Theorem 8 . 4 . 1 . I f Z c R(B) and {A | Z} = R, t h e n {A | R(B) n R} 
= R. C o n v e r s e l y , i f {A | R(B) n R} = R, t h e r e e x i s t s a G : P(U) —> 
P(U) such t h a t {A | R(BG)} = R. 
P r o o f . I f {A | Z} = R, t h e n Z £ R, t h a t i s , Z £ R(B) n R, 
R = {A | Z} £ {A | R(B) n R } . To p r o v e t h e r e v e r s e i n c l u s i o n , n o t i c e 
t h a t AR £ R, and h e n c e {A | R(B) n R} £ R, and t h u s {A | R(B) n R} = 
1 2 r 
R. For t h e c o n v e r s e l e t {b , b , . . . , b } b e a b a s i s f o r R(B) n R. 
Then b 1 = B u 1 , where u 1 e U, i e ir, a r e l i n e a r l y i n d e p e n d e n t . Le t 
1 2 m 
{u , u , . . . , u } be a b a s i s f o r il, and d e f i n e 
n 1 - 1 • 
Gu = u , x e r_ 
Gu 1 = 0 , i = r + 1 , r + 2 , . . . , m 
Then R(BG) = R(B) n R. • 
As an immedia t e c o n s e q u e n c e of t h i s r e s u l t , we have t h e f o l l o w ­
i n g c h a r a c t e r i z a t i o n of a r e a c h a b i l i t y f l a t . 
Theorem 8 . 4 . 2 . A f l a t R e P(X) i s a r e a c h a b i l i t y f l a t of an 
LSM (A, B) i f and o n l y i f 
R = {A + BF | R(B) n R} ( 8 . 4 . 2 ) 
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L e t 
R(A, B; X) = {R e P(X) : R = { A + B F R(B) n R}} ( 8 . 4 . 3 ) 
and 
F(R) = {F : P(X) — > P(ti) : R e P A + B p ( X ) } ( 8 . 4 . 4 ) 
Theorem 8 . 4 . 3 . I f R e R(A, B; X ) , t h e n R = {A + BF | R(B) n R} 
f o r e v e r y map F e F ( R ) . 
P r o o f . By Theorem 8 . 4 . 2 , t h e r e e x i s t s a map F Q : P(X) —> P(U) 
such t h a t R = {A + BF Q | R(B) n R}. C l e a r l y F Q e F ( R ) . L e t F e F(R) 
and d e f i n e R^ E {A + BF^̂  | R(B) n R } . Then R̂ ^ £ R. To show t h e r e v e r s e 
i n c l u s i o n , s u p p o s e 
(A + B F 0 ) 1 _ 1 ( R ( B ) n R) £ R v i e I ( 8 . 4 . 5 ) 
f o r some t e n . With ( 8 . 4 . 5 ) a s i n d u c t i o n h y p o t h e s i s , we have 
l+l I 
1 (A + BF ) 1 _ 1 ( R ( B ) n R) = R(B) n R + (A + BF ) I (A + BF ) 1 (R(B) n R) 
1=1 U i = l U 
£ R(B) n R + (A + BF Q)R 
= R(B) n R + [A + B F 1 + B ( F Q - F ) ] R ± 
£K(B) N R + ( A + B F 1 ) R I + B ( F 0 - F 1 ) R i 
x e R r T h e n b ( F q _ V x £ R ( f i ) ^ ^ ^ ( g ^ ^ 
B ( F Q - F L ) X = ( A + B F O ) X _ ( A + B ] ? I ) X £ R 
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T h e r e f o r e , 
R(B) n R + (A + BF j L)R + B ( F Q - F )R £ R(B) n R + (A + BF )R £ ^ 
( 8 . 4 . 7 ) 
By ( 8 . 4 . 6 ) and ( 8 . 4 . 7 ) , 
(A + B F Q ) £ ( R ( B ) n R) £ R x 
T h e r e f o r e , ( 8 . 4 . 5 ) i s t r u e f o r any I e n . Thus R £ R . • 
The above r e s u l t can b e used t o check w h e t h e r a g i v e n f l a t 
R e P(X) i s a r e a c h a b i l i t y f l a t . T h i s can b e done by f i r s t examin ing 
i f R e I ( A , B; X ) . I f R £ 7(A, B; X ) , t h e n o b v i o u s l y R i s n o t a r e a c h ­
a b i l i t y f l a t s i n c e i t c a n n o t b e made (A + B F ) - i n v a r i a n t . On t h e o t h e r 
h a n d , i f R e I ( A , B; X ) , t h e n i t must p a s s t h e a d d i t i o n a l t e s t of 
s a t i s f y i n g t h e r e l a t i o n {A + BF | R(B) n R} = R t o q u a l i f y f o r a r e a c h ­
a b i l i t y f l a t . 
R e a c h a b i l i t y f l a t s of t h e LSM (A, B) can a l s o b e c h a r a c t e r i z e d 
i n t e r m s of p o l y n o m i a l m a t r i c e s . I n Theorem 6 . 3 . 1 a r e a c h a b i l i t y 
c r i t e r i o n was f o r m u l a t e d i n t e r m s of t h e s i n g u l a r p e n c i l of m a t r i c e s 
[A - XI n > B], In [108], regarding [A - X I ^ B] as a mapping, a char-
a c t e r i z a t i o n of t h e c o n t r o l l a b i l i t y s u b s p a c e of a l i n e a r s y s t e m i n 
t e r m s of t h e e l e m e n t s of t h e n u l l s p a c e of [A - AI , B] h a s b e e n g i v e n . 
n 
T h i s r e s u l t r e m a i n s v a l i d o v e r GF(q) and i s g i v e n i n t h e f o l l o w i n g 
t h e o r e m . 
Theorem 8 . 4 . 4 . [108] A f l a t R e P(X) of d i m e n s i o n r > 1 i s a 
r e a c h a b i l i t y f l a t of t h e LSM (A, B) i f and o n l y i f t h e r e e x i s t p o l y ­
n o m i a l v e c t o r s x(A) e G F ( q ) [ A ] n and u(A) e G F ( q ) [ A ] m s uch t h a t 
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( i ) deg u(A) = l - l , f o r some I > r ; 
( i i ) ( A - AI )x(A) = Bu(A) ; 
n I 
( 1 1 1 ) I f x(A) = E (A) x , t h e n K = < x , x , . . . , x >. 
i = l 
8 . 5 . E i g e n v a l u e A s s i g n a b i l i t y 
The s e t of r e a c h a b i l i t y f l a t s can a l s o b e c h a r a c t e r i z e d by t h e 
e i g e n v a l u e a s s i g n a b i l i t y p r o p e r t y of r e a c h a b l e LSMs ( A , B ) . 
Theorem 8 . 5 . 1 . Le t R e R ( A , B; X ) w i t h dim R = r > 1 . Le t 
0 * b e R(B) n R . Then f o r e v e r y s e t A of r e l e m e n t s of t h e f i e l d 
G F ( q ) , t h e r e x i s t s a map F : P ( X ) — > P ( U ) such t h a t A = {A + BF | 
< b >} and E [ ( A + BF) | R ] = A, where E [ ( A + BF) | R ] i s t h e s e t of 
e i g e n v a l u e s of ( A + BF) | R , t h e r e s t r i c t i o n of A + BF t o R . 
P r o o f . Suppose 
R = {A + BF Q | R(B) n R} ( 8 . 5 . 1 ) 
and c h o o s e G : P ( U ) — > P ( U ) s uch t h a t 
R(BG) = R (B) n R ( 8 . 5 . 2 ) 
I f we d e f i n e A Q : P ( R ) —> P ( R ) and B Q : P ( U ) — > P ( R ) a c c o r d i n g t o 
A Q E ( A + BF Q ) | R , B Q = BG; t h e n by ( 8 . 5 . 1 ) and ( 8 . 5 . 2 ) , we h a v e 
{AQ I R ( B Q ) } = R . Then a p p l i c a t i o n of Theorem 8 . 1 . 1 t o t h e p a i r 
( A Q , B q ) y i e l d s t h e e x i s t e n c e of F 1 : P ( R ) — > F(U), s uch t h a t R = 
{AQ + B Q F 1 I < b >} and E ( A Q + B Q F ^ = A. Le t F 2 : P ( X ) — > P ( U ) 
be any e x t e n s i o n of F 1 from P ( R ) t o P ( R ) . Then F = F Q + GF 2 i s a map 
w i t h t h e r e q u i r e d p r o p e r t i e s . • 
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Theorem 8 . 5 . 2 . Le t R E P(X) w i t h dim R = r > 1 . Suppose t h a t 
f o r e v e r y s e t A of r e l e m e n t s of t h e f i e l d GF(q) t h e r e e x i s t s a map 
F : P(X) —> P(U) such t h a t 
R E P A + B F ( X ) , E [ ( A + BF) | R] = A ( 8 . 5 . 3 ) 
Then R E R(A, B; X) . 
P r o o f . F i x F Q c F(R) and w r i t e A Q = (A + BF) | R. We have 
F E F(R) i f and o n l y i f B(F - F Q ) R c R(B) n R. Le t B Q : P(U) —> P(R) 
be an a r b i t r a r y map w i t h P ( B Q ) = R(B) n R. Then i f F E F ( R ) , t h e r e 
e x i s t s F x : P(R) —> P(U) such t h a t B Q F = B(F - F Q ) | R. Thus ( 8 . 5 . 3 ) 
i m p l i e s t h a t f o r e v e r y A t h e r e e x i s t s an F^ such t h a t E(AQ + BF^) = A. 
By Theorem 8 . 1 . 1 , t h e LSM (A, B) i s r e a c h a b l e . Hence R = {AQ | R ( B Q ) } 
= {A + BFQ I R(B) n R} and t h u s R E R(A, B; X) . • 
8 . 6 . R e a c h a b i l i t y F l a t A l g o r i t h m (RFA) 
In t h i s s e c t i o n , we w i l l i n t r o d u c e an a l g o r i t h m t h a t computes 
t h e r e a c h a b i l i t y f l a t R of a g i v e n LSM (A, B) w i t h o u t e x p l i c i t l y c o n ­
s t r u c t i n g F E F ( R ) . T h i s a l g o r i t h m w i l l be u s e d t o i d e n t i f y f u r t h e r 
p r o p e r t i e s of r e a c h a b i l i t y f l a t s . 
Le t R e P(X) and d e f i n e 
S={Se P(X) : S = R n (AS + R(B) )} ( 8 . 6 . 1 ) 
L a t e r i t w i l l b e shown t h a t t h e l e a s t (A, B ) - i n v a r i a n t e l e m e n t of t h i s 
s e t i s t h e r e a c h a b i l i t y f l a t of (A, B ) . F i r s t we w i l l compute t h i s 
l e a s t e l e m e n t and d i s c u s s some o t h e r p r e l i m i n a r y r e s u l t s . 
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Theorem 8 . 6 . 1 . The s e t S d e f i n e d by ( 8 . 6 . 1 ) c o n t a i n s an 
i n f i m a l e l e m e n t S . c = i n f S . 
inf — 
P r o o f . D e f i n e a s e q u e n c e {S3}, S J e P(X) a c c o r d i n g t o 
5 ° = { 0 } ; S3 E R n (AS3'1 + R ( B ) ) , j e n ( 8 . 6 . 2 ) 
We w i l l f i r s t show by i n d u c t i o n t h a t {S3} i s n o n d e c r e a s i n g . C l e a r l y 
S1 £ 5 ° . Suppose t h a t S3 £ S 3 ' 1 . Then 
5 J + 1 = R n (AS3 + R) £ R n ( A S ^ 1 + R(B)) = S3 
Thus t h e r e e x i s t s an £ e n. such t h a t 5 = 5 f o r a l l j > I . 
I 
To s e e t h a t 5 i s t h e i n f i m a l e l e m e n t of S , l e t S e 5 b e an a r b i t r a r y 
f l a t . C l e a r l y 5 £ 5 ^ , and i f 5 £ 5 3 , we h a v e 
5 = R n (AS + R(B)) £ R n (AS3 + R(B)) = S 3 + 1 
i £ Hence S D S f o r a l l i , and t h u s S ^ S = S . ... • — — i n f 
T h e r e f o r e , t h e RFA computes i n f S i n a t most n s t e p s so t h a t 
S . = l i m S3 = S n ( 8 . 6 . 3 ) 
i n f 
J 
Lemma 8 . 6 . 1 . L e t R e I ( A , B; X ) . I f F e F(R) and R £ R, t h e n 
R(B) n R + (A + BF)R = R n (AR + R(B)) 
P r o o f . C l e a r l y (A + BF)R £ R and AR + R(B) = (A + BF)R + R ( B ) . 
By t h e modu la r d i s t r i b u t i v e law f o r P ( X ) , 
R n (AR + R(B)) = R n [(A + BF)R + R(B)] = (A + BF)R + R(B) n R. • 
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Lemma 8 . 6 . 2 . Le t R e I (A, B; X ) , l e t F e F(R) and d e f i n e 
S J by t h e RFA. Then 
i J i - 1 S J = E (A + BF) (R(B) n R ) , j e n ( 8 . 6 . 4 ) 
i = l 
P r o o f . C l e a r l y ( 8 . 6 . 4 ) i s t r u e f o r j = 1 . Suppose i t h o l d s 
f o r 3=1. Then 
l+l 
E 
i = l 
(A + B F ) 1 " 1 ( R ( B ) n R) = R(B) n R + (A + BF)S^ 
I 
= R n (AS + R(B)) (by Lemma 8 . 6 . 1 ) 
Thus t h e r e s u l t i s p r o v e d by i n d u c t i o n . • 
Theorem 8 . 6 . 2 . L e t R e P(X) and d e f i n e S by ( 8 . 6 . 1 ) . Then 
R e R(A, B; X) i f and o n l y i f 
R e I ( A , B; X) ( 8 . 6 . 5 ) 
and 
R = i n f S E S . . ( 8 . 6 . 6 ) 
— m f 
P r o o f . Suppose t h a t ( 8 . 6 . 5 ) and ( 8 . 6 . 6 ) a r e t r u e . Then 
F(R) * 0 . Tak ing F e F ( R ) , we h a v e from ( 8 . 6 . 6 ) , ( 8 . 6 . 3 ) , and ( 8 . 6 . 4 ) 
R = S . = S U = {A + BF I R(B) n R} i n r 1 
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and t h u s R e R(A, B; X ) . C o n v e r s e l y , i f R e R(A, B; X ) , t h e n F(R) * 0 , 
so t h a t ( 8 . 6 . 5 ) i s t r u e ; and i f F e F ( R ) , 
R = {A + BF I R(B) n R} = S n = S . _ 1 i n f 
by ( 8 . 6 . 4 ) and ( 8 . 6 . 3 ) . • 
8 . 7 . Supremal R e a c h a b i l i t y F l a t s 
Supremal r e a c h a b i l i t y f l a t s w i l l p l a y an i m p o r t a n t p a r t i n t h e 
a p p l i c a t i o n s of g e o m e t r i c me thod . I n t h i s s e c t i o n , we w i l l d i s c u s s 
t h e i r e x i s t e n c e and p r e s e n t some a l g o r i t h m s f o r t h e i r c o m p u t a t i o n . 
Theorem 8 . 7 . 1 . The s e t of f l a t s R(A, B; X) i s c l o s e d u n d e r 
t h e o p e r a t i o n of a d d i t o n . 
P r o o f . Le t R ± e R(A, B; X ) . Then A(R X + R ^ S R ± + R 2 + R ( B ) 
and by t h e RFA 
i e 2 
where 
R. n (ASJ. l l 
J - l + R ( B ) ) , i e 2 , j e n 
Def ine S J a c c o r d i n g t o 
.0 { 0 } ; S j ( R 1 + R 2 ) n (AS j - l + R ( B ) ) , j e n 
Thus 5 = {0} t h e n 
£ R n (AS 3 + R(B)) i e 2 
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and so S T h e r e f o r e , 
R^R^Sj + S jcSVy R2 
Hence R + R = S n , and t h e r e s u l t f o l l o w s by Theorem 8 . 6 . 2 . • 
R(A, B; X) i s n o t c l o s e d u n d e r i n t e r s e c t i o n and t h u s i t i s n o t 
a p r o j e c t i v e g e o m e t r y . L e t 
R(A, B; V) E {R : R e R(A, B; X) and R £ V e P(X)} 
Theorem 8 . 7 . 2 . Every f l a t V e R(X) c o n t a i n s a u n i q u e r e a c h ­
a b i l i t y f l a t , d e n o t e d by sup R(A, B; I / ) . 
P r o o f . S i n c e R(A, B; V) * cf> and i s c l o s e d unde r a d d i t i o n , t h e 
r e s u l t f o l l o w s from f i n i t e n e s s of R(A, B; V). • 
N e x t , two methods w i l l be p r e s e n t e d f o r t h e c o m p u t a t i o n of 
sup R(A, B; t / ) . 
Theorem 8 . 7 . 3 . L e t V = sup I (A, B; V) and sup R(A, B; I/) sup 
E R I f F e F(A, B; V ) , t h e n 
T h i s t heo rem w i l l be p r o v e d w i t h t h e a i d of t h e f o l l o w i n g two 
lemmas. 
Lemma 8 . 7 . 1 . Le t V e I (A, B; X ) , R(B Q ) £ R(B) n I/, F Q e F(l/) , 
and d e f i n e R E {A + BF Q | R(B ) } . I f F e F(l/) and B(F - F Q ) l / £ R(B Q ) , 
t h e n R = {A + BF I R ( B n ) } . 
sup sup 
R = {A + BF I R(B) n V } 
sup 1 sup ( 8 . 7 . 1 ) 
P r o o f . Le t R E {A + BF | R ( B Q ) } and 
2 9 6 
1 - i 
I / 1 E Z (A + B F Q ) J 1 R ( B Q ) , i e n 
j = l 
Then I / 1 = R ( B Q ) c R Suppose I / 1 £ R ^ Then 
= R(B ) + (A + BF ̂ l / 1 £ R(B ) + (A + BF) I / 1 + B(F - F Q ) I / 1 
S i n c e F e , (A + BF) t / 1 £ R and b e c a u s e F e F((/) and R (B^) £ I/, 
we have t h a t R^ £ I/, and h e n c e 
B(F - F Q ) ! / 1 £ B(F - F Q ) R 1 £ R ( B Q ) £ R± 
T h e r e f o r e , ( / 1 + ^ £ R ^ , so t h a t I/ 1 £ R ^ , i e n , and 
R = l / n £ R 
By i n t e r c h a n g i n g t h e r o l e s of F and F Q , we can i n f e r t h a t R^ £ R , and 
t h e r e s u l t f o l l o w s . • 
Lemma 8 . 7 . 2 . Le t R £ V e I ( A , B; X ) and s u p p o s e t h a t t h e i n n e r 
p r o d u c t b i l i n e a r form i s n o n d e g e n e r a t e on R . I f FQ e F ( R ) , t h e n t h e r e 
e x i s t s an F e F(l/) n F (R ) such t h a t 
F | R = FQ | R 
P r o o f . Le t R 9 S = (/ f o r some S e P ( X ) ( s e e Lemma 4 . 2 . 1 ) , and 
1 2 ^ i i i 
l e t {s , s , . . . , s } be a b a s i s f o r S . Then As = v + Bu , i e £ , 
f o r some v 1 e \J and u 1 e U. Le t F : P ( X ) — > P ( U ) b e any map such t h a t 
Fx = F n x ( x e R) and F s 1 = - u 1 , i e Z. Then F h a s t h e r e q u i r e d p r o p e r t i e s . 
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P roo f of Theorem 8 . 7 . 2 . L e t F e F ( f ) and 
sup 
R M A + BF R(B) n V } 1 sup 
S i n c e R(B) n V = R(BG) f o r some G : P(U) —> P ( U ) , and s i n c e sup 
(A + B F ) ^ " 1 (R(B) n l / ) c 1/ c [/, j e n 
sup — sup ~ — 
i t i s c l e a r t h a t R e R(A, B; I / ) . L e t R Q e R(A, B; V) b e a r b i t r a r y 
Then 
R = {A + BF | R(B) n R .} 
f o r some F Q : P(X) —> P(U) . S i n c e RQ e
 P
A + B F 0 0 » c l e a r l y 
RN c sup I ( A , B; I/) = 1/ U ~ sup 
c h o o s e , by Lemma 8 . 7 . 2 , F.. e F(R_) n F(V ) such t h a t F.. I R„ ^ 1 0 sup 1 1 0 
F_ I R_. I f x e 1/ , t h e n 0 1 0 sup 
B(F - F . ) x = (A + BF)x - (A + B F j x e V 
1 1 sup 
so t h a t 
R n = {A + BF, I R(B) n R n } c {A + BF I R(B) n V } U 1 U — 1 1 s u p 
= {A + BF I R(B) n V } (by Lemma 8 . 7 . 1 ) 1 sup 
= R 
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T h e r e f o r e , R e R(A, B; I/) i s s u p r e m a l and so R = P g u p * 
A g e n e r a l i z a t i o n of RFA p r o v i d e s a second method f o r t h e com­
p u t a t i o n of sup R(A, B; ^ g U p ) which does n o t r e q u i r e p r i o r c o m p u t a t i o n 
of F £ F ( l / ) sup 
Theorem 8 . 7 . 4 . D e f i n e t h e s e q u e n c e { S 3 } a c c o r d i n g t o 
5 ° = { 0 } ; S j E 1/ n ( A S 3 " 1 + R(B)) , j e n ( 8 . 7 . 2 ) sup — 
Then S 3 = R f o r j > dim V 
sup " sup 
P r o o f . I t can be e a s i l y shown by i n d u c t i o n t h a t t h e s e q u e n c e 
i i I {5 } i s m o n o n o t o n i c a l l y n o n d e c r e a s i n g and t h u s 5 = 5 f o r j > I = 
dim V . S i n c e 5 J c 1/ e I (A, B; X ) , we have sup — sup 
A ^ 5 + R(B>) n (AS 3 + R(B)) 
= 1/ n (AS 3 + R(B) 4- R(B)) sup 
= 5 3 + 1 + R(B) 
so t h a t AS^ C Sl + R(B) . S i n c e 5 3 c 5 ^ c (/ , j e n , ( 8 . 7 . 2 ) i m p l i e s 
t h a t 
5 3 = Sl n ( A S 3 " 1 + R ( B ) ) , j e n 
I I 
By Theorem 8 . 6 . 2 , 5 e R(A, B; I / ) , and t h u s 5 c R . O n t h e o t h e r 
— sup 
h a n d , R = R n , where sup 
R° = { 0 } ; R 3 = R n ( A R 3 " 1 + R ( B ) ) , j e n sup — 
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S i n c e R c V , i t f o l l o w s by i n d u c t i o n on j t h a t R c S 1 , j e n , sup — sup J J — J — 
I and t h e r e f o r e R - 5 . • sup 
8 . 8 . N o n i n t e r a c t i o n i n LSMs 
N o n i n t e r a c t i o n o r d e c o u p l i n g h a s b e e n a l o n g s t a n d i n g p r o b l e m 
of t h e o r e t i c a l and p r a c t i c a l i n t e r e s t i n t h e a r e a of d y n a m i c a l s y s t e m s . 
A l t h o u g h t h i s c o n c e p t h a s n e v e r b e e n a p p l i e d t o LSMs i n any p r a c t i c a l 
c o n t e x t , i t i s c o n c e i v a b l e t h a t i n t h e f u t u r e t h e i n c o r p o r a t i o n of 
n o n i n t e r a c t i n g c o n t r o l s w i l l b e of major i m p o r t a n c e i n c e r t a i n a s p e c t s 
of t h e d e s i g n p r o c e s s of l a r g e s c a l e LSMs and o t h e r mode l s i n t h e a r e a 
of a u t o m a t a t h e o r y . Here we w i l l p r e s e n t a b r i e f d i s c u s s i o n of a g e o ­
m e t r i c f o r m u l a t i o n of t h e d e c o u p l i n g p r o b l e m f o r LSMs and some r e l a t e d 
r e s u l t s f o r t h e p u r p o s e of i n d i c a t i n g an a p p l i c a t i o n of s u p r e m a l r e a c h ­
a b i l i t y f l a t s d i s c u s s e d i n t h e p r e v i o u s s e c t i o n s . 
Roughly s p e a k i n g , a m u l t i - i n p u t m u l t i - o u t p u t LSM i s d e c o u p l e d 
i f e a c h o u t p u t can b e i n d e p e n d e n t l y c o n t r o l l e d by a c o r r e s p o n d i n g i n p u t . 
To make t h i s n o t i o n more p r e c i s e , l e t t h e o u t p u t v e c t o r y ( k ) and t h e 
m a t r i x C of t h e LSM M = (A, B, C) be p a r t i t i o n e d a s 
y x ( k ) 
! ) 
C l 
y 2 ( k ) C 2 
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where y 1 ( k ) E GF(q) 1 and C £ GF(q) 1 , i e I, s + s 2 + . . . s ^ = 
r = dim V. Thus t h e o u t p u t r e l a t i o n of M can b e e x p r e s s e d a s 
y 1 ( k ) = C x ( k ) , i E I 
C o n s i d e r t h e f e e d b a c k law 
I 
u(k ) = Fx(k) + E G . v 1 ( k ) 
i = l 1 
Then a s o l u t i o n t o t h e d e c o u p l i n g p rob l em c o n s i s t s of f i n d i n g m a t r i c e s 
F and G , LET, such t h a t i n p u t v 1 ( k ) can c o n t r o l o u t p u t y 1 ( k ) w i t h o u t 
a f f e c t i n g any o t h e r o u t p u t y 3 ( k ) , j * i . 
I n o r d e r t o g i v e a g e o m e t r i c f o r m u l a t i o n of t h i s p r o b l e m , l e t 
R 1 d e n o t e t h e r e a c h a b i l i t y f l a t g e n e r a t e d by v 1 ( k ) , t h a t i s , 
R 1 E { A + B F | R(BG^)} E {A + BF | R(B) n R(G ) } , LET 
S i n c e t h e o u t p u t y 1 ( k ) i s t o b e c o n t r o l l e d c o m p l e t e l y by t h e i n p u t 
v 1 ( k ) , we must have 
C^R 1 = R ( G ± ) , i e I 
For v 1 ( k ) t o l e a v e t h e o u t p u t s y 3 (k) , j i , u n a f f e c t e d i t must be 
r e q u i r e d t h a t 
C jR 1 = { 0 } , j * i , i £ I 
Using t h e above o b s e r v a t i o n s , t h e d e c o u p l i n g p r o b l e m can b e s t a t e d i n 
g e o m e t r i c t e r m s a s f o l l o w s : Given A, B, and A / ( C ) , i E £ , d e t e r m i n e 
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a f e e d b a c k homomorphism F : P(X) —> P(U) and r e a c h a b i l i t y f l a t s 
R 1 e P ( X ) , i e £ , such t h a t 
R 1 = {A + BF | R(B) n R(G ) } , ± e l 
PCR 1 + W(C ) ) = P ( X ) , i e I 
I 
R 1 c n W ( C . ) , i e £ 
A s e t of r e a c h a b i l i t y f l a t s R 1 e P ( X ) , i e £ s a t i s f y i n g t h e s e c o n d i ­
t i o n s i s c a l l e d a s o l u t i o n t o t h e d e c o u p l i n g p r o b l e m . 
We w i l l s t a t e n e c e s s a r y and s u f f i c i e n t c o n d i t i o n s f o r t h e 
s o l v a b i l i t y of t h e d e c o u p l i n g p rob l em f o r LSMs i n c e r t a i n s p e c i a l 
c a s e s . The p r o o f s of t h e s e a s s e r t i o n s a r e e s s e n t i a l l y t h e same a s t h o s e 
g i v e n i n [111] f o r c o n v e n t i o n a l c o n t i n u o u s - t i m e l i n e a r s y s t e m s o v e r t h e 
f i e l d of r e a l numbers and t h u s w i l l n o t b e r e p r o d u c e d h e r e . 
I n t h e r e m a i n d e r of t h i s s e c t i o n , l e t R* d e n o t e t h e s u p r e m a l 
sup 
r e a c h a b i l i t y f l a t such t h a t 
I 
R 1 c n W ( C . ) , ±zl 
j i 
Case 1 . Rank C = n = r 
T h i s a s s u m p t i o n means t h a t t h e r e i s a o n e - t o - o n e c o r r e s p o n d e n c e 
b e t w e e n s t a t e v a r i a b l e s and o u t p u t v a r i a b l e s . F u r t h e r m o r e , i n v i ew of 
( 8 . 8 . 1 ) , r a n k C = n i m p l i e s t h a t 
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I 
Theorem 8 . 8 . 1 . Suppose t h a t ( 8 . 8 . 2 ) h o l d s . Then a s o l u t i o n 
t o t h e d e c o u p l i n g p rob lem e x i s t s i f and o n l y i f 
o U p 1 
Case 2 . Rank G = R a n k t G ^ G 2 , . . . , G^] = m ( 8 . 8 . 3 ) 
T h i s a s s u m p t i o n i s e q u i v a l e n t t o 
I 
R(B) = E R(B) n R 1 ( 8 . 8 . 4 ) 
1=1 
where R 1 , l e t , i s any f i x e d s o l u t i o n of t h e d e c o u p l i n g p r o b l e m f o r 
which ( 8 . 8 . 3 ) h o l d s . The e q u i v a l e n c e of ( 8 . 8 . 3 ) and ( 8 . 8 . 4 ) f o l l o w s 
from t h e f a c t t h a t r a n k G = m i m p l i e s t h a t dim R(G) = m, or R(G) = U 
and t h u s 
I 
R(B) = BU = BR(G) = B Z R(G.) c R(B) n R 1 £ R(B) 
1=1 1 
Theorem 8 . 8 . 2 . Suppose t h a t ( 8 . 8 . 4 ) h o l d s . Then a s o l u t i o n 
t o t h e d e c o u p l i n g p r o b l e m e x i s t s i f and o n l y i f 
I 
R(B) = Z R(B) n R 1 
i - 1 S u p 
n W(C.) = {0} ( 8 . 8 . 2 ) 
i = l 1 
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Case 3 . Rank B = I 
T h i s a s s u m p t i o n means t h a t t h e r e i s a o n e - t o - o n e c o r r e s p o n d e n c e 
be tween t h e i n p u t s and t h e o u t p u t s . Rank B = I i m p l i e s t h a t 
dim R(B) = I ( 8 . 8 . 5 ) 
Theorem 8 . 8 . 3 . I f ( 8 . 8 . 5 ) h o l d s , t h e n t h e d e c o u p l i n g p r o b l e m 
h a s a s o l u t i o n i f and o n l y i f 
I 
R(B) = E R(B) n R 1 
i = l S U P 
We w i l l c o n c l u d e t h i s c h a p t e r w i t h a f i n a l o b s e r v a t i o n : I t 
can be shown t h a t e v e r y p r o j e c t i v e geomet ry i s a modu la r l a t t i c e , and 
e v e r y a f f i n e geomet ry i s a semimodula r l a t t i c e . T h u s , t h e c o n t e n t s 
of t h i s c h a p t e r can a l s o b e couched i n t h e l a n g u a g e of l a t t i c e t h e o r y 
( c f . [ 1 1 9 ] ) . I t a p p e a r s t h a t an e f f e c t i v e e x p l o i t a t i o n of t h e i n t e r ­
c o n n e c t i o n s among l i n e a r s e q u e n t i a l m a c h i n e s , c o d i n g t h e o r y , f i n i t e 
p r o j e c t i v e and a f f i n e g e o m e t r i e s , and l a t t i c e t h e o r y w a r r a n t s much 
f u r t h e r r e s e a r c h . 
Summary and C o n c l u s i o n s 
In t h i s c h a p t e r , u s i n g t h e l a n g u a g e of f i n i t e a f f i n e and p r o ­
j e c t i v e g e o m e t r i e s , c e r t a i n s t a t e r e a c h a b i l i t y a s p e c t s of a g e o m e t r i c 
t h e o r y which was r e c e n t l y i n t r o d u c e d by Wonham and Morse [ 1 1 1 ] , [ 1 1 2 ] , 
[ 1 1 3 ] , and i n d e p e n d e n t l y by B a s i l e and Marro [ 5 ] , [ 6 ] , [7] f o r 
c o n t i n u o u s - t i m e l i n e a r s y s t e m s , were a d a p t e d and s p e c i a l i z e d f o r LSMs 
( c f . [ 5 ] , [ 6 ] , [ 7 ] , [ 8 ] , [ 9 ] , [ 1 0 ] , [ 8 0 ] , [ 8 1 ] , [ 8 3 ] , [ 8 4 ] , [ 8 5 ] , [ 1 0 8 ] , 
[ 1 1 1 ] , [ 1 1 2 ] , [ 1 1 3 ] , [ 1 1 4 ] ) . 
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CHAPTER IX 
OUTPUT REACHABILITY AND OUTPUT CONTROLLABILITY OF LSMS 
S i m i l a r t o t h e c o n c e p t s of s t a t e r e a c h a b i l i t y and s t a t e c o n ­
t r o l l a b i l i t y , i t makes s e n s e t o d e f i n e t h e n o t i o n s of o u t p u t r e a c h -
a b i l i y t and o u t p u t c o n t r o l l a b i l i y t f o r LSMs w h i c h , g e n e r a l l y s p e a k i n g , 
r e f e r t o t h e t r a n s f e r a b i l i t y of i n i t i a l o u t p u t s t o f i n a l o u t p u t s by 
i n p u t s e q u e n c e s of f i n i t e l e n g t h s . I n v iew of t h e f a c t t h a t s t a t e s 
and o u t p u t s of t h e LSM M = (A, B, C) a r e c o n n e c t e d by t h e l i n e a r map 
C : X —> V, i t i s n a t u r a l t o e x p e c t t h a t most of t h e r e s u l t s d e v e l o p e d 
f o r t h e p r o p e r t i e s of s t a t e r e a c h a b i l i t y and s t a t e c o n t r o l l a b i l i t y may 
b e e a s i l y checked t o s e e i f t h e y can b e a p p r o p r i a t e l y m o d i f i e d t o 
y i e l d s i m i l a r r e s u l t s f o r o u t p u t r e a c h a b i l i t y and o u t p u t c o n t r o l l a b i l i t y . 
T h e r e f o r e , b a s e d on t h i s u n d e r s t a n d i n g , i n t h i s c h a p t e r we w i l l o n l y 
v e r y b r i e f l y d i s c u s s t h e c o n c e p t of o u t p u t r e a c h a b i l i t y of LSMs. 
9 . 1 . Ou tpu t R e a c h a b i l i t y of LSMs 
T h i s s e c t i o n i s e s s e n t i a l l y an i m i t a t i o n of S e c t i o n 4 . 1 w i t h 
t h e aim of p o i n t i n g o u t t h e t y p e of m o d i f i c a t i o n s t h a t have t o b e made 
f o r c o n v e r t i n g c e r t a i n s t a t e r e a c h a b i l i t y c r i t e r i a t o c o r r e s p o n d i n g 
o u t p u t r e a c h a b i l i t y c r i t e r i a . 
Throughou t t h i s c h a p t e r , r E dim V. 
1 
D e f i n i t i o n 9 . 1 . 1 . An o u t p u t y * 0^ of t h e LSM M = (A, B, C) 
i s s a i d t o b e reachable from t h e o u t p u t y^ e V i f t h e r e e x i s t s an 
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i n p u t s e q u e n c e w e U* which t r a n s f e r s t o y ^ ; i f £g(w) = <£., t h e n 
i s s a i d t o b e l-reachable from y ^ . The LSM M i s s a i d t o b e l~ 
output Teachable i f e v e r y o u t p u t of M i s ^ - r e a c h a b l e f o r a t l e a s t one 
p a r t i c u l a r I. The s m a l l e s t i n t e g e r I f o r which M i s ^ - o u t p u t r e a c h ­
a b l e i s c a l l e d t h e output reachability index of M. 
Now i f we d e f i n e 
( °) 0 ]/ = { o u t p u t s r e a c h a b l e from y } 
e ( ° ) 0 y. = { o u t p u t s r e a c h a b l e from y i n 
3 e x a c t l y j c l o c k p e r i o d s } 
( °) 0 Y. = { o u t p u t s r e a c h a b l e from y i n 
3 a t mos t j c l o c k p e r i o d s } 
t h e n Lemma 4 . 1 . 1 - Lemma 4 . 1 . 4 a l s o h o l d f o r t h e above o u t p u t s e t s and 
can b e r e s t a t e d a s f o l l o w s : 
0 0 0 e 0 00 0 
Lemma 9 . 1 . 1 . Y^ ) = u ^ y } = u Y(y } 
j=0 J j=0 3 
Lemma 9 . 1 . 2 . ^ y } £ ! ^ > c . . . £ / y > 
Lemma 9 . 1 . 3 . I f t h e r e e x i s t s an i n t e g e r t such t h a t Y , = 
( °̂  t YI7 } f o r a l l t ' > t , t h e n t ' 
f 0. 0  0. , 0N t e . 0N 
y < y > = u y^y > = y < y ) = u y < y ) 
j - o 3 J « 0 3 
Lemma 9 . 1 . 4 . Le t M = (A, B, C) b e an LSM w i t h an o u t p u t y ° z Y 
f o r wh ich t h e r e e x i s t s an i n t e g e r j such t h a t 
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Then 
y ( y ) = y ( y ) 
With t h e a i d of t h e above r e s u l t s and n o t a t i o n , t h e f o l l o w i n g 
t heo rem can b e p r o v e d i n p r e c i s e l y t h e same manner a s Theorem 4 . 1 . 3 . 
Theorem 9 . 1 . 1 . Every o u t p u t of t h e n - d i m e n s i o n a l LSM M = 
(A, B, C ) , r e a c h a b l e from t h e z e r o o u t p u t 0 y , can b e r e a c h e d i n a t 
most r c l o c k p e r i o d s , t h a t i s , V = V . 
Theorem 9 . 1 . 2 . For t h e LSM M = (A, B, C) t h e s e t of a l l r e a c h ­
a b l e o u t p u t s from t h e z e r o o u t p u t 0y i n a t most I c l o c k p e r i o d s i s t h e 
r a n g e of t h e l i n e a r map 
K = [ C A ^ B , C A ^ " 2 B , . . . , CAB, CB] : U* —> V o 
Tha t i s 
P r o o f . S i n c e a z e r o i n p u t l e a v e s t h e z e r o s t a t e 0^ unchanged 
and 0y = C0^, i f an o u t p u t y can b e r e a c h e d from t h e z e r o o u t p u t by 
a p p l y i n g an i n p u t s e q u e n c e u ( 0 ) u ( l ) . . . u ( j - l ) of l e n g t h j < £ , t h e n 
y can a l s o b e r e a c h e d from 0y by f i r s t a p p l y i n g t h e i n p u t s e q u e n c e 
0 , t h a t i s , a s t r i n g of £ - j s u c c e s s i v e z e r o i n p u t s , and t h e n a p p l y ­
i n g u ( 0 ) u ( l ) . . . u ( j - l ) . T h u s , f o r a l l u ( 0 ) u ( l ) . . . u ( j - l ) e U* () e(~) ~ (®v^ 
and a l l j < I, = • T h e r e f o r e , y e V i f and o n l y i f 
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t h e r e e x i s t s an i n p u t s e q u e n c e u ( 0 ) u ( l ) . . . u ( -£ - l ) of l e n g t h e x a c t l y 
I s uch t h a t 
y = CA 0 V + Z CA J B u ( j ) 
X j - 0 
o r 
l-l 1-7 
y = [CA B, CA B , . . . , CAB, CB] 
r u ( 0 ) 
u ( l ) 
[UU-D J 
Thus y e R(K ) • • 
With t h e a i d of Theorem 9 . 1 . 1 , we can d e r i v e a s i m p l e c r i t e r i o n 
f o r c h e c k i n g t h e o u t p u t r e a c h a b i l i t y of an LSM. 
Theorem 9 . 1 . 3 . The LSM M = (A, B, C) i s o u t p u t r e a c h a b l e i f 
and o n l y i f 
r a n k t C A 1 1 " ^ , C A n ~ 2 B , . . . , CAB, CB] = r = dim V 
P r o o f . The LSM M = (A, B, C) i s o u t p u t r e a c h a b l e i f and o n l y 
by Theorem 9 . 1 . 1 , i f and o n l y i f , 
(0y) (0y) (Oy) 
i f V = V o r , s i n c e V = V 
r 
dim V = dim V 
r = dim R([CA n 1 B , CAR 2 B , . . . , CAB, CB]) 
r = r a n k [ C A n 1 B , CA n 2 B , . . . , CAB, CB] Q 
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A t r i v i a l c o n s e q u e n c e of t h i s t heo rem i s t h a t e v e r y s i n g l e -
o u t p u t LSM i s o u t p u t r e a c h a b l e . 
I t i s c l e a r t h a t t h e o u t p u t r e a c h a b i l i t y c r i t e r i o n of Theorem 
9 . 1 . 3 i s s i m i l a r t o t h e s t a t e r e a c h a b i l i t y c r i t e r i o n of Theorem 4 . 1 . 4 . 
In f a c t , t h e s e c r i t e r i a become i d e n t i c a l i f r = n and C = I . T h e r e -
n 
f o r e , o u t p u t r e a c h a b i l i t y i m p l i e s s t a t e r e a c h a b i l i t y f o r t h e LSM M = 
(A, B, C) o n l y i f r = n and C i s n o n s i n g u l a r . On t h e o t h e r h a n d , i t 
i s e a s y t o s e e t h a t s t a t e r e a c h a b i l i t y i m p l i e s o u t p u t r e a c h a b i l i t y i f 
and o n l y i f r a n k C = r . T h u s , i n g e n e r a l , s t a t e r e a c h a b i l i t y i s n e i t h e r 
n e c e s s a r y n o r s u f f i c i e n t f o r o u t p u t r e a c h a b i l i t y . 
C o r o l l a r y 9 . 1 . 1 . The LSM M = (A, B, C) i s o u t p u t r e a c h a b l e i f 
and o n l y i f t h e m a t r i x 
K K T = ^ C A ^ - W a V ^ - V e G F ( q ) r x r 
° ° j-0 
i s n o n s i n g u l a r . 
C o r o l l a r y 9 . 1 . 2 . The LSM M = (A, B, C) i s ^ - o u t p u t reachable 
I < n , i f and o n l y i f 
l-l 1-2 rank[CA B, CA B , . . . , CAB, CB] = r 
C o r o l l a r y 9 . 1 . 3 . L e t t h e m i n i m a l p o l y n o m i a l of A b e of d e g r e e 
s < n . Then t h e LSM M = (A, B, C) i s 1 - o u t p u t r e a c h a b l e f o r some 
I > s , i f and o n l y i f i t i s s - o u t p u t r e a c h a b l e . 
I n a p p l y i n g Theorem 9 . 1 . 3 i t i s r e q u i r e d t o compute t h e e n t i r e 
o u t p u t r e a c h a b i l i t y m a t r i x K q . However , i n many c a s e s t h e o u t p u t 
r e a c h a b i l i t y p r o p e r t y can be checked by c o n s i d e r i n g a m a t r i x of r e l a ­
t i v e l y s m a l l e r s i z e . T h i s s i m p l i f i c a t i o n i s b a s e d on t h e f o l l o w i n g r e s u l t . 
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Theorem 9 . 1 . 4 . I f j i s t h e l e a s t i n t e g e r such t h a t r a n k [ C B , 
CAB,. . . , CA JB] = r a n k [ C B , CAB,. . . , C A J + 1 B ] , t h e n r a n k [CB, CAB, 
9 1 
. . . , CA B] = r a n k [ C B , CAB,. . . , CA JB] f o r a l l I < j , and j < min 
{ n - s , n - l } , where s = r a n k CB and n i s t h e d e g r e e of t h e m i n i m a l p o l y ­
n o m i a l of A. 
C o r o l l a r y 9 . 1 . 4 . ( S i m p l i f i e d Ou tpu t R e a c h a b i l i t y C r i t e r i o n ) 
I f r a n k CB = s , t h e n t h e LSM M = (A, B, C) i s o u t p u t r e a c h a b l e i f and 
o n l y i f r a n k [ C B , CAB,. . . , C A n _ S B ] = r . 
C o r o l l a r y 9 . 1 . 5 . I f r a n k CB = s , t h e n t h e LSM M = (A, B, C) 
v v T r x r 
i s o u t p u t r e a c h a b l e i f and o n l y i f K Q K e G F ( q ) i s n o n s i n g u l a r , 
v n - s where K e [CB, CAB,. . . , CA B ] . o 
I n a s i m i l a r manner v a r i o u s o t h e r c o n c e p t s and r e s u l t s p e r ­
t a i n i n g t o t h e p r o p e r t i e s of s t a t e r e a c h a b i l i t y and s t a t e c o n t r o l l a b i l i t y 
p r e s e n t e d i n t h e p r e v i o u s c h a p t e r s may b e a p p r o p r i a t e l y m o d i f i e d and 
a d a p t e d f o r o u t p u t r e a c h a b i l i t y and o u t p u t c o n t r o l l a b i l i t y of LSMs. 
Summary and C o n c l u s i o n s 
I n t h i s c h a p t e r i t was b r i e f l y d e m o n s t r a t e d t h a t a l t h o u g h 
s t a t e r e a c h a b i l i t y and o u t p u t r e a c h a b i l i t y a r e e s s e n t i a l l y d i s t i n c t 
c o n c e p t s i n t h e s e n s e t h a t , i n g e n e r a l , one does n o t imply t h e o t h e r , 
n e v e r t h e l e s s t h e s i m p l e m a t h e m a t i c a l r e l a t i o n s h i p be tween t h e s t a t e 
and o u t p u t of a Mealy LSM may b e u t i l i z e d t o s e e , i n a s t r a i g h t f o r w a r d 
manner , i f any g i v e n s t a t e r e a c h a b i l i t y c r i t e r i o n can be r e s t a t e d i n 
t e r m s of t h e o u t p u t r e a c h a b i l i t y p r o p e r t y of LSMs. I n v i ew of t h i s 
f a c t and i n t h e i n t e r e s t of a v o i d i n g u n n e c e s s a r y r e p e t i t i o n , an e x t e n ­
s i v e d e v e l o p m e n t and d o c u m e n t a t i o n of t h e c o n c e p t s of o u t p u t r e a c h ­
a b i l i t y and o u t p u t c o n t r o l l a b i l i t y was n o t p u r s u e d . 
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CHAPTER X 
OBSERVABILITY AND STATE OBSERVER DESIGN FOR LSMS 
T h i s c h a p t e r w i l l be d e v o t e d t o a b r i e f d i s c u s s i o n of t h e c o n ­
c e p t of s t a t e o b s e r v a b i l i t y of LSMs and some of i t s a p p l i c a t i o n s . A 
c o m p l e t e d u a l i t y r e l a t i o n s h i p w i l l b e e s t a b l i s h e d b e t w e e n t h e p r o p e r t i e s 
of s t a t e r e a c h a b i l i t y and s t a t e o b s e r v a b i l i t y which can be used t o r e ­
s t a t e , i n a s t r a i g h t f o r w a r d manne r , a l l t h e r e s u l t s p e r t a i n i n g t o 
r e a c h a b i l i t y i n t e r m s of o b s e r v a b i l i t y . The i m p o r t a n t r o l e of t h e 
p r o p e r t y of o b s e r v a b i l i t y w i l l be i l l u s t r a t e d by p r e s e n t i n g some 
d e s i g n p r o c e d u r e s f o r L u e n b e r g e r t y p e s t a t e o b s e r v e r s of f u l l and 
r e d u c e d o r d e r f o r s i n g l e - o u t p u t and g e n e r a l m u l t i v a r i a b l e LSMs. 
1 0 . 1 . S t a t e O b s e r v a b i l i t y of LSMs 
C l o s e l y l i n k e d w i t h t h e n o t i o n of s t a t e r e a c h a b i l i t y of LSMs 
i s t h e d u a l n o t i o n of observability, o r diagnosability. L o o s e l y 
s p e a k i n g , o b s e r v a b i l i t y r e f e r s t o t h e p o s s i b i l i t y of r e c o n s t r u c t i n g 
t h e s t a t e from o u t p u t m e a s u r e m e n t s . T h u s , t h e d u a l r e l a t i o n s h i p 
be tween r e a c h a b i l i t y and o b s e r v a b i l i t y i s i n t u i t i v e l y c l e a r : an LSM 
i s r e a c h a b l e i f e v e r y s t a t e can be r e a c h e d by a s u i t a b l e c h o i c e of 
i n p u t s e q u e n c e s ; i t i s o b s e r v a b l e i f e v e r y s t a t e can b e computed by 
s u i t a b l e p r o c e s s i n g of o u t p u t s . 
In d i s c u s s i n g s t a t e r e a c h a b i l i t y and o t h e r s t a t e r e l a t e d c o n ­
c e p t s , i t was a lways i m p l i c i t l y assumed t h a t t h e e n t i r e s t a t e v e c t o r 
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i s a v a i l a b l e . S u p p o s e , howeve r , t h a t t h e s t a t e v e c t o r o r some s u b -
v e c t o r of i t i s n o t d i r e c t l y a c c e s s i b l e f o r m e a s u r e m e n t . Then t h e 
n a t u r a l q u e s t i o n of i n t e r e s t i s how t o " o b s e r v e " t h e d y n a m i c a l b e h a v i o r 
of t h e e n t i r e s t a t e v e c t o r i f t h e o n l y a v a i l a b l e measu remen t s a r e t h e 
o u t p u t components y ^ ( k ) , i e r^. I n o t h e r w o r d s , s u p p o s e t h a t a " b l a c k 
box" h a v i n g t h e s t r i n g u ( 0 ) u ( l ) . . . u ( £ - l ) a s i t s i n p u t and y ( l ) y ( 2 ) 
. . . y ( £ ) a s i t s o u t p u t i s i n s t a t e x ^ . How can we v e r i f y t h a t t h e 
"box" i s i n f a c t i n s t a t e x^ w i t h o u t " o p e n i n g " i t ? T h i s s t a t e d e t e r ­
m i n a t i o n p rob lem can be s o l v e d by a p p l y i n g i n p u t s t o t h e g i v e n LSM 
and c h e c k i n g t h a t t h e r e s u l t i n g o u t p u t s a r e i n d e e d a p p r o p r i a t e t o 
t h e LSM s t a r t e d i n s t a t e x ^ , t h a t i s , by f e e d i n g s e q u e n c e s w e U* and 
c h e c k i n g t h e r e s p o n s e s p q(w), whe re 
x 
p Q : U* —> y , w | > p Q ( w ) = n ( < K x ° ) , w) 
X X 
I f two s t a t e s x^ and x"*" of t h e LSM h a v e i d e n t i c a l r e s p o n s e f u n c t i o n s , 
t h e n t h e r e i s no way of t e l l i n g "from t h e o u t s i d e " w h e t h e r t h e LSM i s 
i n s t a t e x^ o r i n s t a t e x''". T h i s s u g g e s t s t h e f o l l o w i n g d e f i n i t i o n 
of o b s e r v a b i l i t y . 
D e f i n i t i o n 1 0 . 1 . 1 . The LSM M = (A, B, C) i s observable i f 
f o r e v e r y p a i r of d i s t i n c t s t a t e s x^ and x^ t h e r e e x i s t s a t l e a s t one 
i n p u t s e q u e n c e t o which t h e y r e s p o n d d i f f e r e n t l y , t h a t i s , t h e r e 
e x i s t s w e U* s uch t h a t p q(w) * P ^ ( w ) . 
x x 
T h i s r e s u l t i m p l i e s s t a t e d e t e r m i n a b i l i t y i n t h e f o l l o w i n g 
s t r o n g e r s e n s e . 
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D e f i n i t i o n 1 0 . 1 . 2 . The LSM M = (A, B , C) i s s a i d t o b e l-
observable i f and o n l y i f e v e r y i n i t i a l s t a t e x ( 0 ) of M can b e d e t e r ­
mined from t h e i n p u t - o u t p u t r e c o r d ( u ( O ) u ( l ) . . . u ( £ - l ) } , ( y ( l ) y ( 2 ) 
. . . y ( £ ) } . The s m a l l e s t i n t e g e r l^ f o r which M i s £ Q - o b s e r v a b l e i s 
c a l l e d t h e observability index of M. 
T h e r e f o r e , t h e p r o p e r t y of o b s e r v a b i l i t y r e f e r s t o d e d u c i n g 
t h e p r e s e n t s t a t e of an LSM from future o u t p u t o b s e r v a t i o n s . However , 
t h e r e i s a complementary s t a t e d e t e r m i n a t i o n p r o b l e m c a l l e d recon-
structibility3 determinability3 o r identifiability which r e f e r s t o 
d e d u c i n g t h e p r e s e n t s t a t e from t h e past o u t p u t r e c o r d . T h i s p r o p e r t y 
i s e s s e n t i a l i n d a t a f i l t e r i n g p r o b l e m s s i n c e u s u a l l y p a s t o u t p u t 
v a l u e s a r e a v a i l a b l e i n such s i t u a t i o n s . I t t u r n s o u t t h a t f o r t i m e -
i n v a r i a n t LSMs s t a t e o b s e r v a b i l i t y and s t a t e r e c o n s t r u c t i b i l i t y imply 
each o t h e r . 
I n o r d e r t o d e r i v e e x p l i c i t c r i t e r i a f o r c h e c k i n g o b s e r v a b i l i t y 
and a l s o f o r t h e p u r p o s e of e s t a b l i s h i n g t h e r e l a t i o n s h i p b e t w e e n t h e 
p r o p e r t i e s of s t a t e o b s e r v a b i l i t y and s t a t e r e a c h a b i l i t y , we w i l l 
e x p l o i t t h e c o n n e c t i o n b e t w e e n t h e n o t i o n s of o b s e r v a b i l i t y and i n d i s -
t i n g u i s h a b i l i t y e s t a b l i s h e d i n D e f i n i t i o n 1 0 . 1 . 1 . 
1 2 
I n S e c t i o n 3 . 4 , i t was n o t e d t h a t two s t a t e s x and x of t h e 
1 2 






But by Lemma 8 . 2 . 2 , W(L) = R C L 7 ) 1 SO t h a t we h a v e t h e f o l l o w i n g e q u i v a ­
l e n t c h a r a c t e r i z a t i o n of £ - i n d i s t i n g u i s h a b i l i t y . 
1 2 
Lemma 1 0 . 1 . 1 . Two s t a t e s x and x of t h e LSM M = (A, B, C) 
a r e ^ - i n d i s t i n g u i s h a b l e i f and o n l y i f - e ^ (L 7 ) " 1 " , t h a t i s , i f 
1 2 
and o n l y i f t h e v e c t o r x - x i s o r t h o g o n a l t o 
R(LT) = R([CT, AV, (AT)2CT,. . ., (kT)1 V]) ( 1 0 . 1 . 1 ) 
Comparing ( 1 0 . 1 . 1 ) w i t h t h e s t a t e r e a c h a b i l i t y m a t r i x K = [B, AB, 
2 l-l 
A B , . . . , A B ] , we i m m e d i a t e l y s e e t h a t ( 1 0 . 1 . 1 ) can be i n t e r p r e t e d 
a s t h e s e t of a l l s t a t e s of t h e LSM 
z ( k + l ) = A T z ( k ) + C T v ( k ) ( 1 0 . 1 . 2 ) 
r e a c h a b l e , i n a t most I s t e p s , from t h e z e r o s t a t e of ( 1 0 . 1 . 2 ) . Now 
l e t t i n g d e n o t e t h e s e t of s t a t e s of ( 1 0 . 1 . 2 ) t h a t a r e r e a c h a b l e 
from t h e z e r o s t a t e i n a t most I s t e p s , and S ° be t h e s e t of a l l s t a t e s 
r e a c h a b l e from t h e z e r o s t a t e , t h e n c l e a r l y 5 ^ .. c S« c S ° c S ° , and 
l-l — Z — n — 
Lemma 1 0 . 1 . 1 can b e e q u i v a l e n t l y r e s t a t e d a s f o l l o w s . 
1 2 
Lemma 1 0 . 1 . 2 . Two s t a t e s x and x of t h e LSM M = (A, B, C) 
a r e I-indistinguishable i f and o n l y i f x^~ - x^ e S ^ 1 . 
The above d i s c u s s i o n l e a d s t o t h e f o l l o w i n g i m p o r t a n t r e s u l t . 
Theorem 1 0 . 1 . 1 . The LSM M = (A, B, C) i s o b s e r v a b l e i f and 
o n l y i f t h e LSM M° : z ( k + l ) = A T z ( k ) + C T v ( k ) i s r e a c h a b l e . 
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1 2 
P r o o f . Le t x and x b e any two a r b i t r a r y s t a t e s of M. Then 
by d e f i n i t i o n M i s o b s e r v a b l e i f and o n l y i f i n d i s t i n g u i s h a b i l i t y of 
1 2 1 2 x and x i m p l i e s t h a t x = x . Thus i n v iew of Lemma 1 0 . 1 . 2 , M i s 
o b s e r v a b l e i f and o n l y i f (x^ - x^) e S ^ 1 f o r a l l I > 0 i m p l i e s t h a t 
1 2 1 2 x = x . Tha t i s , M i s o b s e r v a b l e i f and o n l y i f (x - x ) e 
(S° = S0)1 i m p l i e s t h a t x 1 = x ^ . But t h i s i m p l i e s t h a t M i s o b s e r v -n 
a b l e i f and o n l y i f S Q l = ( 0 ^ } , t h a t i s , t h e o n l y v e c t o r o r t h o g o n a l 
t o a l l t h e r e a c h a b l e s t a t e s of M° i s 0 ^ . Thus S° = { O ^ } 1 = X° . 
T h e r e f o r e , M i s o b s e r v a b l e i f and o n l y i f a l l s t a t e s of M° a r e r e a c h ­
a b l e . • 
C o r o l l a r y 1 0 . 1 . 1 . The LSM M = ( A , B, C) of d i m e n s i o n n i s 
o b s e r v a b l e i f and o n l y i f 
r a n k ( [ C T , A V , . . . , ( A T ) n _ 1 C T ] ) = n ( 1 0 . 1 . 3 ) 
I n t e r m s of t h e c o n d i t i o n ( 1 0 . 1 . 3 ) , t h e o b s e r v a b i l i t y i n d e x 
I of D e f i n i t i o n 1 0 . 1 . 2 can b e c h a r a c t e r i z e d a s o 
I = m i n ( j : r a n k ( [ C T , A T C T , . . . , ( A T ) j _ 1 C T ] ) = n} ( 1 0 . 1 . 4 ) 
I f we d e f i n e t h e d u a l of t h e LSM M = (A, B , C) t o b e t h e LSM 
M° = ( A T , C T , B T ) , t h e n we h a v e p r o v e d t h e c e l e b r a t e d Kalman D u a l i t y 
Theorem of c o n v e n t i o n a l l i n e a r s y s t e m s f o r l i n e a r m a c h i n e s . 
Theorem 1 0 . 1 . 2 . ( D u a l i t y Theorem) The LSM M = (A, B, C) i s 
o b s e r v a b l e ( r e a c h a b l e ) i f and o n l y i f i t s d u a l M° = ( A T , C T , B T ) i s 
r e a c h a b l e ( o b s e r v a b l e ) . 
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B e f o r e we d i s c u s s t h e i m p l i c a t i o n s of t h i s d u a l i t y r e l a t i o n ­
s h i p f o r LSMs, we want t o r e e x a m i n e t h e l i n k be tween t h e c o n c e p t s of 
i n d i s t i n g u i s h a b i l i t y and o b s e r v a b i l i t y i n g e o m e t r i c t e r m s . 
From D e f i n i t i o n 1 0 . 1 . 1 , i t f o l l o w s t h a t a s t a t e x of t h e LSM 
M = (A, B, C) i s u n o b s e r v a b l e i f and o n l y i f x ^ 0 . But 
x ^ 0 < ^ x £ W(L) 
c V 
CA 0 
• X = • 
. n - l 0 CA 
V. J 
<=^> CA^ ! x = 0 , j e n 
x e N(CA3 1 ) , j e n 
x e n W(CAJ ) 
j = l 
T h e r e f o r e , 
Z E n N(CA J ) ( 1 0 . 1 . 5 ) 
i s t h e u n o b s e r v a b l e s u b s p a c e of t h e LSM M = ( A , B, C ) . C l e a r l y AZ £ Z, 
Thus t h e o r t h o g o n a l complement Z 1 of ( 1 0 . 1 . 5 ) i s t h e s e t of o b s e r v a b l e 
s t a t e s of M. C o n s e q u e n t l y M i s o b s e r v a b l e i f and o n l y i f Z = {0^} o r 
e q u i v a l e n t l y , i f and o n l y i f 
z 1 = { o x } 1 = x ° ( 1 0 . 1 . 6 ) 
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Us ing t h e above r e s u l t s , we w i l l p r e s e n t a d i f f e r e n t p r o o f of 
t h e D u a l i t y Theorem. 
Theorem 1 0 . 1 . 3 . ( D u a l i t y Theorem) Le t C : X — > V and A : 
X - X be l i n e a r maps wi th duals C : V — > X and A : X X°. 
Then t h e LSM M = (A, B, C) i s o b s e r v a b l e ( r e a c h a b l e ) i f and o n l y i f t h e 
d u a l LSM M° = ( A T , C T , B T ) i s r e a c h a b l e ( o b s e r v a b l e ) . 
P r o o f . I n v iew of ( 1 0 . 1 . 5 ) and Lemma 8 . 2 . 2 , we h a v e 
o 
' - 1 
n N(CA3 ) = E 
j = l 
N(CA3 X ) 
E ( A 7 ) 3 " 1 R (C T ) = R ( [ C T , c V , . . , ( A T ) n _ 1 C T ] ) 
{A T R ( C T ) } ( 1 0 . 1 . 7 ) 
T h e r e f o r e , H = { 0 . , } , t h a t i s , M i s o b s e r v a b l e i f and o n l y i f o A 
{A T | R ( C T ) } = X°, t h a t i s , i f and o n l y i f M° i s r e a c h a b l e . • 
The o b s e r v a b i l i t y i n d e x ZQ g i v e n by ( 1 0 . 1 . 4 ) can b e a l t e r ­
n a t i v e l y c h a r a c t e r i z e d i n t e r m s of ( 1 0 . 1 . 5 ) and ( 1 0 . 1 . 7 ) a s f o l l o w s : 
I = min{ j : n /^(CA 1 = {0}} 
° i = l 
( 1 0 . 1 . 8 ) 
j - j - i — l 
I = min{ j : E ( A 1 ) R(C ) = X°} 
° i = l 
( 1 0 . 1 . 9 ) 
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1 0 . 2 . Consequences of t h e D u a l i t y Theorem 
The D u a l i t y Theorem i s c e r t a i n l y a f o r t u n a t e r e s u l t i n t h a t i t 
o b v i a t e s t h e n e c e s s i t y of d e v e l o p i n g a s e p a r a t e d e t a i l e d o b s e r v a b i l i t y 
t h e o r y f o r LSMs. I n v i ew of t h i s d u a l i t y r e l a t i o n s h i p , a l l t h e r e ­
s u l t s i n C h a p t e r s IV, V, V I , V I I , and V I I I p e r t a i n i n g t o s t a t e r e a c h ­
a b i l i t y can be d u a l i z e d , i n a s t r a i g h t f o r w a r d manner , t o y i e l d t h e 
c o r r e s p o n d i n g r e s u l t s i n t e r m s of o b s e r v a b i l i t y . For e x a m p l e , a l l 
t h e 24 s t a t e r e a c h a b i l i t y c r i t e r i a of Theorem 6 . 1 . 1 f o r t h e s i n g l e -
T T 
i n p u t LSM (A, b , c ) can be d u a l i z e d by s i m p l y r e p l a c i n g A by A and 
b by ( c T ) T = c t o y i e l d 24 o b s e r v a b i l i t y c r i t e r i a f o r t h e s i n g l e - o u t p u t 
LSM (A, b , c T ) . L i k e w i s e , i t i s s u f f i c i e n t t o r e p l a c e A by A T and B 
by C T i n any of t h e s t a t e r e a c h a b i l i t y p r o p e r t i e s of Theorem 6 . 3 . 1 
i n o r d e r t o o b t a i n v a r i o u s e q u i v a l e n t s t a t e m e n t s f o r t h e o b s e r v a b i l i t y 
of t h e LSM (A, B, C ) . Thus such a s i m p l e r u l e makes i t u n n e c e s s a r y 
t o f o r u m l a t e e x p l i c i t l y a l l t h e v a r i o u s e q u i v a l e n t forms of t h e p r o p e r t y 
of o b s e r v a b i l i t y . 
However, i t s h o u l d b e p o i n t e d o u t t h a t t h e r e i s one minor e x c e p ­
t i o n : o b s e r v a b i l i t y i s n o t , i n g e n e r a l , i n v a r i a n t unde r t h e a c t i o n 
of s t a t e f e e d b a c k . To s e e t h i s , s u p p o s e t h a t t h e LSM M = (A, B, C) i s 
o b s e r v a b l e , t h a t i s , r a n k [ C T , A T C T , . . . , ( A T ) n "*"CT] = n . Then i f t h e 
f e e d b a c k homomorphism F can b e c h o s e n such t h a t A = -BF , t h e n t h e 
o b s e r v a b i l i t y m a t r i x of t h e f e e d b a c k compensa ted LSM M = (A + BF, B, C) 
= ( 0 , B, C) becomes [ C T , 0 , . . . , 0 ] . Hence i f r a n k C < n , t h e n M 
i s n o t o b s e r v a b l e . 
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1 0 . 3 . S t a t e M i n i m i z a t i o n and O b s e r v a b i l i t y of LSMs 
From S e c t i o n 2 . 4 , we r e c a l l t h a t a m i n i m a l LSM i s one i n which 
no two s t a t e s a r e i n d i s t i n g u i s h a b l e . T h i s , i n t u r n , i m p l i e s t h a t a 
m i n i m a l LSM M = (A, B, C) i s o b s e r v a b l e , t h a t i s , 




n - l 
= n 
I f , on t h e o t h e r h a n d , t h e LSM M = (A, B, C) i s n o t o b s e r v a b l e , t h a t 
v v v v 
i s , r a n k L < n , t h e n t h e m i n i m a l form M = (A, B, C) of M which w i l l 
be of s m a l l e r d i m e n s i o n a l i t y t h a n M can b e d e t e r m i n e d by some s i m p l e 
p r o c e d u r e s [ 2 2 ] , [ 4 1 ] . The p r o c e s s by which t h e c h a r a c t e r i z i n g m a t r i c e s 
v . . . . 
of M a r e computed i s r e f e r r e d t o a s t h e rmmrmzatvon of M. 
A s l i g h t l y more g e n e r a l n o t i o n r e l a t e d t o m i n i m a l i t y i s t h a t 
of 'irreducibi'l'ity of an LSM. I n Theorem 4 . 2 . 1 i t was e s t a b l i s h e d t h a t 
i f an LSM M i s n o t s t a t e r e a c h a b l e , t h e n i t can be reduced t o a r e a c h ­
a b l e LSM M which i s of s m a l l e r d i m e n s i o n t h a n and z e r o - s t a t e e q u i v a l e n t 
t o M. A s p e c i a l s t a t e t r a n s f o r m a t i o n was i n t r o d u c e d i n Theorem 4 . 2 . 2 
t o t r a n s f o r m M t o t h e u n r e a c h a b l e i s o m o r p h i c form ( 4 . 2 . 1 ) from which 
M can be e x t r a c t e d . O b v i o u s l y , s i m i l a r r e d u c i b i l i t y r e s u l t s can b e 
a s s e r t e d i n t e r m s of t h e o b s e r v a b i l i t y p r o p e r t y by v i r t u e of t h e D u a l i t y 
Theorem. The d u a l of Theorem 4 . 2 . 1 can b e s t a t e d a s f o l l o w s : 
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Theorem 1 0 . 3 . 1 . I f t h e LSM M = (A, B, C) i s n o t o b s e r v a b l e 
t h a t i s , r a n k L = s < n , t h e n t h e r e e x i s t s an i somorph i sm P : X —> X, 
- 1 
P e GF(n, q ) , such t h a t t h e i s o m o r p h i c LSM M = (A, B, C) = (PAP , 
PB, CP 1 ) h a s t h e form 
x ^ k + l ) 
x (k+1) 




x 2 ( k ) 
+ u ( k ) 
y ( k ) = [Cv 0 ] 
x X ( k ) 
v x 2 ( k ) , 
where x X ( k ) e G F ( q ) S , A u e G F ( q ) S X S , B± e G F ( q ) S X m , and C± e G F ( q ) r X S . 
v 
F u r t h e r m o r e , t h e s - d i m e n s i o n a l LSM M = ( A ^ , B^ , C^) i s o b s e r v a b l e and 
h e n c e i s t h e min ima l form of and z e r o - s t a t e e q u i v a l e n t t o M. 
As an i m p o r t a n t c o n s e q u e n c e of t h i s t h e o r e m , we c o n c l u d e t h a t 
t h e d u a l of Theorem 4 . 2 . 2 p r o v i d e s a new s t a t e m i n i m i z a t i o n a l g o r i t h m 
f o r LSMs. 
The above r e s u l t s l e a d t o t h e f o l l o w i n g i r r e d u c i b i l i t y c r i t e r i o n 
f o r LSMs. 
Theorem 1 0 . 3 . 2 . The LSM M = (A, B, C) i s i r r e d u c i b l e i f and 
o n l y i f i t i s b o t h r e a c h a b l e and o b s e r v a b l e . 
P r o o f . I f M i s e i t h e r u n r e a c h a b l e o r u n o b s e r v a b l e t h e n by 
Theorem 4 . 2 . 1 and Theorem 1 0 . 3 . 1 i t i s r e d u c i b l e . T h e r e f o r e , assume 
t h a t M i s b o t h r e a c h a b l e and o b s e r v a b l e , and t h a t t h e r e e x i s t s an LSM 
320 
V vvv M = (A, B, C) of d i m e n s i o n n^ < n t h a t i s z e r o - s t a t e e q u i v a l e n t t o 
M, t h a t i s , 
n _ 1 n - i - 1 1 1 - 1 vvn-i-xv 
E CA J B u ( j ) = E CA B u ( j ) 
j = 0 j = 0 
which i m p l i e s t h a t 
P-l v v £ - l v 
CA B = CA B, I e n ( 1 0 . 3 . 1 ) 
C o n s i d e r t h e p r o d u c t of t h e o b s e r v a b i l i t y and r e a c h a b i l i t y m a t r i c e s 
of M 




„ A n - l 
[B, AB, . . . , A n 1 B ] 
CB CAB . . . CA n 1 B 
CAB CA B . . . CAnB 
C A ^ B CAnB . . . C A 2 ^ - 1 ^ 
( 1 0 . 3 . 2 ) 










VVn_iV v v n v CA B CA B 
v v n - i v 
CA B 
v v n v 
CA B 





v v n - l CA 
v vv 
[B, AB, 
v n - l v 
vv 
LK ( 1 0 . 3 . 3 ) 
By h y p o t h e s i s , r a n k L = r a n k K = n and h e n c e r a n k LK = n . S i n c e 
vv 
LK e GF(q) 
n i X n i vv , t h e maximum r a n k of LK can be n ^ . But i n v iew of 
vv 
( 1 0 . 3 . 3 ) , r a n k LK = r a n k LK, t h a t i s , n = n^ wh ich i s o b v i o u s l y a 
c o n t r a d i c t i o n s i n c e < n . T h e r e f o r e , i f an LSM i s b o t h r e a c h a b l e 
and o b s e r v a b l e , t h e n i t i s i r r e d u c i b l e . • 
1 0 . 4 . S t a t e O b s e r v e r Des ign f o r LSMs 
The u t i l i z a t i o n of t h e i m p o r t a n t c o n c e p t of s t a t e f e e d b a c k i n 
t h e d e s i g n of v a r i o u s c o m p e n s a t i o n schemes f o r LSMs o b v i o u s l y h i n g e s 
upon t h e a v a i l a b i l i t y of a l l t h e s t a t e v a r i a b l e s . However , i n p r a c t i c e 
some o r a l l of t h e s t a t e v a r i a b l e s may n o t b e a v a i l a b l e b e c a u s e t h e y 
may n o t b e a c c e s s i b l e f o r d i r e c t measurement o r t h e number of m e a s u r i n g 
d e v i c e s may b e l i m i t e d . T h e r e f o r e , i f t h e s t a t e of t h e LSM i s t o b e 
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used i n some s y n t h e s i s o r d e s i g n p r o c e s s , t h e n a r e a s o n a b l e s u b s t i t u t e 
f o r t h e s t a t e v e c t o r must be f o u n d . T h i s i s u s u a l l y a c c o m p l i s h e d by 
d e s i g n i n g an a u x i l i a r y d a t a p r o c e s s o r , c a l l e d a state observer, a state 
estimator, o r a state reoonstruotor. A s t a t e o b s e r v e r i s e s s e n t i a l l y 
an LSM which u s e s t h e i n p u t and o u t p u t s e q u e n c e s of t h e o r i g i n a l LSM 
and a f t e r a f i n i t e number of c l o c k p e r i o d s r e c o n s t r u c t s t h e s t a t e v e c ­
t o r of t h e g i v e n LSM w i t h o u t e r r o r r e g a r d l e s s of t h e e r r o r i n t h e i n i ­
t i a l e s t i m a t e of t h e s t a t e v e c t o r . The p r o p e r t y of o b s e r v a b i l i t y 
p l a y s a c e n t r a l r o l e i n t h i s s t a t e r e c o n s t r u c t i o n p r o c e s s . In o r d e r 
t o d e m o n s t r a t e t h i s p r o c e s s f o r LSMs, we w i l l f i r s t d i s c u s s a s t a t e 
o b s e r v e r d e s i g n p r o c e d u r e f o r s i n g l e - o u t p u t LSMs and t h e n show t h a t 
f o r any o b s e r v a b l e m u l t i v a r i a b l e LSM a s t a t e o b s e r v e r can b e c o n s t r u c t e d 
which would c o n s i s t of an a s s e m b l a g e of s t a t e o b s e r v e r s f o r s i n g l e -
o u t p u t LSMs. 
C o n s i d e r t h e s i n g l e - o u t p u t LSM 
M 1 : x ( k + l ) = Ax(k) + b u ( k ) ( 1 0 . A . l a ) 
y ( k ) = c T x ( k ) ( 1 0 . A . l b ) 
and assume t h a t A, b , and c a r e c o m p l e t e l y known, b u t t h e s t a t e v e c t o r 
x ( k ) i s n o t a c c e s s i b l e f o r d i r e c t m e a s u r e m e n t . Then t h e p rob l em of 
s t a t e o b s e r v e r d e s i g n i s t o d e t e r m i n e a n o t h e r LSM 
M : x ( k + l ) = Ax(k) + b u ( k ) + h y ( k ) ( 1 0 . 4 . 2 ) 
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which a c c e p t s u ( k ) and y ( k ) of M^ a s i t s i n p u t s and a f t e r a f i n i t e 
number of c l o c k p e r i o d s p r o d u c e s an e s t i m a t e x ( k ) of x ( k ) w i t h o u t 
e r r o r r e g a r d l e s s of t h e e r r o r i n t h e i n i t i a l e s t i m a t e x ( 0 ) of x ( 0 ) . 
C l e a r l y i f we can d e t e r m i n e A, b , and h such t h a t t h e e r r o r v e c t o r 
x ( k ) = x ( k ) - x ( k ) ( 1 0 . 4 . 3 ) 
a p p r o a c h e s t h e z e r o v e c t o r i n a f i n i t e number of s t e p s , t h e n x ( k ) i s 
t h e d e s i r e d e s t i m a t e of x ( k ) , and t h u s t h e d e s i g n p rob lem i s s o l v e d . 
From ( 1 0 . 4 . 1 ) - ( 1 0 . 4 . 3 ) i t f o l l o w s t h a t t h e e r r o r dynamics 
can b e d e s c r i b e d a s 
x ( k + l ) = Ax(k) + (A - A - h c T ) x ( k ) + (b - b ) u ( k ) ( 1 0 . 4 . 4 ) 
S i n c e we want x ( k ) t o b e an e q u i l i b r i u m s t a t e of ( 1 0 . 4 . 4 ) , we must 
choose 
A = A - h c T , b = b ( 1 0 . 4 . 5 ) 
which r e d u c e s ( 1 0 . 4 . 4 ) t o t h e autonomous LSM 
x ( k + l ) = (A - h c T ) x ( k ) ( 1 0 . 4 . 6 ) 
I n v i ew of ( 1 0 . 4 . 5 ) , t h e o b s e r v e r ( 1 0 . 4 . 2 ) becomes 
x ( k + l ) = Ax(k) + b u ( k ) + h ( y ( k ) - c T x ( k ) ) ( 1 0 . 4 . 7 ) 
A combined r e a l i z a t i o n d i a g r a m of ( 1 0 . 4 . 1 ) and ( 1 0 . 4 . 7 ) i s shown i n 
F i g . 1 0 . 4 . 1 . 
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u(k) 
O b s e r v e r 




I > x ( k ) 
_i 
F i g . 1 0 . 4 . 1 . S t a t e O b s e r v e r R e a l i z a t i o n Diagram. 
In o r d e r t o choose h t o f o r c e x ( k ) t o z e r o i n a f i n i t e number of s t e p s , 
we c o n s i d e r t h e f o l l o w i n g two p o s s i b i l i t i e s f o r t h e known i n i t i a l e s t i ­
ma te x ( 0 ) of x ( 0 ) ; 
( i ) i f x ( 0 ) = x ( 0 ) , t h e n s o l v i n g ( 1 0 . 4 . 1 ) and ( 1 0 . 4 . 7 ) r e c u r ­
s i v e l y , we o b t a i n 
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0 , x ( l ) = Ax(0) + b u ( 0 ) = x ( l ) 
0 , x ( 2 ) = A x ( l ) + b u ( l ) = x ( 2 ) 
0 , x ( £ + l ) = Ax(£) + b u ( £ ) = xU+D 
T h e r e f o r e , i n t h e p r e s e n t c a s e t h e o b s e r v e r ( 1 0 . 4 . 7 ) g e n e r a t e s t h e 
e x a c t v a l u e of t h e s t a t e r e g a r d l e s s of t h e c h o i c e of h . 
( i i ) i f x ( 0 ) * x ( 0 ) , t h e n s o l v i n g ( 1 0 . 4 . 6 ) r e c u r s i v e l y , we 
o b t a i n a f t e r t h e I t h i n t e r a t i o n 
x(l) = (A - h c T / x ( 0 ) ( 1 0 . 4 . 8 ) 
The e r r o r v e c t o r x i n ( 9 . 4 . 8 ) w i l l a p p r o a c h t h e z e r o v e c t o r i f and 
o n l y i f t h e r e e x i s t s a v e c t o r h such t h a t 
(A - h c T ) ^ = 0 ( 1 0 . 4 . 9 ) 
But t h i s i s p r e c i s e l y t h e d u a l s t a t e m e n t of t h e r e a c h a b i l i t y p r o p e r t y 
8° of Theorem 6 . 1 . 1 . Tha t i s , t h e r e e x i s t s a v e c t o r h such t h a t 
( 1 0 . 4 . 9 ) h o l d s i f and o n l y i f t h e LSM ( 1 0 . 4 . 1 ) i s o b s e r v a b l e . F u r t h e r ­
m o r e , t h e s m a l l e s t i n t e g e r Z f o r which ( 1 0 . 4 . 9 ) h o l d s i s t h e o b s e r v ­
a b i l i t y i n d e x of (A, b , c T ) . T h e r e f o r e , f o r an o b s e r v a b l e LSM M^ = 
(A, b , c T ) i t i s a l w a y s p o s s i b l e t o c o n s t r u c t t h e d e s i r a b l e o b s e r v e r . 
In f a c t , t h i s s t a t e o b s e r v e r w i l l b e t i m e - o p t i m a l i n t h e s e n s e t h a t 
i t w i l l p r o d u c e an e r r o r l e s s e s t i m a t e of t h e s t a t e v e c t o r i n t h e 
s m a l l e s t number of c l o c k p e r i o d s , e q u a l t o t h e o b s e r v a b i l i t y i n d e x of 
t h e g i v e n LSM M, = (A, b , c T ) . 
y ( 0 ) - c ' x ( O ) = 
y ( l ) - c T x ( l ) = 
yU) - cTxU) = 
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Suppose t h a t t h e LSM M^ = (A, b , c ) i s n - o b s e r v a b l e . I n o r d e r 
t o d e t e r m i n e t h e r e q u i r e d o b s e r v e r g a i n h , we a p p l y t h e m a t r i x i d e n t i t y 
( 5 . 3 . 4 ) t o (A - h e ) = 0 and o b t a i n 
(A - H C V = A n [(A - h e 7 ) 1 1 " 1 * ! , (A - h c T ) n 2 h , 
. , (A - he ) h , h ] 
c T A 
T . n - 1 c A 
= 0 
Thus 
[(A - h c T ) n V (A - h c T ) n 2 h , . . . , (A - h c T ) h , h ] 
= A 
c T A 
T . n - 1 c A 
- 1 
( 1 0 . 4 . 1 0 ) 
T h e r e f o r e , c h o o s i n g h t o be t h e n t h column of t h e m a t r i x on t h e r i g h t 
s i d e of ( 1 0 . 4 . 1 0 ) , g i v e s t h e d e s i r e d o b s e r v e r g a i n . 
We w i l l i l l u s t r a t e t h e above p r o c e d u r e by an e x a m p l e . C o n s i ­
d e r t h e f o l l o w i n g LSM M 1 = (A, b , c ) o v e r G F ( 2 ) : 
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S i n c e 
f x 1 ( k + l ) ] 
x 2 ( k + l ) 
x 3 ( k + l ) 
1 0 1 
0 1 0 
1 1 0 
r x x ( k ) 
x 2 ( k ) 
x 3 ( k ) 
+ 
1 
u ( k ) 
y ( k ) = [ 1 0 1] 
' x ^ k ) ' 
x 2 ( k ) 
x 3 ( k ) 
f T 1 c f 
1 
0 1 
r a n k c T A = r a n k 0 1 1 
c T A 2 1 0 0 
= 3 
( 1 0 . 4 . 1 1 ) 
t h e g i v e n LSM i s 3 - o b s e r v a b l e . I n o r d e r t o d e t e r m i n e h , we need t o 
compute t h e t h i r d column of t h e m a t r i x 
- 1 
c T A 
c A 




- 1 r i 
T 
C 
- 1 R 
0 0 1 
A 3 c T A = c T A = I I 1 
T . 2 c A , c T A 2 . .1 O 1̂  
T h e r e f o r e , 
h = 
\ Y 
ho _ 1 
2 
h 3 1 
K J 
Thus t h e t i m e - o p t i m a l o b s e r v e r i s g i v e n by 
x 1 ( k + l ) 
x 2 ( k + l ) 
x 3 ( k + l ) 
1 0 1 
0 1 0 
1 1 0 
x 1 ( k ) 
x 2 ( k ) 
x 3 ( k ) 
+ 
0 
u ( k ) 
+ 1 ( y ( k ) - X ; L ( k ) - x 3 ( k ) ) 
A combined r e a l i z a t i o n c i r c u i t f o r t h e g i v e n LSM and i t s a s s o c i a t e d 
s t a t e o b s e r v e r i s shown i n F i g . 1 0 . 4 . 2 . 
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u ( k ) ^LSM ( 9 . 4 . 1 1 ) • > y ( k ) 
F i g . 1 0 . 4 . 2 . R e a l i z a t i o n C i r c u i t f o r t h e LSM of Example 1 0 . 4 . 1 . 
At t h i s p o i n t , we would l i k e t o p a u s e m o m e n t a r i l y f o r c o n s i ­
d e r a t i o n of some q u e s t i o n s t h a t a r i s e n a t u r a l l y c o n c e r n i n g t h e e f f e c t 
of f e e d b a c k t h a t employs t h e e s t i m a t e d s t a t e v e c t o r x ( k ) i n s t e a d of 
t h e o r i g i n a l s t a t e v e c t o r x ( k ) . Le t t h e LSM M^(A, b , c T ) b e r e a c h a b l e 
and o b s e r v a b l e . Then two q u e s t i o n s of i n t e r e s t a r e : ( i ) W i l l t h e 
c h a r a c t e r i s t i c p o l y n o m i a l of M^ b e p r e s e r v e d unde r a s t a t e f e e d b a c k 
of t h e form 
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u ( k ) = f x ( k ) + v ( k ) ( 1 0 . 4 . 1 2 ) 
x ( k + l ) ' rA+bf 
x ( k + l ) h c T 
' x (k)^ V 
+ v ( k ) 
J x ( k ) . 
Now u s i n g t h e s p e c i a l s t a t e i somorph i sm x |—> Px = x , whe re 
P = P - 1 
I 0 n 
I - I n n 
( 1 0 . 4 . 1 3 ) i s t r a n s f o r m e d t o t h e f o l l o w i n g i s o m o r p h i c r e p r e s e n t a t i o n : 
x ( k + l ) 
x ( k + l ) j 
A+bf T - b f T 
0 A-hc 
1̂ x ( k ) b 
+ 
J x(k)^ 0 
v ( k ) ( 1 0 . 4 . 1 4 ) 
From ( 1 0 . 4 . 1 4 ) i t f o l l o w s t h a t t h e c h a r a c t e r i s t i c p o l y n o m i a l of t h e 
combined LSM ( 1 0 . 4 . 1 3 ) i s e q u a l t o t h e p r o d u c t of t h e c h a r a c t e r i s t i c 
p o l y n o m i a l s of t h e g i v e n LSM M^ and t h e a s s o c i a t e d o b s e r v e r M^. 
where t h e v e c t o r f h a s b e e n chosen w i t h r e s p e c t t o x ( k ) ? ( i i ) What i s 
t h e o v e r a l l e f f e c t of i n t r o d u c i n g t h e o b s e r v e r i n t h e LSM M^? 
I n o r d e r t o r e s o l v e t h e s e q u e s t i o n s , we need t o d e t e r m i n e t h e 
o v e r a l l d e s c r i p t i o n of t h e g i v e n LSM and i t s a s s o c i a t e d o b s e r v e r . S u b ­
s t i t u t i n g ( 1 0 . 4 . 1 b ) and ( 1 0 . 4 . 1 2 ) i n t o ( 1 0 . 4 . 1 a ) and ( 1 0 . 4 . 7 ) , we 
o b t a i n t h e d e s i r e d combined r e p r e s e n t a t i o n a s f o l l o w s : 
0 
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T h e r e f o r e , t h e r e i s no d i f f e r e n c e i n s t a t e f e e d b a c k be tween u s i n g 
x ( k ) o r x ( k ) , and t h e c h a r a c t e r i s t i c p o l y n o m i a l of M^ r e m a i n s i n v a r i a n t . 
I n v iew of t h e above separation property 3 t h e d e s i g n of a s t a t e 
f e e d b a c k and t h a t of a s t a t e o b s e r v e r can be c a r r i e d ou t i n d e p e n d e n t l y . 
( n - l ) - D i m e n s i o n a l S t a t e O b s e r v e r f o r S i n g l e - O u t p u t LSMs 
The s t a t e o b s e r v e r M^ g i v e n by ( 1 0 . 4 . 7 ) i s c l e a r l y of d i m e n s i o n 
n , t h a t i s , M^ e s t i m a t e s a l l t h e n components x ^ ( k ) of M^. However , 
w i t h t h e h e l p of t h e f o l l o w i n g r e s u l t , i t i s a lw ays p o s s i b l e t o r e ­
p l a c e t h e n - d i m e n s i o n a l o b s e r v e r ( 1 0 . 4 . 7 ) by an ( n - l ) - d i m e n s i o n a l one 
and s t i l l o b t a i n an e s t i m a t e of t h e e n t i r e s t a t e v e c t o r . T h i s r e d u c ­
t i o n i n d i m e n s i o n a l i t y r e s u l t s i n t o c o n s i d e r a b l e c o m p u t a t i o n a l and 
s t o r a g e s a v i n g s f o r o b s e r v a b l e m u l t i v a r i a b l e LSMs. 
Theorem 1 0 . 4 . 1 . Suppose t h a t t h e LSMs M 1 = (A, b , c T ) and 
~ T - 1 T - 1 
M^ = (A, b , c ) = (PAP , P b , c P ) a r e i s o m o r p h i c unde r t h e i s o ­
morphism P : X —> X, P £ GF(n, q ) . Then t h e i r o b s e r v e r g a i n s a r e 
r e l a t e d a s h = Ph . 
P r o o f . The o b s e r v e r ( 1 0 . 4 . 7 ) f o r t h e LSM M^ becomes 
x ( k + l ) = Ax(k) + b u ( k ) + h ( y ( k ) - c T x ( k ) ) ( 1 0 . 4 . 1 5 ) 
On t h e o t h e r h a n d , t h e i somorph i sm x ( k ) | > Px (k ) = x ( k ) t r a n s f o r m s 
( 1 0 . 4 . 7 ) t o 
x ( k + l ) = PAP~ 1 x(k) + pbu (k ) + P h ( y ( k ) - c T P ~ 1 x ( k ) ) ( 1 0 . 4 . 1 6 ) 
Comparing ( 1 0 . 4 . 1 5 ) and ( 1 0 . 4 . 1 6 ) y i e l d s t h e d e s i r e d r e s u l t . • 
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T h e r e f o r e , by v i r t u e of t h i s r e s u l t we can u s e any c a n o n i c a l 
form of t h e g i v e n LSM t o d e s i g n a s t a t e o b s e r v e r . T h i s f reedom of 
c h o i c e of LSM r e p r e s e n t a t i o n can o b v i o u s l y l e a d t o c o n s i d e r a b l e com­
p u t a t i o n a l e f f i c i e n c y . For i n s t a n c e , i f we choose t o work w i t h t h e 
c a n o n i c a l form (A, b , c ) , whe re 
f0 1 0 0 . . . 0 
0 0 1 0 . . . 0 
A = ; c = [1 0 . . . 0 ] 
0 0 0 0 . . . 1 
a 0
 a i a 2 a 3 ' ' ' V i 
t h e n t h e o b s e r v a b i l i t y m a t r i x a p p e a r i n g i n ( 1 0 . 4 . 1 1 ) w i l l b e an i d e n ­
t i t y m a t r i x which o b v i o u s l y s i m p l i f i e s t h e c o m p u t a t i o n of h . 
However, i f we employ t h e above p r o c e d u r e , t h e n t h e r e s u l t i n g 
s t a t e o b s e r v e r w i l l p r o d u c e an e s t i m a t e x of t h e t r a n s f o r m e d s t a t e 
x and n o t of t h e s t a t e x of t h e g i v e n LSM. S i n c e x and x a r e r e l a t e d 
- 1 ~ ~ 
by x = P x , i f t h e e s t i m a t e x i s p a s s e d t h r o u g h a d e v i c e w i t h g a i n 
- 1 " - 1 ~ 
P , t h e n t h e o u t p u t x = P x of t h i s d e v i c e w i l l g i v e t h e d e s i r e d 
e s t i m a t e of x . 
I n t h e e n s u i n g d i s c u s s i o n of d e s i g n i n g an ( n - l ) - d i m e n s i o n a l 
s t a t e o b s e r v e r we w i l l make u s e of a p a r t i c u l a r c a n o n i c a l form 
which can be o b t a i n e d by d u a l i z i n g ( 5 . 2 . 3 ) a s f o l l o w s : 
Theorem 1 0 . 4 . 2 . I f t h e LSM M = (A, b , c T ) i s o b s e r v a b l e , t h e n 
t h e r e e x i s t s an i somorph i sm P : X —> X, P e GF(n, q ) , such t h a t t h e 
i s o m o r p h i c LSM M = (A, b , c T ) = (PAP 1 , P b , c T P 1 ) h a s t h e c a n o n i c a l 
form 
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x ^ k + l ) ' 
x 2 ( k + l ) 
• 
x (k+1) 
I N J 
F O 0 0 . . . 0 
1 0 0 . . . 0 a. 
0 0 0 . . . 1 a n - l 
x x ( k ) 
x 2 ( k ) 
x (k) n 
F B L I 
+ u ( k ) ( 1 0 . 4 . 1 7 ) 
y ( k ) = [ 0 , 0 , . . . , 0 , 1] 
x x ( k ) 
x 2 ( k ) 
x (k) 
n 
where f (X) = (A) - a . (A) - . . . - a.A - a_ i s t h e c h a r a c t e r i s t i c c n - l 1 0 
p o l y n o m i a l of M^. The i somorph i sm P i s g i v e n by 
P = 
- a . -a . . . - a 1 
1 2 n - l 
- a 2 - a 3 . . . 1 
- a 1 n - l 
c T A 
T A n - 2 c A 
T . n - 1 
c A 
From ( 1 0 . 4 . 1 7 ) we s e e t h a t y ( k ) = x ( k ) , and h e n c e t h e l a s t 
n 
s t a t e component i s known and m e a s u r a b l e . Thus t h e r e i s no need t o 
e s t i m a t e x n ( k ) . C o n s e q u e n t l y we need o n l y e s t i m a t e t h e f i r s t ( n - l ) 
components of x ( k ) . 
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We now c l a i m t h a t t h e f o l l o w i n g ( n - l ) - d i m e n s i o n a l LSM i s a 
s t a t e o b s e r v e r f o r ( 1 0 . 4 . 1 7 ) : 
x 1 ( k + l ) 
x 2 ( k + l ) 
x 3 ( k + l ) 
x _(k+1) n - l 
0 0 0 . . . 0 
1 0 0 . . . 0 
0 1 0 . . . 0 
0 0 0 . . . 1 
f " 
x x ( k ) \ a o 
x 2 ( k ) ~hz a l 
x 3 ( k ) + u(k) + a 2 
J V i ( k ) 
V J 
V i . a 0 
y ( k ) 
( 1 0 . 4 . 1 8 ) 
To s e e t h i s , l e t 
z ( k ) E 
x x ( k ) 
x 2 ( k ) 
x n ( k ) n - l 
; A E 
0 0 0 
1 0 0 
0 1 0 
0 0 0 . . . 1 
z ( k ) 
I J 
x x ( k ) 
( 1 
a o 
x 2 ( k ) 
• 
; a = 
a l 
• 
x -,(k) a „ n - 2 
b . 
1 
; b E *2 
b , 
j I n - l j ( 1 0 . 4 . 1 9 ) 
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I n t e r m s of t h e above n o t a t i o n and x ( k ) , t h e i n a c c e s s i b l e 
n 
s t a t e s of t h e LSM ( 1 0 . 4 . 1 7 ) can be e x p r e s s e d a s f o l l o w s : 
z ( k + l ) = Az(k) + a x n ( k ) + b u ( k ) ( 1 0 . 4 . 2 0 ) 
S i n c e from ( 1 0 . 4 . 1 7 ) y ( k ) = * n < k ) , ( 1 0 . 4 . 2 0 ) becomes 
z ( k + l ) = Az(k) + a y ( k ) + b u ( k ) ( 1 0 . 4 . 2 1 ) 
S i m i l a r l y , r e w r i t i n g t h e o b s e r v e r d e s c r i p t i o n ( 1 0 . 4 . 1 8 ) i n t e r m s of 
t h e n o t a t i o n ( 1 0 . 4 . 1 9 ) , we o b t a i n 
z ( k + l ) = Az(k) + b u ( k ) + a y ( k ) ( 1 0 . 4 . 2 2 ) 
I n v i ew of ( 1 0 . 4 . 2 1 ) and ( 1 0 . 4 . 2 2 ) , t h e e r r o r can b e e x p r e s s e d a s 
z ( k + l ) - z ( k + l ) = A [ z ( k ) - z ( k ) ] ( 1 0 . 4 . 2 3 ) 
S o l v i n g ( 1 0 . 4 . 2 3 ) r e c u r s i v e l y , we o b t a i n 
z ( k ) - z (k ) = A ^ [ z ( 0 ) - z ( 0 ) ] , I = 0 , 1 , . . . 
—I -But A = 0 f o r I > n - l , t h a t i s , t h e m a t r i x A i s ( n - l ) - n i l p o t e n t s i n c e 
i t s c h a r a c t e r i s t i c p o l y n o m i a l i s f (A) = ( A ) n 1 and by t h e C a y l e y -
— - n - l Hami l t on Theorem f (A) = A = 0 . T h e r e f o r e , t h e e s t i m a t e z becomes c 
e q u a l t o t h e t r u e v a l u e z of t h e s t a t e a f t e r t h e n t h i t e r a t i o n r e g a r d ­
l e s s of t h e q u a l i t y of t h e i n i t i a l e s t i m a t e z ( 0 ) . Thus ( 1 0 . 4 . 1 8 ) i s 
an ( n - l ) - d i m e n s i o n a l s t a t e o b s e r v e r f o r t h e LSM ( 1 0 . 4 . 1 7 ) . 
R e c a l l t h a t t h e LSM M = (A, b , c T ) g i v e n by ( 1 0 . 4 . 1 7 ) was 
o b t a i n e d from t h e o r i g i n a l LSM M = (A, b , c T ) by t h e s t a t e t r a n s f o r m a t i o n 
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x I > Px E x , t h a t i s , M, = (A, b , c T ) = (PAP , P b , c T P _ 1 ) . T h e r e -
1 o 
f o r e , t h e s t a t e o b s e r v e r ( 1 0 . 4 . 1 8 ) g e n e r a t e s x ^ ( k ) , i e n - l . I n o r d e r 
t o o b t a i n x ^ ( k ) , i e n - l , we s i m p l y m u l t i p l y x^ (k ) by P \ t h a t i s , 
x (k) = P ~ 1 x i ( k ) , i E n - l . 
To i l l u s t r a t e t h e above p r o c e d u r e , we w i l l c o n s t r u c t a 2 -
d i m e n s i o n a l s t a t e o b s e r v e r f o r t h e LSM ( 1 0 . 4 . 1 1 ) . The f i r s t s t e p i s 
t o t r a n s f o r m t h e LSM ( 1 0 . 4 . 1 1 ) t o ( 1 0 . 4 . 1 7 ) u s i n g t h e i s o m o r p h i s m P 
s p e c i f i e d i n Theorem 1 0 . 4 . 2 . Thus we compute 
' l 0 0^ ' l 0 0 
p = 0 1 1 1 1 1 
l l 0 1 1 0 1 
J 
The LSM ( 1 0 . 4 . 1 1 ) i s t r a n s f o r m e d t o 
x 1 ( k + l ) 
x 7 ( k + l ) 
x 3 ( k + l ) 
0 0 1 
1 0 0 
0 1 0 
x 1 ( k ) 
x 2 ( k ) 




u ( k ) 
y ( k ) = [ 0 0 1] 
x 1 ( k ) 
x 2 ( k ) 
x 3 ( k ) 
( 1 0 . 4 . 2 4 ) 
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T h e r e f o r e , t h e 2 - d i m e n s i o n a l s t a t e o b s e r v e r i s 
x 1 ( k + l ) f 
0 
0 x x ( k ) 
+ 
0 






x 2 ( k ) 0 0 
- -
A r e a l i z a t i o n c i r c u i t f o r t h e g e n e r a t i o n of x ( k ) i s shown i n F i g . 1 0 . 4 . 3 . 
u ( k ) -=d LSM(9.4 .24) 
D x 2(k) x 3 ( k ) 
- 1 
y ( k ) 
- > x 1 ( k ) 
• ^ x 2 ( k ) 
• ^ x 3 ( k ) 
F i g . 1 0 . 4 . 3 . R e a l i z a t i o n C i r c u i t f o r t h e 2 - D i m e n s i o n a l S t a t e 
O b s e r v e r f o r t h e LSM of Example 1 0 . 4 . 1 1 . 
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( n - r ) - D i m e n s i o n a l S t a t e O b s e r v e r f o r M u l t i v a r i a b l e LSMs 
The r e s u l t s d e r i v e d f o r t h e s i n g l e - o u t p u t LSM can be e a s i l y 
e x t e n d e d t o t h e more g e n e r a l m u l t i v a r i a b l e c a s e . To t h i s e n d , we w i l l 
choose a p a r t i c u l a r q u a s i - c a n o n i c a l form f o r t h e LSM M = (A, B, C ) . 
Assuming t h a t M i s o b s e r v a b l e and C h a s f u l l r a n k , t h e r e a c h a b l e q u a s i -
c a n o n i c a l r e p r e s e n t a t i o n ( 5 . 1 . 2 7 ) can b e d u a l i z e d a s f o l l o w s : L e t 
r xn 
t h e m a t r i x C e GF(q) be p a r t i t i o n e d a s 
c 
C = 
i , , l x n , c e GF(q) , 1 e r ( 1 0 . 4 . 2 5 ) 






r . n - l c A 
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h a s n l i n e a r l y i n d e p e n d e n t r o w s . We f i r s t choose t h e s e i n d e p e n d e n t 
1 2 r 1 2 A r A 1 A 2 rows i n t h e o r d e r c , c , . . . , c , c A, c A , . . . , c A, c A , . . . , 
r e t a i n i n g t h e i n d e p e n d e n t ones and d i s c a r d i n g t h o s e t h a t a r e l i n e a r l y 
d e p e n d e n t on t h e i r p r e d e c e s s o r s , and t h e n r e a r r a n g e them t o form t h e 
f o l l o w i n g m a t r i x : 
v 
P E 
l Y 1 
c A 
c 2 A 
c 2 A 2 
2 , m 2 " 1 
c A 
m - 1 
c r A r 
where nu a r e t h e o b s e r v a b i l i t y i n d i c e s of M = (A, B, C ) , and t h u s 
s a t i s f y t h e r e l a t i o n ni, + m., + . . . + m = n . 
1 2 r 
i j v - l Le t w , i e r^, j e n u , d e n o t e t h e columns of P and w r i t e 
v - l 
P i n t e r m s of i t s columns a s f o l l o w s : 
l-l r 11 12 l m i 21 22 2 m 2 
P = [ w , w , . . . , w ; w , w , . . . , w ; . . . ; w ] 
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Le t ]i£= + + • • • m^, t e r_. Then u s i n g t h e V^- th columns of P \ we form t h e f o l l o w i n g m a t r i x : 
lm^ lm^ m^-1 lm^ 2m^ 2m^ 
P = [w , Aw , . . . , A w ; w , Aw 
» - 1 2m 2 
, A w 
rm -r . rm m - 1 rm . . . ; w , Aw r . r r-. , . . . , A w ] 
S i n c e PP = 1 and c o n s e q u e n t l y n 
c S A t w 1 ~ 1 = 1 i f i = s and j = t + 1 
= 0 o t h e r w i s e 
i t i s e a s y t o show t h a t t h e columns of P a r e l i n e a r l y i n d e p e n d e n t and 
t h u s form a b a s i s f o r X. By d i r e c t c o m p u t a t i o n i t i s e a s y t o s e e t h a t 
t h e i s o m o r p h i c LSM M = (A, B, C) = ( P A P " 1 , PB, C P _ 1 ) h a s t h e f o l l o w i n g 
q u a s i - c a n o n i c a l form: 
x (k+1) 
x (k+1) 
x r ( k + l ) 
f-
A l l A 1 2 * * * A l r 
A 2 1 A 2 2 * * * A 2 r 
A . A . . . . A 
r l r 2 r r 
f~l ' x X ( k ) B l 
~ 2 , , ~ 




J x r ( k ) B I R J 
u ( k ) ( 1 0 . 4 . 2 6 ) 
Y ^ k ) 
y 2 0 O 
y r ( k ) 
0 0 . . . 0 1 
0 0 . . . 0 0 
0 0 . . . 0 0 
0 0 . . . 0 0 
0 0 . . . 0 1 
0 0 . . . 0 0 
0 0 . . . 0 0 
0 0 . . . 0 0 
xV) 
x 2 ( k ) 
x r ( k ) 0 0 . . . 0 1 
( 1 0 . 4 . 2 7 ) 
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where 
x A(k) = 
x ± 1(k) 
x ± 2(k) 
x . (k) 
i m . 1 
, 1 e r 









0 0 . . . 1 * 
m.xm. 
e GF(q) 1 1 , 1 e r ( 1 0 . 4 . 2 9 ) 
0 0 . . . 0 * 
0 0 . . . 0 * 
0 0 . . . 0 * 
m.xm. 
e GF(q) 1 1 , i e r , j e m ( 1 0 . 4 . 3 0 ) 
and * ' s d e n o t e p o s s i b l y n o n z e r o e n t r i e s . 
Now c o n s i d e r any - d i m e n s i o n a l , i e _r, submach ine of t h e above 
q u a s i - c a n o n i c a l LSM w i t h s t a t e v e c t o r of t h e form ( 1 0 . 4 . 2 8 ) . Then t h e 
i - t h submachine can b e e x p r e s s e d a s f o l l o w s : 
x 1 ( k + l ) = A . . x 1 ( k ) + Z A . . x ^ ( k ) + B . u ( k ) , i e r ( 1 0 . 4 . 3 1 ) 
1 1 j = l 1 J 1 
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However, from ( 1 0 . 4 . 3 0 ) i t i s c l e a r t h a t t h e f i r s t ( n u - 1 ) columns of 
t h e m a t r i c e s A , i e r , j E m . , a r e i d e n t i c a l l y z e r o and t h u s 
A. . x X ( k ) = a 1 x . (k) , i E r , j e m . i i m. im. — l 
J 3 3 — 
( 1 0 . 4 . 3 2 ) 
where a 1 i s t h e m . t h column of A . . . S u b s t i t u t i n g ( 1 0 . 4 . 3 2 ) i n t o t h e 
~ 3 i J m 
second t e r m on t h e r i g h t s i d e of ( 1 0 . 4 . 3 1 ) and o b s e r v i n g t h a t i n v iew 
of ( 1 0 . 4 . 2 7 ) , y . ( k ) = x . ( k ) , i E r , we h a v e 
i 
f~ 1 
x . - C k + l ) i l 
x . 9 ( k + l ) 
i 2 
; 1 3 « c f i ) 
• 
x . (k+1) im. 
1 1 J 
0 0 0 . . . 0 * 
1 0 0 . . . 0 * 
0 1 0 . . . 0 * 
0 0 0 . . . 1 * 
x . - C k ) 
i l 
x ± 2 ( k ) 
x ± 3 ( k ) 
X . (k ) 
i m . 
l 
+ E a y . ( k ) + B . u ( k ) , i e r 
J = 1 3 
( 1 0 . 4 . 3 3 ) 
T h e r e f o r e , t h e g e n e r a l m u l t i v a r i a b l e LSM ( 1 0 . 4 . 2 6 ) - ( 1 0 . 4 . 3 0 ) h a s b e e n 
r e d u c e d t o r i n d i v i d u a l m u l t i - i n p u t s i n g l e - o u t p u t s u b m a c h i n e s of t h e 
form ( 1 0 . 4 . 3 3 ) , each d r i v e n by t h e d i r e c t l y m e a s u r a b l e s i g n a l s u ( k ) and 
y ( k ) , and each c h a r a c t e r i z e d by a known s t a t e component x . (k) = y . ( k ) , 
i m . l 
l 
i E _r. S i n c e t h e i n p u t does n o t p l a y any r o l e i n t h e d e s i g n of s t a t e 
o b s e r v e r s , and t h e submach ines ( 1 0 . 4 . 3 3 ) a r e s i n g l e - o u t p u t and I I K -
o b s e r v a b l e , i £ r , we can employ t h e ( n - l ) - d i m e n s i o n a l s t a t e o b s e r v e r 
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d e s i g n p r o c e d u r e , d e v e l o p e d i n t h e p r e c e d i n g s u b s e c t i o n f o r s i n g l e -
o u t p u t LSMs, r t i m e s f o r ( 1 0 . 4 . 3 3 ) . S i n c e each submachine of ( 1 0 . 4 . 3 3 ) 
r e q u i r e s an ( m . - l ) - d i m e n s i o n a l o b s e r v e r , an o v e r a l l o b s e r v e r of t o t a l 
r 
d i m e n s i o n E ( m . - l ) = n - r can b e employed t o e s t i m a t e t h e e n t i r e 
i = l ~ 1 
s t a t e v e c t o r x (k ) of t h e g i v e n m u l t i v a r i a b l e LSM. 
Summary and C o n c l u s i o n s 
I n t h i s c h a p t e r t h e c o n c e p t of s t a t e o b s e r v a b i l i t y of LSMs 
which i s d u a l t o t h a t of s t a t e r e a c h a b i l i t y , and some o t h e r r e l a t e d 
t o p i c s were i n v e s t i g a t e d . More s p e c i f i c a l l y , a f t e r d e m o n s t r a t i n g t h e 
d u a l i t y r e l a t i o n s h i p be tween s t a t e o b s e r v a b i l i t y and s t a t e r e a c h a b i l i t y , 
t h e d u a l i t y theorem of Kalman [61] was p roved f o r LSMs, and i t s c o n ­
s e q u e n c e s were d i s c u s s e d . As an i l l u s t r a t i o n of t h e s i g n i f i c a n c e of 
s t a t e o b s e r v a b i l i t y p r o p e r t y i n e s t i m a t i n g t h e i n a c c e s s i b l e s t a t e 
components of an LSM, some d e s i g n p r o c e d u r e s f o r f u l l - and r e d u c e d 
o r d e r s t a t e o b s e r v e r s of L u e n b e r g e r t y p e f o r b o t h s i n g l e - and m u l t i -
i n p u t LSMs were p r e s e n t e d ( c f . [ 6 9 ] , [ 7 0 ] , [ 7 1 ] , [ 1 0 6 ] ) . 
344 
CHAPTER XI 
CONCLUSIONS AND RECOMMENDATIONS 
The p r i m a r y o b j e c t i v e of t h e r e s e a r c h r e p o r t e d i n t h i s d i s s e r ­
t a t i o n was t o i n v e s t i g a t e t h e p o s s i b i l i t y of d e v e l o p i n g a s t r u c t u r e 
t h e o r y f o r t h e i m p o r t a n t c l a s s of f i n i t e - s t a t e l i n e a r s e q u e n t i a l 
m a c h i n e s i n t h e framework of modern m u l t i v a r i a b l e c o n t r o l t h e o r y . 
Examin ing t h e p a r a l l e l i s m s and i n t e r c o n n e c t i o n s b e t w e e n t h e d i s c i p l i n e s 
of s e q u e n t i a l mach ines and c o n t r o l s y s t e m s , s e l e c t i n g t h e s t a t e r e a c h ­
a b i l i t y p r o p e r t y a s t h e p i v o t a l component of t h i s s t r u c t u r e t h e o r y , 
and a d o p t i n g a f i n i t e - g e o m e t r i c p o i n t of v i e w , we have i n t r o d u c e d and 
d e v e l o p e d i n d e t a i l a number of c o n c e p t s f o r l i n e a r s e q u e n t i a l m a c h i n e s 
t h a t may be summarized a s f o l l o w s : 
The i m p o r t a n t c o n c e p t s of s t a t e r e a c h a b i l i t y and s t a t e c o n t r o l ­
l a b i l i t y were e x t e n s i v e l y i n v e s t i g a t e d . T w e n t y - f o u r s t a t e r e a c h a b i l i t y 
c r i t e r i a f o r s i n g l e - i n p u t LSMs and e i g h t e e n s t a t e r e a c h a b i l i t y c r i t e r i a 
f o r m u l t i - i n p u t LSMs were f o r m u l a t e d . I n each c a s e t h e e q u i v a l e n c e 
of t h e s e c r i t e r i a was p r o v e d . F u r t h e r m o r e , some e q u i v a l e n c e c l a s s e s 
of s t a t e r e a c h a b l e LSMs w i t h r e s p e c t t o c e r t a i n t r a n s f o r m a t i o n g r o u p s 
were i d e n t i f i e d . The i m p l i c a t i o n s of t h e s t a t e r e a c h a b i l i t y p r o p e r t y 
r e l a t i v e t o some s t r u c t u r a l i n v a r i a n t s , c a n o n i c a l f o r m s , and s t a t e 
v a r i a b l e f e e d b a c k were d i s c u s s e d . I n p a r t i c u l a r , t h e a p p l i c a t i o n of 
t h e r e a c h a b i l i t y i n d i c e s i n t h e i n v a r i a n t d e s c r i p t i o n of LSMs v i a 
B r u n o v s k y ' s c a n o n i c a l form was d e m o n s t r a t e d . 
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E x p l o i t i n g t h e e i g e n s t r u c t u r e s of LSMs i n t h e framework of 
g e n e r a l i z e d e i g e n v e c t o r s and J o r d a n c a n o n i c a l f o r m s , a d d i t i o n a l s t a t e 
r e a c h a b i l i t y c r i t e r i a which e x p l i c i t l y i n v o l v e t h e J o r d a n c a n o n i c a l 
form were p r e s e n t e d . The p o s s i b i l i t y of m a i n t a i n i n g t h e s t a t e r e a c h ­
a b i l i t y p r o p e r t y of a r e a c h a b l e m u l t i v a r i a b l e LSM by s c a l a r c o n t r o l 
s e q u e n c e s was c h a r a c t e r i z e d i n t e r m s of t h e J o r d a n c a n o n i c a l r e p r e ­
s e n t a t i o n of an LSM. The c o n c e p t of s e l e c t i v e s t a t e r e a c h a b i l i t y 
which makes heavy u s e of t h e g e n e r a l i z e d e i g e n p r o p e r t i e s was i n t r o ­
duced and d e v e l o p e d i n d e t a i l f o r LSMs. 
F u r t h e r a s p e c t s of t h e c o n c e p t of s t a t e r e a c h a b i l i t y , i n c o n ­
j u n c t i o n w i t h s t a t e f e e d b a c k , were s t u d i e d i n t h e c o n t e x t of t h e f i n i t e 
p r o j e c t i v e geomet ry and c e r t a i n c l a s s e s of f l a t s r e l a t e d t o t h e s t r u c ­
t u r a l p r o p e r t i e s of LSMs were c h a r a c t e r i z e d , t h e i r a p p l i c a t i o n s t o 
some a r e a s of LSMs were d e m o n s t r a t e d , and a l g o r i t h m s f o r t h e i r compu­
t a t i o n were d i s c u s s e d . 
F i n a l l y , t h e c o n c e p t of s t a t e o b s e r v a b i l i t y , which i s d u a l 
t o t h a t of s t a t e r e a c h a b i l i t y , was i n v e s t i g a t e d . A c o m p l e t e d u a l i t y 
r e l a t i o n s h i p b e t w e e n t h e s t a t e r e a c h a b i l i t y and s t a t e o b s e r v a b i l i t y 
p r o p e r t i e s was e s t a b l i s h e d . I n v i ew of t h i s d u a l i t y , a l l t h e r e s u l t s 
p e r t a i n i n g t o s t a t e r e a c h a b i l i t y can be r e s t a t e d i n t e r m s of o b s e r v ­
a b i l i t y i n a s i m p l e and d i r e c t manne r . As an i l l u s t r a t i o n of t h e c e n ­
t r a l r o l e of t h e p r o p e r t y of o b s e r v a b i l i t y i n t h e s t a t e r e c o n s t r u c t i o n 
p r o b l e m , some d e s i g n p r o c e d u r e s f o r f u l l - and r e d u c e d - o r d e r s t a t e 
o b s e r v e r s f o r b o t h s i n g l e - and m u l t i - i n p u t LSMs were p r e s e n t e d . 
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Recommendat ions f o r F u r t h e r R e s e a r c h 
For t h e p u r p o s e of d e v e l o p i n g an i n t e g r a t e d m u l t i v a r i a b l e 
mach ine c o n t r o l t h e o r y , our r e s u l t s can b e s u p p l e m e n t e d by i n v e s t i ­
g a t i n g o t h e r a s p e c t s of t i m e - i n v a r i a n t LSMs such a s r e a l i z a t i o n , n o n ­
i n t e r a c t i o n , i n v e r s i o n , i d e n t i f i c a t i o n , d e c e n t r a l i z a t i o n , o p t i m a l 
r e g u l a t i o n , and so f o r t h . S i m i l a r i n v e s t i g a t i o n s need t o b e c a r r i e d 
o u t f o r d e t e r m i n i s t i c t i m e - v a r y i n g LSMs, s t o c h a s t i c t i m e - i n v a r i a n t 
LSMs, and v a r i o u s t y p e s of s t o c h a s t i c t i m e - v a r y i n g LSMs. Most of 
t h e s e a r e a s of LSM a r e v i r t u a l l y u n t o u c h e d . 
The u s e of fo rma l p o l y n o m i a l s and p o l y n o m i a l m a t r i c e s i n t h e 
s t u d y of v a r i o u s a s p e c t s of LSMs, a s p o i n t e d o u t i n S e c t i o n 3 . 6 , seems 
t o b e a p r o m i s i n g a r e a of r e s e a r c h . T h i s a p p r o a c h which d o e s n o t 
i n v o l v e t h e u s e of any t r a n s f o r m t e c h n i q u e s can l e a d t o t h e d e v e l o p ­
ment of a comprehens ive t h e o r y f o r t i m e - i n v a r i a n t LSMs p a r a l l e l i n g an 
e x i s t i n g t h e o r y f o r l i n e a r s y s t e m s promoted by Rosenbrock [ 9 7 ] , Wolovich 
[ 1 1 0 ] , and o t h e r s , which i s b a s e d on t h e L a p l a c e t r a n s f o r m me thod . 
I n our s t u d y of LSMs no c o m b i n a t o r i a l a n a l y s i s was u t i l i z e d . 
I t seems t h a t many c o m b i n a t o r i a l s t r u c t u r e s of t h e f i n i t e p r o j e c t i v e 
geomet ry can b e used t o c h a r a c t e r i z e c e r t a i n a s p e c t s of LSMs. T h i s 
a r e a , e s p e c i a l l y i n c o n j u n c t i o n w i t h g e o m e t r i c c o d i n g t h e o r y , w a r r a n t s 
much f u r t h e r r e s e a r c h . 
As was d e m o n s t r a t e d t h r o u g h o u t t h i s d i s s e r t a t i o n , t h e r e e x i s t 
many s i m i l a r i t i e s b e t w e e n l i n e a r m a c h i n e s and c o n v e n t i o n a l l i n e a r s y s ­
t e m s . U n f o r t u n a t e l y , a t p r e s e n t v e r y few such s i m i l a r i t i e s e x i s t 
be tween n o n l i n e a r c o n t r o l s y s t e m s and g e n e r a l a u t o m a t a , and t h u s t h e r e 
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does n o t seem t o e x i s t any a p p r e c i a b l e i n t e r c h a n g e of i d e a s b e t w e e n 
t h e s e d i s c i p l i n e s . We b e l i e v e t h a t t h e i n v e s t i g a t i o n of a s p e c i a l 
c l a s s of f i n i t e - s t a t e q u a s i - l i n e a r s y s t e m s which we w i l l t e rm bi­
linear machines, w i l l c o n t r i b u t e t o a b e t t e r r a p p r o c h e m e n t b e t w e e n 
t h e s e two a r e a s of d y n a m i c a l s y s t e m s . R e c e n t l y , c o n v e n t i o n a l b i l i n e a r 
s y s t e m s due t o t h e i r mode l ing c a p a b i l i t y , v a s t a r e a s of a p p l i c a b i l i t y 
and m a t h e m a t i c a l t r a c t a b i l i t y h a v e a t t r a c t e d a l o t of a t t e n t i o n . 
A d e t e r m i n i s t i c t i m e - i n v a r i a n t f i n i t e - s t a t e b i l i n e a r s e q u e n ­
t i a l mach ine i s d e s c r i b e d by t h e f o l l o w i n g v e c t o r d i f f e r e n c e e q u a t i o n s 
o v e r G F ( q ) : 
m 
x ( k + l ) = Ax(k) + Z N . u . ( k ) x ( k ) + Bu(k) 
i = l 1 1 
y(k ) = Cx(k) 
w h e r e A e G F ( q ) n x n , N e G F ( q ) n X n , i e m, B e G F ( q ) n X m , and C e G F ( q ) r X I \ 
T h i s model can b e t r a n s f o r m e d t o an e q u i v a l e n t h o m o g e n e o u s - i n -
t h e - s t a t e model by d e f i n i n g t h e f o l l o w i n g new s t a t e v a r i a b l e s and 
c h a r a c t e r i z i n g m a t r i c e s : 
z ( k ) = 
'x (k )" rA 0^ 
; F = 







H e [C 0 ] 
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where b 1 E G F ( q ) n , i e m , a r e t h e columns of B. Thus we h a v e 
z ( k + l ) = F + E G . u . ( k ) z ( k ) 
i = l 
y ( k ) = Hz(k) 
Due t o i t s " q u a s i - l i n e a r " n a t u r e , t h e c l a s s of b i l i n e a r m a c h i n e s 
w i l l c o n s t i t u t e a t r a n s i t i o n a l l i n k be tween l i n e a r s e q u e n t i a l m a c h i n e s 
w h i c h , a s we have s e e n i n t h i s r e s e a r c h , l e n d t h e m s e l v e s t o t h o r o u g h 
a n a l y s i s , and g e n e r a l n o n l i n e a r s e q u e n t i a l m a c h i n e s f o r which no 
g e n e r a l t h e o r y e x i s t s . Moreove r , from a m o d e l i n g p o i n t of v i e w , b i ­
l i n e a r m a c h i n e s seem t o be a r e a s o n a b l e compromise b e t w e e n t h e c o n ­
f l i c t i n g demands of a c c u r a c y and s i m p l i c i t y . T h i s c l a s s of m a c h i n e s 
w i l l make i t p o s s i b l e t o ove rcome , on t h e one h a n d , t h e r e p r e s e n t -
a b i l i t y and p r e c i s i o n l i m i t a t i o n s imposed by t h e l i n e a r mode l s a n d , 
on t h e o t h e r h a n d , t h e t h e o r e t i c a l and c o m p u t a t i o n a l c o m p l i c a t i o n s 
a s s o c i a t e d w i t h more h i g h l y n o n l i n e a r s e q u e n t i a l mach ine m o d e l s . 
F u r t h e r m o r e , due t o t h e i r i n t r i n s i c v a r i a b l e s t r u c t u r e and a d a p t i v i t y 
c h a r a c t e r i s t i c s , b i l i n e a r s e q u e n t i a l m a c h i n e s a r e more c o n t r o l l a b l e 
compared t o l i n e a r m a c h i n e s . T h i s p r o p e r t y of b i l i n e a r m a c h i n e s i s 
due t o t h e e x i s t e n c e of t h e m u l t i p l i c a t i v e c o n t r o l a c t i o n on t h e e v o l u ­
t i o n of t h e s t a t e dynamics of t h e m a c h i n e . Tha t i s , t h e i n p u t s e q u e n c e 
u ( k ) E U* c o n t r o l s t h e s t a t e dynamics n o t o n l y a d d i t i v e l y by means of 
t h e t e rm B u ( k ) , b u t a l s o i n a m u l t i p l i c a t i v e way by means of t h e t e r m 
Z N . u . ( k ) x ( k ) . T h u s , i n t u i t i v e l y , f o r a b i l i n e a r mach ine t h e c o n t r o l 
s h o u l d b e more e f f e c t i v e t h a n f o r a l i n e a r machine w i t h o n l y an a d d i t i v e 
m 
i = l 
l l 
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c o n t r o l a c t i o n . C l e a r l y t h e most d e s i r a b l e f e a t u r e of b i l i n e a r m a c h i n e s 
i s t h e " q u a s i - l i n e a r " form of t h e i r n o n l i n e a r i t y wh ich seems t o admi t 
t h e e x t e n s i o n of c e r t a i n a s p e c t s of l i n e a r mach ine t h e o r y t o b i l i n e a r 
m a c h i n e s . 
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APPENDIX 
F i n i t e P r o j e c t i v e and A f f i n e Spaces and G e o m e t r i e s 
For t h e p u r p o s e of e a s y r e f e r e n c e , we have c o l l e c t e d , i n t h i s 
a p p e n d i x , a few b a s i c d e f i n i t i o n s and f a c t s c o n c e r n i n g f i n i t e p r o j e c ­
t i v e and a f f i n e g e o m e t r i e s . Comprehens ive c o v e r a g e of t h e s e s u b j e c t s 
i s a v a i l a b l e i n [ 3 0 ] . 
P r o j e c t i v e Spaces 
D e f i n i t i o n 1 . A t r i p l e ( P , L, * ) , where P and L a r e d i s j o i n t 
s e t s and * i s a r e l a t i o n on PxL, t h a t i s , P n L = <j> and * £ PxL, i s 
c a l l e d an incidence structure. The e l e m e n t s of P a r e c a l l e d "points3 " 
t h o s e of L "lines;" and * i s c a l l e d t h e "incidence" relation, w h e r e 
t h e t e r m s " p o i n t , " " l i n e , " and " i n c i d e n c e " a r e u n d e f i n e d . I f t h e 
o r d e r e d p a i r ( r , s ) i s an e l e m e n t of * , we w i l l w r i t e r * s , which i s 
t o be r e a d " r i s on s , " o r " r and s a r e i n c i d e n t , " o r " s p a s s e s t h r o u g h 
r . " The i n c i d e n c e s t r u c t u r e ( P , L, *) i s c a l l e d finite i f t h e s e t s 
P and L a r e f i n i t e . 
I f c e r t a i n c o n d i t i o n s , i n t h e form of a x i o m s , a r e imposed on 
an i n c i d e n c e s t r u c t u r e ( P , L, * ) , we w i l l o b t a i n a m a t h e m a t i c a l s t r u c ­
t u r e , c a l l e d a projective space which i s d e f i n e d n e x t . 
D e f i n i t i o n 2 . An i n c i d e n c e s t r u c t u r e ( P , i_, *) i s c a l l e d a 
projective space i f t h e f o l l o w i n g c o n d i t i o n s a r e s a t i s f i e d : 
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P I . I f r , s e P such t h a t r * s , t h e n t h e r e e x i s t s e x a c t l y 
one l i n e Z e L such t h a t r * Z and s * Z. T h i s i s 
u s u a l l y d e n o t e d by r + s = Z. 
P 2 . For Z e L, t h e r e e x i s t d i s t i n c t p o i n t s r , s , t e P such 
t h a t r + s + t = Z. 
P 3 . I f r , s , t , u , v e P a r e d i s t i n c t p o i n t s such t h a t r , 
s , and t a r e n o n c o l l i n e a r , u £ r + s , and v £ r + t , t h e n 
( s + t ) n ( u + v) £ P . Tha t i s , any l i n e p a s s i n g t h r o u g h 
two s i d e s of a t r i a n g l e a t p o i n t s o t h e r t h a n v e r t i c e s 
i n t e r s e c t t h e t h i r d s i d e . 
Next we w i l l p r e s e n t some i l l u s t r a t i v e examples of p r o j e c t i v e 
s p a c e s . 
Example 1. Le t ( F , + , •) be a f i e l d , 5 any s e t c o n t a i n i n g a t 
l e a s t t h r e e e l e m e n t s , and P = {f : 5 —> F : f ( x ) * 0 ¥x e S} . For f, 
g £ P and a £ F, d e f i n e f + g and af by ( f + g ) ( x ) = f ( x ) + g ( x ) and 
( a f ) ( x ) = a f ( x ) ¥x £ 5 , r e s p e c t i v e l y , and l e t f = a g , d e n o t e d by f ~ g , 
a * 0 , imply t h a t f, g £ P. F u r t h e r , f o r f, g £ P , d e f i n e f * g = 
{af + bg : a , b £ F and n o t b o t h a = 0 , b = 0 } . Then f o r f, g , f , 
g ' £ P , f * g = f * g ' < = ^ f = f and g = g \ F i n a l l y , l e t L = 
{f * g : f, g £ p and f f g } . Then f o r f, g £ P such t h a t f ~ g and 
h £ L, f £ h <==> g £ h . Then t h e t r i p l e ( P , L, E ) i s a p r o j e c t i v e 
s p a c e . 
3 5 2 
Example 2 . Le t P = { ( x ^ , x ^ , • • • , x^) E F n : ( x ^ , x ^ , . . . , 
x ) * ( 0 , 0 , . . ., 0 ) and n > 3 } , x . = a y . ==> ( x , , x „ , . . . , x ) ~ 
n l l 1 z n 
( y x » y 2 » - • • » y n ) V (x^^, x 2 , . . . , X r ) , ( y x , y 2 > . . . , y n ) E F n , 
¥ a e F, a * 0 , i e n . Le t L E { ( a x , + b y , , a x 0 + b y 0 , . . . , ax + by ) ' — 1 1 2 J 2 n n 
: a , b e F , ( a , b) * ( 0 , 0 ) , ( X , , X _ , . • • , X 
)» ( y n » y 0 » • • •» y ) £ 
1 2 n 1 z n 
F n , ( x , , x . , . . . , x ) « ( y , » y « » . • y ) ) • Then t h e i n c i d e n c e s t r u c -1 2 n 1 I n 
t u r e ( P , 1 , e ) i s a p r o j e c t i v e s p a c e . T h i s s p a c e i s i n c l u d e d i n t h a t 
of Example 1 i f we l e t S = { 1 , 2 , . . . , n } . 
Example 3 . Le t 
P = { ( 1 , 0 , 0 ) , ( 0 , 1 , 0 ) , ( 0 , 0 , 1 ) , ( 1 , 1 , 1 ) , ( 1 , 1 , 0 ) , ( 0 , 1 , 1 ) , ( 1 , 0 , 1 ) } 
I E { « 1 , 0 , 0 » , « 0 , 1 , 0 » , « 0 , 0 , 1 » , « 1 , 1 , 1 » , « 1 , 1 , 0 » , « 0 , 1 , 1 » , « 1 , 0 , 1 » } 
and l e t t h e i n c i d e n c e r e l a t i o n * be a s d i s p l a y e d i n t h e f o l l o w i n g 
f i g u r e : 
( 1 , 0 , 1 ) 
( 1 , 0 , 0 ) 
( 0 , 0 , 1 ) 
( 0 , 1 , 0 ) ( 1 , 1 , 0 ) 
Then t h e i n c i d e n c e s t r u c t u r e ( P , 1 , *) i s a p r o j e c t i v e s p a c e . T h i s 
s p a c e f o r which F = G F ( 2 ) i s c l e a r l y a s p e c i a l c a s e of t h e p r o j e c t i v e 
s p a c e of Example 2 . 
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F i n i t e P r o j e c t i v e Geometry 
Le t P ( ^ v + 2 ^ ^ d e n o t e t h e s e t of a l l s u b s p a c e s of a ( v + 1 ) -
d i m e n s i o n a l v e c t o r s p a c e ^ v + ^ ^ o v e r GF(q) , and d e f i n e P E {5 e 
P ( * j - . C q ) ) : dim 5 = 1} and L E {T e P(X ^ ( q ) ) : dim T = 2 } . Now i f v+1 v + l 
£ d e n o t e s t h e s e t i n c l u s i o n r e l a t i o n , t h e n i t can b e shown t h a t t h e 
i n c i d e n c e s t r u c t u r e ( P , L, £ ) forms a p r o j e c t i v e s p a c e . 
The c o l l e c t i o n of a l l s u b s p a c e s of t o g e t h e r w i t h t h e 
n a t u r a l c o n t a i n m e n t r e l a t i o n i s c a l l e d t h e v-dimensional finite pro­
jective geometry which w i l l b e d e n o t e d by P ( ^ . ^ ( q ) ) > o r s i m p l y by 
P ^ ( X ) . I f 5 i s a s u b s p a c e of ^ v + 2 ^ ^ ' t b e n t h e p r o j e c t i v e d i m e n s i o n 
of 5 i s d e f i n e d t o b e dim 5 - 1 , and w i l l be d e n o t e d by p dim 5 . The 
d i m e n s i o n of t h e geomet ry P ^ ( X ) , w r i t t e n p dim P (X) , w i l l b e p dim 
X ^ + ^ ( q ) . The e l e m e n t s of p r o j e c t i v e d i m e n s i o n s 0 , 1 , and 2 a r e c a l l e d 
projective points, projective tines, and projective planes, r e s p e c t i v e l y . 
An e l e m e n t of P v ( ^ ) of p r o j e c t i v e d i m e n s i o n p dim X ^ + ^ ( q ) - l i s c a l l e d 
a hyperplane i n P ^ ( X ) . 
I f we were t o t h i n k of t h e p o i n t s of P (X) a s i t s most f u n d a -
v 
m e n t a l o b j e c t s , t h e n t h e i r i n t e r s e c t i o n ( o r i n d e e d , t h e i n t e r s e c t i o n 
of any two of them) would b e t h e " n a t u r a l " empty s e t ; so t h e z e r o s u b -
s p a c e of X ( q ) , whose a l g e b r a i c d i m e n s i o n i s z e r o and whose p r o j e c -
v+ 1 
t i v e d i m e n s i o n i s - 1 , i s t h e empty s p a c e i n P ( X ) . 
I f 5 i s a s u b s p a c e of X ( q ) , t h e n P ( 5 ) , t h e p r o j e c t i v e g e o -
v + 1 
m e t r y g e n e r a t e d by t h e c o l l e c t i o n of s u b s p a c e s of 5 , i s c o n t a i n e d i n 
a n a t u r a l way i n P ( X ) , and a l l t h e o b j e c t s of P(5) a r e a l s o o b j e c t s 
of P ^ ( X ) , w i t h t h e same p r o j e c t i v e d i m e n s i o n , and P(5) i s c a l l e d a 
3 5 4 
subgeometvy of P ( X ) . In p a r t i c u l a r , i f 5 i s a p r o j e c t i v e p o i n t , 
t h e n P ( 5 ) c o n s i s t s o n l y of t h e two e l e m e n t s {0} and 5 . M o r e o e v e r , 
t h e p o i n t S i s d e t e r m i n e d by any n o n z e r o v e c t o r s z S , t h a t i s , < s > 
= 5 , and such a v e c t o r i s c a l l e d a homogeneous v e c t o r f o r 5 . 
D e f i n i t i o n 3 . Le t P ( X ) and P ( X ' ) be p r o j e c t i v e g e o m e t r i e s 
o v e r GF(q) . A map TT : P ( X ) — > P ( X ' ) i s c a l l e d a projeotivity of 
P ( X ) o n t o P ( X ' ) i f 
( a ) S E P ( X ) = ^ i f(S) e P ( X ' ) 
(b) 5 c T <=-> Tf(5) £ TT(T) V 5 , T z P ( X ) 
( c ) For e v e r y e l e m e n t 5 ' e P ( X ' ) t h e r e e x i s t s a u n i q u e e l e ­
ment S e P ( X ) such t h a t tf(S) = S 1 . 
I n p a r t i c u l a r , i f X = X ' t h e n TT i s c a l l e d an autoprojeotivity3 
or a oollineation of P ( X ) . 
From t h e above d e f i n i t i o n i t i s c l e a r t h a t t h e i d e n t i t y map 
on a p r o j e c t i v e g e o m e t r y , c o m p o s i t i o n of p r o j e c t i v i t i e s , and i n v e r s e s 
of p r o j e c t i v i t i e s a r e l i k e w i s e w e l l d e t e r m i n e d p r o j e c t i v i t i e s . 
Theorem 1 . Le t X I e P ( X ) , i E I, and l e t TT be a p r o j e c t i v i t y 
of P ( X ) o n t o P ( X ' ) . Then 
f I 
I X , 
i = l 
I 
= Z T T ( X . ) 
i = l 1 
and 
n X , 
i - 1 ] 
I 
n T T ( X . ) 
i = l x 
That i s , p r o j e c t i v i t i e s p r e s e r v e sum and i n t e r s e c t i o n , 
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Theorem 2 . A p r o j e c t i v i t y maps p o i n t s on p o i n t s . 
Theorem 3 . P r o j e c t i v i t i e s p r e s e r v e d i m e n s i o n s . 
I f P (^) i s a p r o j e c t i v e geomet ry of d i m e n s i o n v o v e r t h e f i e l d 
G F ( q ) , t h e n a coordinatization of P ( X ) , o r a projective coordinate 
v+1 
system f o r P ( X ) , i s any p r o j e c t i v i t y TT : ^ V ( X ) —> P^ (GF(q ) ) . L e t 
X , X , . . . , X b e p o i n t s of P ( X ) , no v+1 of which l i e i n a h y p e r -
(J 1 v+ l v 
v+1 
p l a n e . Then t h e r e i s a u n i q u e p r o j e c t i v i t y TT : P ( X ) — > P (GF(q) ) 
v+1 . V 
such t h a t T T ( X . ) = < e >, i e v + 1 , and TT(X ) = < E e >, where 
v+1 1 = 1 
i e v + l > i s t h e s t a n d a r d b a s i s of GF(q) . The s e t {^Q> X , . . . , 
X , . } i s c a l l e d a frame of reference f o r P ( X ) w i t h unit point X „ and v+1 J v r 0 
simplex {X^ , X 2 , . . . , ^ v + j ^ * i t i s i m p o r t a n t t o r e a l i z e t h a t f o r t h e 
u n i q u e d e t e r m i n a t i o n of a p r o j e c t i v e c o o r d i n a t e s y s t e m f o r P (<X) we 
must augment a s i m p l e x of r e f e r e n c e w i t h t h e u n i t p o i n t . T h i s r e q u i r e ­
ment i s due t o an a m b i g u i t y i n t h e c h o i c e of X_^ = < x 1 >, i e v + 1 , 
e x c e p t i n t h e c a s e where t h e ground f i e l d i s G F ( 2 ) , b e c a u s e each x 1 
may b e m u l t i p l i e d by any a r b i t r a r y n o n z e r o s c a l a r i n G F ( q ) . I n a 
s e n s e , t h e u n i t p o i n t " s t i f f e n s up" t h e s i m p l e x of r e f e r e n c e . 
Dual P r o j e c t i v e G e o m e t r i e s 
A duality 6 of a p r o j e c t i v e geomet ry P(X) o v e r t h e f i e l d GF(q) 
o n t o t h e p r o j e c t i v e geomet ry P ( X ' ) o v e r t h e f i e l d GF(q) i s a monotone 
d e c r e a s i n g monomorphism, t h a t i s , i t i s a monomorphism such t h a t f o r 
R, S e P(X) , R £ S < = > <5(R) £ <5(S). As immed ia t e c o n s e q u e n c e s of 
t h i s d e f i n i t i o n , i t can b e e a s i l y s e e n t h a t t h e i n v e r s e of a d u a l i t y 
i s a d u a l i t y , w e l l - d e f i n e d c o m p o s i t i o n of d u a l i t i e s i s a p r o j e c t i v i t y , 
d u a l i t i e s i n t e r c h a n g e sums and i n t e r s e c t i o n s , and d u a l i t i e s i n t e r c h a n g e 
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p o i n t s and h y p e r p l a n e s . D u a l i t i e s of P ( X ) o n t o i t s e l f a r e c a l l e d auto-
dualities 3 also correlations3 of P ( X ) , and a p r o j e c t i v e geome t ry p o s s e s s ­
i n g an a u t o - d u a l i t y i s c a l l e d self-dual. Two p r o j e c t i v e g e o m e t r i e s a r e 
s a i d t o b e d u a l s of each o t h e r i f t h e r e e x i s t s a d u a l i t y b e t w e e n them. 
I n s t e a d of d i s c u s s i n g d u a l i t i e s i n a g e n e r a l s e t t i n g , i t w i l l 
s u f f i c e f o r our p u r p o s e s t o r e s t r i c t our a t t e n t i o n t o a p a r t i c u l a r 
t y p e of d u a l i t y , namely t h e a n n i h i l a t o r mapping c o n n e c t i n g P ( X ) and 
t h e d u a l geomet ry P ( X ° ) , where X ° ( q ) i s t h e c a n o n i c a l d u a l v e c t o r 
n 
s p a c e of X ^ ( q ) . I t i s e a s y t o s e e t h a t t h e a n n i h i l a t o r mapping o : 
S I > S ° , where S c X (q) and S° = {f e X ° ( q ) : f ( s ) = 0 V s e S] i s 
1 — n n 
a monomorphism of P ( X ) o n t o P ( X ° ) , and h a s t h e f o l l o w i n g p r o p e r t i e s : 
dim S° = dim X (q) - dim S , S°° = S, S ^ T <^> S° £ T ° V S , T e P ( X ) , 
( Z S )° = n S ° , ( n S±)° = Z S ° , VS± e P(X) , i e £ , {0}° = 
i ° l i = l i = l i = l 
X ( q ) , and ( X ( q ) ) ° = { 0 } . n n 
The r e l a t i o n s h i p s b e t w e e n t h e g e o m e t r i e s P ( X ) and P ( X ° ) can 
o f t e n b e most e a s i l y d i s c u s s e d i n t e r m s of t h e d u a l c o o r d i n a t e s . Le t 
1 2 ( X N , X , . . X J b e a frame of r e f e r e n c e f o r P ( X ) and (x , x , . . . , U 1 V " T 1 
v+1 
x ) b e any b a s i s of X (q) d e t e r m i n i n g i t . Then t h e c o r r e s p o n d i n g 
\H"1 
^ 1 ^ 2 A v 1 1 d u a l b a s i s (x , x , . . . , x ) d e t e r m i n e s , t h r o u g h t h e a n n i h i l a t o r 
mapp ing , a u n i q u e d u a l f rame of r e f e r e n c e ( X Q , X ^ , . . . , ^ v + j ^ " ^ o r 
P ( X ° ) . 
F u r t h e r r e l a t i o n s h i p s b e t w e e n P ( X ) and P ( X ° ) a r e p r o v i d e d by 
t h e d u a l i t y p r i n c i p l e of p r o j e c t i v e g e o m e t r y . A p r o p o s i t i o n IT i n a 
v - d i m e n s i o n a l p r o j e c t i v e geomet ry o v e r t h e f i e l d GF(q) i s a s t a t e m e n t 
i n v o l v i n g o n l y t h e e l e m e n t s of t h e geomet ry and t h e u n d e r l y i n g i n c i d e n c e 
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r e l a t i o n s . I t i s u s u a l l y p h r a s e d i n t e r m s of i n t e r s e c t i o n s , j o i n s , 
and d i m e n s i o n s . The d u a l p r o p o s i t i o n 11° i s d e f i n e d t o b e t h e s t a t e ­
ment o b t a i n e d from II by c h a n g i n g £ t o £ t h r o u g h o u t and h e n c e r e p l a c i n g 
i n t e r s e c t i o n , j o i n , and d i m e n s i o n I by j o i n , i n t e r s e c t i o n , and 
d i m e n s i o n v - l - £ , r e s p e c t i v e l y . The p r i n c i p l e of d u a l i t y e s s e n t i a l l y 
s t a t e s t h a t i f II i s a p r o p o s i t i o n which i s t r u e i n a l l v - d i m e n s i o n a l 
p r o j e c t i v e g e o m e t r i e s o v e r a g i v e n f i e l d GF(q) , t h e n 11° i s a l s o t r u e 
i n a l l v - d i m e n s i o n a l p r o j e c t i v e g e o m e t r i e s ove r G F ( q ) . C l e a r l y t h i s 
p r i n c i p l e " d o u b l e s " t h e t h e o r e m s a t our d i s p o s a l w i t h o u t ou r h a v i n g 
t o do any e x t r a work . 
F i n i t e A f f i n e Geometry 
The c o l l e c t i o n of a l l c o s e t s of -^(q)> d e n o t e d by A(X) , forms 
a m a t h e m a t i c a l s t r u c t u r e c a l l e d a finite affine geometry whose p o i n t s 
a r e t h e c o s e t s of r a n k 0 , t h a t i s , e s s e n t i a l l y t h e e l e m e n t s of ^n(q)> 
and whose l i n e s a r e t h e c o s e t s of r a n k 1 . T h i s g e o m e t r y , l i k e t h e 
p r o j e c t i v e geomet ry P(X) , h a s i t s own u n i q u e s e t of i n c i d e n c e axioms 
and i n c i d e n c e p r o p o s i t i o n s which can be d e v e l o p e d d i r e c t l y . However, 
i t t u r n s o u t t h a t t h e r e e x i s t s t r o n g c o n n e c t i o n s b e t w e e n P(X) and A(X) 
which can b e e x p l o i t e d t o s t u d y t h e c o n s t r u c t i v e i n t e r p l a y b e t w e e n 
t h e s e g e o m e t r i e s , and i n most c a s e s , e i t h e r one can b e used t o s t u d y 
t h e o t h e r ; f o r i n s t a n c e , t h e p r o p o s i t i o n s of i n c i d e n c e i n A(X) can b e 
e a s i l y deduced from t h o s e i n P(X) . More s p e c i f i c a l l y , A(X) can b e 
embedded i n P(X). 
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Theorem 3 . 1 2 . 1 . (The Embedding Theorem) . I f ff i s any h y p e r -
A 
p l a n e i n P(X) and x e X(q) , x { ff, t h e n t h e mapping <J> : A(x + tf) —> 
P(X) i n d u c e d by (j) : C | > < C > , C e A(x + tf) , h a s t h e f o l l o w i n g 
p r o p e r t i e s : 
(1) <f) i s a monomorphism; 
(2) J(A(x + tf)) = P = {S £ x ( q ) : S i tf} £ P ( X ) ; 
(3) C £ C <==> < C > £ <C > VC, C e A(x + tf) ; 
£ I 
(4) C. e A(x + tf) , i e I; n C. * 0 ==> < n C. > = 
1 i = l 1 i = l 1 
n < C. > ; 
i = l 1 
(5) dim C = p dim < C > VC e A(x + tf); 
(6) C\\C <=> < C > n H c < C > n ff o r 
< C > n tf £ < C > n tf; C, C e A(x + tf). 
P a r t s (1) and (2) of t h i s t heo rem p r o v i d e t h e e s s e n t i a l l i n k 
b e t w e e n A(X) and P(X) by u s i n g (j) t o c a r r y o v e r t o P £ P(X) t h e b a s i c 
g e o m e t r i c a l n o t i o n s i n A(x + tf), such a s i n c l u s i o n , i n t e r s e c t i o n , 
d i m e n s i o n , and p a r a l l e l i s m . T h i s scheme i s f r e q u e n t l y employed i n 
geome t ry t o g e n e r a t e more g e n e r a l g e o m e t r i c a l s t r u c t u r e s . 
P a r t s (3) - (6) of t h e above theo rem e n s u r e t h e c o m p a t i b i l i t y 
of t h e i n h e r e n t s t r u c t u r e of A a s a s u b s e t of P(X) w i t h t h o s e c a r r i e d 
o v e r from A(x + tf) by ((>. 
I n summary, t h e Embedding Theorem p r o v i d e s a p r o c e d u r e by 
which an a f f i n e geomet ry i s o b t a i n e d from a p r o j e c t i v e g e o m e t r y . T h i s 
i s a c c o m p l i s h e d s i m p l y by d e l e t i n g a h y p e r p l a n e from P ( X ) . The d e l e t e d 
h y p e r p l a n e i s c a l l e d t h e hyperplane at infinity. Tha t a l l a f f i n e 
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g e o m e t r i e s o b t a i n e d by t h i s p r o c e s s h a v e t h e same s t r u c t u r e f o l l o w s 
from t h e f a c t t h a t any two h y p e r p l a n e s of P(X) a r e i s o m o r p h i c t o 
each o t h e r . 
O t h e r c l o s e r e l a t i o n s h i p s be tween p r o j e c t i v e and a f f i n e g e o -
m e t i r e s e x i s t w i t h r e s p e c t t o t h e i r i somorph i sm s t r u c t u r e s . In p a r t i ­
c u l a r , i t can be shown t h a t i f H and h" a r e h y p e r p l a n e s i n P(X) o v e r 
t h e f i e l d F and P ( X ' ) ove r F ' d e t e r m i n i n g t h e a f f i n e g e o m e t r i e s A and 
A ' , r e s p e c t i v e l y , t h e n any p r o j e c t i v e i somorph i sm TT : P(X) —> P ( X f ) 
f o r which T\(H) = n" , r e s t r i c t s t o an a f f i n e i somorph i sm a : A —> A' . 
C o n v e r s e l y , any a f f i n e i somorph i sm a : A —> A' i s t h e r e s t r i c t i o n 
of j u s t one such p r o j e c t i v e i somorph i sm TT. I f F = F ' , t h e n TT i s a 
p r o j e c t i v i t y i f and o n l y i f a i s an a f f i n i t y . 
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